
A TREATISE 


OP 



MECHANICS, 


BY 

S D POISSON, 


■VirMBEB or THE INSTITUrE, ETC 


TRANSLATED FROM THE FRENCIL AND ELUCIDATED "WITH 
EXPLANATORY NOTES, 

BY 

THE REV HENRY H HARTE, 

EArr rELEow or trinity coeeece, eubein 


IN TWO VOLUMES. 

VOL I 


LONDON LONGMAN AND CO, 

DUBLIN A. MTLLIKEN , AND HODGES AND SMITH. 


MDOCCXUI 


ll/v Lib . 


BtTBLIN : 

pniirrBD i.® THE uhitersity pRrss, 
BY aRAisnriiRi awd cun 



PREFACE. 


Though there are several works in our language that 
treat of detached parts of mechanics m a clear and 
comprehensive manner, there is no single treatise in 
which the entire subject of rational mechanics, in all 
Its bearmgs and generahty, is brought before the reader 
The conse(iuence of this has been, that the Mechamque 
of Poisson is the work which is now in the hands of 
all who propose to acquire such a knowledge of the 
prmciples of mechanics as may qualify and enable 
them to extend their reading to the more abstruse 
works of Laplace, La Grange, and also of Poisson him- 
self The object of the present translation js to render 
this treatise of Poisson more accessible to the English 
reader 

As several analytic operations and intcgratjons arc 
t^en for granted by the author, it has been suggested 
that the work would be still more easily understood, 
u the most difficult of these operations were given in 
detail m the form of notes appended to the end of each 
volume It IS likely the experienced reader may con- 
sider many of them to be superiluous, but as the object 
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of the translator was to render this woik accessible to 
theEnghsh student, whose acquaintance with the higher 
branches of the calculus was not so extensive as the 
author takes for granted, he trusts he will not be 
deemed unnecessarily diffiise if he has insisted in the 
notes more at length on several points, than the ac- 
comphshed reader may consider to be necessary 
The translator did not venture to make any change 
m the text, though in some few cases the author ap- 
pears to have fallen into mistake , see Nos 390 and 
607 He also retained the numerical coefficient which 
IS given by the author for the dilatation of gas, which it 
appears from the experiments of Rudberg, ought to be 
00,364, instead of 00 , 375 , see Scientific Memoirs, No 7 
The reader, however, will find all these points adverted 
to m the correspondmg notes 
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of the angle contained between the tv>o corns of the lovei , case in 

which the two given foices are paiallel, 42 

Two parallel forces which act m opposite diioctions, and are not di-*"’ 
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INTRODUCTION. 


That which can aflfect our senses in any manner whatever, 
is termed matter. 

Bodies are such portions of matter as are bounded in 
every direction ; they must consequently have a determinate 
form and volume. By the mass of a body, is understood the 
quantity of matter of which it is composed, 

A material point is a body infinitely small in all its di- ^ 
mensions , s o that the le j^ gth o f every hne compnsed in its 
interior, is infinitely small, that is to say, less than any as- 
signable length, A body of finite dimensions may be con- 
sidered as an aggregate of an infimte number of material 
points, and its mass as the sum of all their infinitely small 
masses. 

2. A body is in motion^ when this body, or its parts, 
occupy successively different places in space. But space 
bemg indefinite and every where the same, we can only judge 
of the state of rest or motion of a body, by comparing it, 
either with other bodies, or with ourselves; and on this 
account, all the motions which we observe are necessarily 
relative motions. 

All bodies are moveable ; but matter never moves sponta- 
neously, for there i s nq ^j^^on why a material point should move f 
in one direction rather than in another , and in fact, if we con-^ 
sider a body at the mstant it passes from a state of rest to 
a state of motion, we may always observe, that this change 
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is owing to the action of an extraneous cause, i. e. of one 
without which we may conceive that this body may exist. 

Any cause which excites motion in a body, or which only 
tends to excite it, when its effect is interrupted or prevented 
by any other cause, is called force 

3 When several forces are apphed at once to the same 
body, they modify each other’s effects, in virtue of the con- 
nexion that exists between its parts, and which hinders them 
from assuming the motion, that the force to which it is sub- 
jected, tends to impress on each of them. It may happen, 
that these forces completely destroy each other^s effects, so 
that the body does not move at all , this particular state of 
the moveable body is termed equilibrium^ in which the body 
remains at rest, though sohcited by several forces, or in other 
words, the forces are said to constitute an equilibrium. 

Mechanics is the science which treats of the equilibrium 
and motion of bodies The part of which the object is, in 
general, to discover the conditions of equilibrium, is called 
statics. The part of which the object is to determine the 
motion which a body assumes, when the forces which are 
apphed to it da not constitute an equilibrium, is called 
dynamics. 

As geometers have succeeded, as will he hereafter shewn, 
questions relatmg to motion to mere problems 
of equihbmm, the natural mode of proceeding would be to 
treat first of statics, and then to enter on the consideration of 
dynamics ; but in order to facihtate the understanding of the 
subject, It seems preferable, m a treatise designed for instruc- 
tion, to direct our attention to the elementary and simple 
parts of dynamics, before we enter on the consideration of the 
general questions of equilibrium. This is the order which 
will be pursued in the following treatise. 

4. In the case of a force acting on a material point, there 
are always three things to he considered, namely, the jposition 
of th is point, the intensity of the force, and its dircctioup that 
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is, the rectilineal space which it tends to cause to be described 
at its point of application Nevertheless, we must not sup- 
pose that a material point is the same with what is called a 
point in geometry, where this term denotes the extremity of 
a line, or the intersection of two lines which cut each other , 
neither is the space which a material point describes a Ime 
having only one dimension; but as this body is infinitely 
small m every direction, and as the breadth and thickness of 
the space, which the force tends to make it describe, are also 
infinitely small, the position and direction of this force can be 
determined in the same manner, as the position and direction 
of a right hne are determined in geometry. 

Thus, the position of the pomt of application of a force in 
space, will be determined, in general, by means of its thiee 
coordinates parallel to the mtersections of three rectangular 
planes ; and this will not leave any ambiguity with respect to 
the direction, when we take into account both the sign and 
magmtude of each coordinate. Sometimes also polar coordi- 
nates are employed , these are the radius vector of the given 
pomt, or its distance from the origin, the angle this radius 
makes with a fixed line drawn through the origm, and the 
angle compnsed between a plane passing through these hues, 
and a fixed plane passmg through the second. 

5. In order to measure forces, it is necessary to take some 
known force as unit, and then to express in numbers the rela- 
tions of the other forces to this unit , this requires that we 
should precisely define what is meant when one force is said to 
be equal to another, double, triple, or quadruple .... of another, 
independently altogether of the particular nature of these differ- 
ent causes of motion. 

Two forces are said to be equaU when being applied in 
opposite directions to the same material point, or to two 
points connected by a right hne, which is of an invariable 
length, they constitute an equihbrium. 

If, after havmg recognized that two forces are equal, we 
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apply them in the same direction to the same point? we shall 
have a double force ; if we combine in this manner three equal 
forces? we shall have a triple force ; if we combine four, we 
shall have a quadruple force , and so on. 

When, therefore, we say that a force apphed to a material 
point is a certam multiple of another force, we understand 
that the first may be considered as made 'up of a certain 
number of forces respectively equal to the second, and acting 
in the same direction. It is by considering them in this 
manner, that forces can be regarded, whatever their particular 
nature may be, as quantities susceptible of being measured, 
which may, therefore, be expressed in numbers, like every 
other description of quantity, by referring them to the unit of 
their species. We may likewise represent their intensities by 
lines proportional to these numbers, which lines we lay off in 
their several directions, commencing at their respective points 
of application; one advantage effected by this is, that me- 
chanical theorems may be stated with great simplicity. 

6 . The pomts of application, and the intensities of forces, 
being^ thus determined, it only remains to shew how their 
directions are asoertamed. 

Let M (fig. 1) be the point of application of a force, and 
let its direction be represented by the line md, in which case 
this force tends to cause the point m to move from M to d ; 
through the point m, conceive three rectangular axes ma, 
^? Mic, to be drawn, these will be, in general, parallel to the 
axes of the coordinates, and m the direction of the positive 
coordmates ; let a, /3, 7 , be the obtuse or acute angles which 
the direction md makes with these axes, so that 

AMD =: a, BMD n j3, cmd =: 7 ; 

this (hiection will be completely determined, when these three 
angles are given. 

In feet, if we only consider the two an^ a and fl, the 
line MD must exist at the same time on two right con^, of 
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which the common summit is »j[, and of which the respective 
axes are ma and mb. Therefore it is necessary that a and j3 
should be such that these two cones may intersect; this 
will have place in the direction of two lines, drawn from M, 
situated in the same plane perpendicular to the plane amb, 
and which will make with the axis mc, two angles that are 
supplements the one of the other. Therefore the line md 
may have also two different positions, but as the angle y is 
also given, we know whether it is acute or obtuse, and we 
can select between these two positions that which answers to 
the direction of the force. This construction also shews, that^ 
the three angles a, j3, y, cannot be arbitrarily taken. In fact, ' 
there exists between the cosines of the angles which the same 
right line md makes with three rectangular axes, the ecjuation 

cos^ a + cos® j3 + cos® 7 == 1 j (1) 

which can be demonstrated by taking on md, reckoning from 
the point m, a line equal to unity, and then forming a rec- 
tangular parallelopiped, of which this line is the diagonali and 
of which the three adjacent sides he on the three axes ma,mb, 
MC. These three sides wdl be the cosines of the angles a, /3, 7 ; 
and as by a known theorem, the sum of their squares must 
be equal to the square of the diagonal, there results the equa^ 
tion which has been stated above. 

7. In this treatise, the division of the circumference into 
360®, of the degree into 60 minutes, and of the minute into 
60 seconds, wiU be adopted. The letter tt wiU be coiwtantly 
employed to represent the semicircumference of which the 
radius is equal to unity, so that we shall have 

ff ziz 3,1415926 • • . . 

The fourth part of the circumference corresponds to aj 
right angle, or to the angle 324000 "(o)j hence it foUows, that 
the Igig* of an arc corresponding to an angle, containing* 
any numher such as n of seconds, 'will he the fourth term of a ^ 
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proportion, of which the three first terms are Jir n and 32400 ", 
and denoting this length by w there will result(&) 

n 

" = 206264 , 8 ...* 

The logarithm, in the common system, of this constant divi- 
sor is 

5,3144251. 

1 In numerical calculations, the arcs computed in this man- 
I ner ought to he employed in place of angles, which will not be 
[romprised under the tngonometnc signs stn, cos, tang. 

In order that we may he ahle, hy means of the angles 
a, /3, y, to represent the dmection of a force in all possible 
positions about its pomt of application, it is only nccess^y 
that th^ be_reckqned,frmnzero up to 180 ® inclusively. If, for 
example, the axis mc hes above the plane of the two other 
ixes MA and mb, the angle y wiU be less or greater than 90 ®, 
accordmg as the right Ime md exists above or below this 
plane : it will be zero when the direction MD coincides with MC, 
and equal to 180 ®, when md comcides with mc' the production 
of MC. The cosines of a, |3, and y, may therefore be positive 
or negative ; but their sines will be always positive, because 
these angles never exceed 180 ®. 

In general, if we consider md' the production of any line 
MD, in the opposite direction, it is evident that the angles 
which it makes with the three axes are the supplements of 
i, |3, y. Therefore if we make 

AMD' =: tt', bmd' = j3', cml' = y', 
we shall have 

C08a'= — cosa, cos/3'=: — cos/3, cos y'= — cosy; 

hence it follows that the directions of two forces which act ia 
opposite directions on the same poiat m, the one along md and 
the othen along md', are distinguished from each other, by the 
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signs of the cosines of the angles which respectively correspond 
to them, 

8. In place of three angles a, jS, y, connected together hy 
equation (1), we may only employ two angles, perfectly + 
de^ondcnt^of each other, to determme the direction of a force 
In fact, let me he the projection of md on the plane amb, 
and let 8 he the angle which this projection makes with the 
axis MCA, so that we have ame =: S. When the angle 8 is 
given, it will make known the position of the plane cme, and 
then the angle y will completely determine the position of 
the line MD comprised m this plane. It is necessary that the 
angle 8 should be reckoned from mca in a definite direction, 
which may extend from zero to 360° ; the angle y, as was 
before stated, is comprised between the hmits zero and 180®. 
The projection of the diagonal of the parallelepiped, ad- 
verted to in No. 6, on the plane amb, will be the cosine of 
the angle bmb, or equal to sin y If we project a second 
time this projection on the axis ma, this second projection is 
equal to first multiplied by cos 8 , moreover it coincides with 
the projection of the diagonal of the parallelepiped on this 
same axis ma, and consequently will be equal to cos a; there- 
fore wo shall have 

cos a = sm y. cos 8. 

In like manner we shall have 

cos )3 =: sm y. sin 8# 

These two formulse will enable us to transform the equa- 
tions in which the angles a, |3, y, are made use of, into others 
in which W6 only employ y and 8. It is easy to perceive 
that they satisfy equation (!)• 

9. There exists another equation that comprises equa- 
tion (1) as a particular case, and which will be frequently 
useful. 

In order to obtain it, let a?, y, he the three coordinates 
of any point U (fig 2) referred to the three rectangular axes 
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oar, oy, oz. Let r denote its radius vector om, and a, j3, y, tte 
acute or obtuse angles which this radius makes with the three 
axes, so that, for example, we may have 

20 M =: y. 

If from the point m a perpendicular mn be let fall on the 
axis o«, the right line on will be the ordinate z, and in the 
right angled tnangle mon we shall have 
2 = r.cosy, 

in like manner there results 

y = r. cos/3, ar = r . cos «. 

Let m' be another point and let ai', y\ r', a'^ j3', y', be 
respectively its coordinates, its radius vector, and the angles, 
relatively to this hne ; we shall have 

x' — i' cos a\ y' = r'. cos j3', z' = r'. cos y'. 

Let u denote the distance mm^, then we have the known 
relation 

= (ar' - ar)® + (y' — yf + {z' — z'f, 
and if e denote' the angle mom^, we shall have at the same 

t lTOA , 

— 2rr'. cos e, 

in the triangle of which r, r', and u are the three sides. 
Because 

** +y* + = »■*> + 

the first value of is the same thing as 

«* = r® 4- r'® — 2(xaf + yy* + zz^ ; 
by comparing it with the second, we obtain 
rr'. cos £ = arar' + yy' + 

and if in this equation, we substitute the preceding values of 
a:, y, z, x'y', a', there will result 

vCOSE=: cosa.costt' 4- co9^*cos^'4’ ® 0 S 7 * 008 y'} (2) 

which it was proposed to find out. 
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When the two lines om and om^ coincide, the angles 
are the same as a,|3, y, and this formula is reduced to 
equation (!)• When these two right hnes are at right angles 
to each other, we have b = 90®, and consequently 

cos a cos a' + cos j3. cos /3' + cos y. cosy' = 0. 

By substituting in the values of those of cos a, 

cos j3, which have been found in the preceding number, we 
shall have 

f a;iz r. sin 7 .cos S, yzrr.sin^ sinS, !s = r cosy; ^ 

in which formulae, the three variables r, y, 8, are the three ^ 
polar coordinates of the pomt m, such as they have been de- 
fined in No. 4, and which will consequently enable us to 
transform rectangular into polar coordinates 

10 The consideration of projections which were made use 
of in No. 8, will be frequently adverted to m this treatise, it 
will therefore be useful here to explain their first principles. 

The projection of a right line on another nght line, is the 
part of the latter which is comprised between two perpendi- 
culars let fall from the two extremities of the projected Ime 
on the other Thus, the diffeiences — a;, — y, 

of the extreme coordinates are the projections of the same 
right hne mm' on the axes of a?, y, 2^ , and, from the first ex- 
pression which IS given above for it follows, that the sum 
of the squares of the projections of the same right Ime, on 
three rectangular axes, is equal to the square of this right 
line If the projected hne, and the Ime on which it is pro- 
jected, exist in the same plane, the projection is equal and 
parallel to the base of a nght angled triangle, of which the 
projected line is the hypothenuse, so that if I represents the 
length of this hne, X that of its projection, and ^ the angle con- 
tained by these two nght Imes, we shall have 

X 1 = Z . cos z. 

The projection of a plane surface on another plane, is the 

c 
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part of this plane which is terminated by the projection of 
the outhne of the projected surface, that is to say, by the 
curve formed by perpendiculars let fall from all the points of 
this outline. Now the preceding equation likewise obtains, 
if m place of Z, the area of the projected surface be substituted, 
and in place of X, the area of its projection , i being then the 
inclmation of one plane upon the other, which is evidently 
equal to the angle contained by the two perpendiculars to 
these planes. 

In fret, if the area of the projected surface be divided into 
a number of indefinitely small elements pt^umgnd jonlar frp 
mtersection of its plane with that on which the projection 
is made } the projection of each element will be equal to this 
element multiphed by the cosine of their mutual inclination , 
consequently as this inclination is the same and equal to t foi 
all the elements, the sum of their projections or X, will be 
equal to their sum, or to the entire aiea I, multiplied by 
^ cos t. I|gjisp It follows, that the squaie of the area of a 
plane surface, is equal to the sum of the squares of its pro- 
jections on three rectangular planes , this follows fiom equa- 
I tion (1), and from considering that the inchnation on each 
1 plane is the angle which a normal to the given surface makes 
' with the perpendiculars to this plane(c). 

1 L When in a question, we consider a system of parallel 
forces, we may suppose that one of the three rectangular axes 
MA, MB, MC, (fig. 1) is also parallel to them. Then two of 
the three angles a, |3, y, the two last, for instance, will be 
nght angles for all these forces , and the equation (1) will be 
reduced to 

cos® a = 1 j 

hedce it follows that a = 0 or 180“. 

In this manner, the direction of each force will be deter- 
mined by statmg, that it makes with the axis ma an angle, 
which either vanishes or is equal to 180“ , but m this parti- 
cuIot case, it will be simpler_to determine this direction by the 
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sign of the force, those forces which act in one direction being 
considered as positive, while those which act in an opposite 
direction are regarded as negative. 

In fine, the case of parallel forces will be the only one in 
which forces are considered as ^p^j^uejind , in aU 

other cases, the quantities which represent the magnitudes of 
forces are considered in computations as ggsitiYi§ 5 3nd the 
variation of the sign will fall on the cosines of the angles 
which their directions make with fixed axes. 

12. What precedes respects the preliminary definitions and 
details that are required for determining the magnitudes and 
directions of forces, but as the method of irfirLit^ly sw,gM 
quantities exclusively adopted in the following treatise, 
it IS necessary to advert to in this introduction, the principlesi 
of the infinitesimal analysis, and among the formulae which are 
immediately deducible fiom them, to enumerate those which 
will be useful in the sequel. 

An infinitely small quantity is a magnitude i^han any 
other given magnitude of the sa^Qg. nature. 

When we consider the successive variations of a magnitude 
subject to the law of continuity, the notion of infinitely small 
quantities is necessarily suggested Thus, time increases by 
degrees less than any assignable interval, however small. 
The spaces traversed by the different points of a body, like^ 
wise increase by infinitely small quantities; for each point 
cannot go from one position to another, without traversmg 
all the mtermediate positions, and we cannot assign a distance, 
as small as we please, between two consecutive positions. There- 
fore, infinitely small quantities have a real existence, and are 
not to be considered as merely a means of investigation de^ 
vised by geometers. 

An infinitely small quantity may be double, tnple, qua-i 
druple .... of another, and between such quantities any relations 
may exist, the deteimination of which is an essential object 
of the infinitesimal analysis. 


12 


INTRODUCTION* 


If a and 6 be infinitely small quantities, and if the ratio 
of a to & be also infinitely small, b is what is termed an infi- 
mtely small quantity of the second order* For example, the 
chord of an arc of a circle being supposed infimtely small, the 
versed sme of the same arc is an infinitely small quantity of 
the second order, because the ratio of the versed sine to the 
chord is always the same as that of the chord to the diameter, 
and consequently becomes infinitely small at the same time as 
the second ratio. In hte manner, if J be an infinitely small 
quantity of the second order, and if we suppose the ratio of 
c to 6 to he an infinitely small quantity of the first order, 
c will be an infinitely small quantity of the third order, and 
so on. Hence it follows, that a product composed of a num- 
ber n of infimtely small factors of the first order, must be 
ranged in the class of infinitely small quantities of the order 
n„ The area of a surface infinitely small in all its dimensions, 
IS at least an infinitely small quantity of the second order ; 
for it IS less than the square of the longest line which can be 
drawn from one point to another of its outline, which is by 
hypothesis an infinitely small quantity. Likewise it is evi- 
dent, that a volume of which all the dimensions are infinitely 
small, is at least an infinitely small quantity of the third 
order, for it is less than the cube of the longest line drawn 
from one point to another of its superficies. 

This being premised, the fundamental principle of the infi- 
nitesimal calculus consists in thi8> that two finite quantities, 
which only differ from each other by an infimtely small 
quantity, must be considered as equal, since we cannot assign 
any inequality between them, however small. This is also 
true with respect to two infinitely small quantities of the first 
order, of which the difference is an infinitely small quantity of 
the second order, and in general two infimtely small quantities 
" of any order whatever, which only difife from each other by 
/ an infimtely small quantity of a higher order, may he con- 
sidered as quantities ngorously equal, and their ratio as equal 
to unity. 
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These principles may be expressed in a different manner, 
by stating that in a calculation we are permitted to neglect, 
without any apprehension of altering the results, either mfi- ^ 
nitely small quantities added to finite quantities, or infinitely 
small quantities of any order, which are added to those of an 
inferior order. 

13. dir, the differential of an independent variable a?, is an 
infinitely small increment ascribed to this variable ; dy the 
differential of y a function of a:, is the corresponding increment 
of this function, reduced to the same order of magnitude as 
that of the independent vanable, by the suppression of infi- 
nitely small quantities of a higher order , hence it follows, 
that this differential dy is always of the form xdx , x being 
another function of x. It may happen, that for some parti-^ 
cular values of a?, the differential coefficient x becomes infi- 
nite, which will render the differential x di? indeterminate ; | 
but this case will not occur in mechanics. Let Jx be 
a given function of a:, c a constant arbitrary, and + c " 
the complete, or indefinite integral oifxdx. Let also a and b 
be two given constants. If the constant c be determmed in 
such a manner, that this mtegral may be nothing, or com- 
mence when xzn and if then x be assumed equal to 6, the 
result r6 — ra will be what is termed the definite integral, 
taken between the hmits a; z: a and xzib. We shall denote 


y 


it by agreeably to the very commodious notation 

proposed by Fourier ; consequently, *\^e shall have 



If we assign to x an infinite number of values, increasing 
successively from a to 6 by infinitely small differences, and if 
these differences (whether equaTor unequal) be assumed as the 
values of dx, it is easy to shew that the sum of all the values 
of the differential fxdx will be equal to the definite integral 
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— isa. In fact, if infinitely small quantities of an order 
higher than the first, be neglected, we have by the definition of 
the differential 

F (a? + dx) — ra? zr fxdx» 

Therefore if 8i, §25 83) • • • Sn? denote an mfinite number of 
infimtely small quantities, such that 

81 + 82 + 83 + . . . • + 8» =: & —4a , 
and if we take successively for x and dx^ the pairs of values 
cc and Si, ^ -h* 81 and 8^9 ^ "h 81 82 and 83, • * « . • ft — 8^— i 

and Stt, there will result 

F (a + 81) — Fa ziy&Si, 

F (a + 8x + 82) - F (a + 81) =/(« + 80 82 , 

F (« + Sj + Ss + 83) - F (a + 81 + 82) =z/(a + 81 + 82)83, 


Fj-E(6-8„)=/(J-.a„)8„, 
the sum of these equations is 

fJ - Fazz^Si +/(« + 81) 82 +/(a + 81 + 82) .83 
+/* — 8n) 871 , 

which expresses the theorem, that was proposed to be proved. 

When the function^ becomes infinite, between the two 
limits a and 5 , this demonstration does not obtam, and the 
theorem fells. In this case of exception, which will not occur 
in this treatise, the definite integral has no connexion with 
the sum of the values of the ciifferential, and it may be ne- 
gative when all these values are positive, or positive when 
they a^e all negative. In order then to make this theorem 
^ ^obtain, we should take care, thatj^ does not become infinite 
between z: a and x =:d, hy causmg the variable x to pass 
from the first to the second of these limits, through a series of 
imaginary value8(d). 

The preceding theorem may be extended without difficulty 
to multiple integrals. Thus for example, if /(a?,?/) be a given 
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function of two independent variables x and and if we 
assign to these variables successively, series of values in- 
creasing by infinitely small differences, and if at the same 
time we assume the differences between the consecutive values 
of X to be equal to dx^ and those of the consecutive values of 
y to be equal to dy^ the sum of all the values oif{x^ y) dxdy^ 


will be the integral taken between suitable 


hmits. 

When the function fx contams a quantity a that has 
been considered as constant during the course of the integration, 


the value of the integral ^^fxdx will be itself a function of a 

“^Questions occur, in which this integral not being known in a 
finite form, it will be nevertheless necessary to determme ijts dif- 
ferential with respect to a.> Now, in this operation, two dif- 
ferent cases present themselves, according as the limits a and 
b are independent of a, or depend on it in some way In the 
first case, it will be sufficient to difference^ with respect to a, 
under the sign $, so that we shall have 


d 


da. 



In fact, it follows from the theorem of the preceding num- 
ber, that the first member of this equation is the differential 
coefficient with respect to o of the sum of the values of fiodx ft 
comprised between a;=aanda5=& , while the second member 
is the sum of the values between the same limits, of the dif- ' 
ferential coefficient of fiodx taken relatively to a, ari® it is 
evident, that these two sums are identically the same. In 
the second case, when a becomes a + da, the limit h becomes 

hJ^~da, and on this account, the sum of the values of fiodx, 
da 

or the integral ^^fisdv is increased by the value of fiodx, 
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which ai}3wers to x ^ 

fb — dal at the same time, the limit a is changed into 
da 

a + ^rfa, this dummshes this integral by the value oifxdx, 
da 

dd j* dec - r 

correspondmg to oezzee and dx zz da, or otfee ^ da > there- 


fore, on account of the simultaneous variation of the two limits 
a and produced by that of a, the integral wiU be increased 
by the differential 



and its differential coefficient with respect to a, by this coeffi- 
cient of da* Consequently, by adding it to the second mem- 
ber of the preceding equation, we shall have 




for the complete value of the differential coefficient 



When a does not occur in /r, if this quantity be one of the 
two limits b or a, and if these two limits do not depend the 
one on the other, this expression will be reduced to 



= —Al 


which is, otherwise, evident of itself. 

Similar remarks are apphcable to multiple integrals, of 
which the differential coefficients with respect to a quantity 
which m the first instance is considered as constant, may like- 
wise be obtained, by differentiatmg under the signs of inte- 
rs gration, and by adding to the result the terms which depend 
on the vanations of the limits, when they are functions of this 
quantity considered as variajole 
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15 . The integral calculus famishes rules which enable us 
to determine either exactly^ or by approximation, the numc-* 
rical values of defimte integrals, whether simple oi multiple ; 
so that a problem is considered to he resolved, when we are 
enabled to express the unknown (juantities by integrals of this 
nature. The problem is then said to be reduced to quad) a- 
tu) eSf because on the one hand, a multiple mtegral is nothing 
else than a simple integral several times repeated, and also 

because on the other, an integral such as ^^fxdx may always 


he represented by a square equal to the area of the plane curve, 
in which x and fx are the coordinates of any point whatever* 
and a and b the abscissse of the extreme points. 

Among the different formulfio which are in use for deter- 
mining the approximate values of this integral we 

will cite the following, m which it is assumed that the functions 
fx and ~ do not become infinite between the limits a and 5 . 

€LX - 

Retaining the preceding notation, and moreover making 


dfc 

dx 


-fx'. 


dfx 

dx^ 


=fx", &c 




If the differences Si, 82, 83, &e. are not infinitely small, 
hut only very small, 'when they are all equal and represented 
respectively by 8, we shall have by Taylor’s theorem 

p (a + 8) = ra +8^ + &c. 

p (a + 28) = P (a + 8) + 8/(a + 8) + i 8®/'(a 4- S) + &c. 
p (tji 4“ 38) s p (fl! -f" 28) 4* 2 8) 4" i (d 4“ 28) + &c. 


p (a 4 - wS) = p (a 4- — 8 )) 4 - 8 /(a 4 - «8— 8) 

4- ^^f\a 4 - «8 — 8) 4* &c. 

Therefoie, if we suppose «8 = &— a, we shall have, by 
taking the sum of these equations, 


1) 
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fJ - ra = 8. y(a + 18) + ^ 8®. (« +*8) 

+ i 8® (o + *8) + &c. 

1 being an integer number or eypberj and the characteristics 

2 denoting the sums which extend to the n values of i, taken 
between ^ = 0 and tz=n — 1. If we assume^ and^', fx' 
and /x", &c. successively, in place of Fa: and fx, we shall 
likewise have 

fb —fa = l' 2 f{a + ^8) + ^ 8® + 18) + &c., 

fb— fa zz 8s/'' (a + ^8) + &c. 

This being established, if we wish to neglect powers of 
8 higher than the square, in the value of fJ — fc, we can, by 
naeans of the precedmg equations, assume 

i8®S/Ca + 18) = i8(/5 -fa) - i8®(/'J -fa), 

^8® S/' (« + 18) = iS® (/i -fa), 

for the values of its two last terms ; its entire value will con- 
sequently become 

Fi- Fa z= 8^(a-He8) -h^8(/&-/a)— jJj8®(/J-/a), 
or which is the same tlung(e), 

= 8 \_\fa +/(« + 8) + /(a 4- 28) 

. . . . + /(a + n8 - 8) + i/&] - ^8® (/6 -/a). 

This formula will be more exact according as the differ- 
ence S, or i (6 — a), is less, and as the values of fx vary less 

rapidly between the limits a and h. For the most part we 
can neglect the term depending on 8^; the formula will then 
only contam the values of fxy which may be given in num- 
bers, although the form of this function is not known 

16 In the theory of infinitely small quantities, curves are 
treated as polygo^^ which consist of an infinite number of 
infinitely small sides* This implies that the chord of an m- 
finitely small arc is equal to this arc, or that we can assume 
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the ratio of their respective lengths to he equal to unity ; 
which can be plainly demonstrated in the following manner. 
Let umm/u' (fig. 3) he an infinitely small arc of a curve, let 
the chords mm\ be drawn, and let the third he 
produced to meet mt the production of the firsts in a point K, 
The arc Tn/mf is greater than the chord and less than the 
line wzK + mw / , therefore, if we prove that this line and this 
chord, when infinitely small, differ only by an infinitely small 
quantity of a higher order, and that consequently we can 
assume their ratio to he equal to unity, it will follow dJbrt%on^ 
that the ratio of the arc wivn/ to its chord, is that of equality. 
Now if in the arc there does not exist any smguldT 

point in which the direction of the curve changes abruptly, 
chords drawn from one of its points to two other will contain 
an angle differing from two right angles by an infinitely small 
quantity. Consequently the angle tkml' the supplement of 
mkm' will be an mfinitely small quantity, denoting it by 8, 
and moreover, making, 

mz, zz a, m'x =: &, nfivn/ zz c, 
we shall have in the triangle miLm\ the equation 
zz a® + 4“ 2 ixfi cos 8, 


wliich can be converted into 

\ 8 , 

(because cos 8 = 1 — 2 sin*t 

Consequently we shall have 


(a+6)‘ 




(a+&)‘ 


5, sin*^8. 


which expresses the square of the ratio of the chord mm* to the 
line mK q- Moreover as 

4c56 _ I _ ~~ ^ Y 

it follows that the coefficient of sin* JS, can never become in- 
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finite, because it is dways less than unity. Therefore, if we 
neglect infinitely small quantities of the second order, the 
ratio of c to a + 6 will be always expressed by unity. 

17. Considenng a curve as an mfinitesimal polygon, the 
tangents will be the productions of the infinitely smaU tides , 
at the point m, where the side is un, the tangent will be the 
indefinite line t'mmt. K sc, y, », denote the three rectangu- 
lar coordinates of the point M, those of the pomt m will he 
xA.d:t.vA-dy, zJrdz. If ds denotes the element of the 
curve, i. e. its side miw, the differentials d^, dy, <fo, will be its 
projections on the axes of ar, 2^, *5 consequently, if a, /3, y, 
be the three angles which the direction of the fine mt makes 
with lines parallel to these axes respectively, drawn throug 
the point m, we have 


dx p,_ds 

cosa=^, cos/3 


dz 

C 08 Y = ^, 


( 1 ) 


-r 


and likewise at the same time, 

da? -f- dy^ + = d^. 

Assuming on the curve cmwhw'm' a fixed point c, and 
supposing that s denotes the arc cm reckoned firom this origin, 
tiiis arc can be contidered as the independent variable , con- 
sequently y, z, will be given functions of depending on 
the equations of the curve. In this case, ds will be positive, 
but ds, dy, dz, and consequently cos a, cos^, cosy, may be 
either positive or negative. The angles a, y, always refe to 
mT the production of the side mjk, or to the part mjbt of the 
tangent, the angles relatively to the other part mt' will be the 
supplements of «, 13, y, (No. 7.) As the direction of the 
tangent at the point m is determined by equations (1), we can 
deduce from them also the equation of the normal plane at 
this same point ; but this equation may be directly obtained 
111 the foUowm g m anner. Let A denote the radius of a sphere, 
the centre of which is at the point M, its equation will be 

(«' - ay -h (y' - yy + (*' - «)* = 
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denoting the coordinates at the other extremity of 
the radius k. The equation of the sphere having the same 
radius, and of which the centre is at the point m, may he 
deduced from this, hy substituting x-irdx^ y-^dy, 2 + 
in place of 2 , y, 2 , and if we subtract one of these equations 
from the other, we shall have, hy neglecting infinitely small 
quantities of the second order(y^, 

(ar'- a;)da; + (y' + — *)'** == 

which IS the equation for the intersection of two sphOTcd 
surfaces. As it is the equation of a plane of which x\ y', 
are the coordinates, it will be that of the plane of this curve, 
and consequentiy the required equation of the normal plane, 
because the intersection of these two spheres is a carcle per- 
pendicular to the line jx' which passes through their centres M 

and mm ^ i- 

If we divide ttis equation by ds^ and then substitute for 

^ ^ their values given hy equation (1), it will become 
ds^ ds^ ds 

(»' - x) cos a + (y' •- y) cos P -1- ( 2 ' - cos y = 0. 
Therefore if 

a (x' — a;) -f- 6 Cy^ — y) + c ( 2 ' — 2 ) 0, 

represents the equation of a plane drawn through a point of 
which the coordinates are x, y,z, and perpendicular to the 
line of which the direction is determined hy the angles a, /3, y, 
it must coincide with the preceding; this requires that we 
should have 

o=h.co8a, 6=:hco8^, c = Aeosy, 
h hemg an indeterminate fector. Moreover from equation (1) 
of No. 6, we can infer 

024.6^ + 0*= 11*®; 

hy means of which we aie enabled to determine the vahtte of 
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h in every particular, with the exception of the sign. Hence 
then there results 

Ct n h C /fft\ 

COSa=^, 006/3= p C08y=:^; (2) 

wHch coinddes with those known fomhbe hy means of which 
the direction of a perpendicular to a given plane can he de- 
termined. The reason why the sign of is undetermined, is 
' because the plane has two sides, and the angles a, /B, y, may 
refer to this line considered indifferently as existing on one 
side or the other. 

18. The an^le of emtact is the indefinitely small angle 
■4" contained between two consecutive tangents. Thus if M«t 
and mm' (fig. 4) be consecutive sides of the curve, this angle 
at the point m is the supplement of nmm', or the angle 
'smtf made by the tangent tmt and the consecutive one mm't. 
If we denote it by 8, and suppose that the angles o, P, y, 
refer always to the direction of mt, and if a', P', y', denote 
what they become with respect to the direction of mt, we 
shall have in virtue of equation (2) of No. 9, 

sin® 8=1 — (cos a cos o' cos /3 cos + cos y cos y')^. 

Likewise by Taylor's theorem we have 

cos a' = cos a + d.cos o + ^.ti® C 08 a + &c., 
cos^'= cosj3 -l-d.cos/3 +^.(i*c68|3 + &c., 
cos y' = cos 7 + d.cos 7 + ^ .t 2 ® cosy -f &c. 

Now, if we substitute these values in those of sin* 8, and if 
we take into account the equation 

cos® a +cos®/3 + cos®y = 1 , 
and its differential 

coSa.d.cOSa + cos^.d.cos/3 +co 8 y.d.coS 7 .= 0, 

it is apparent that the finite quantities, and also the infinitely 
small quantities of the first order mutually destroy each other. 
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hence, therefore, if we neglect infinitely small q[iiantities of 
a higher order than the second, we shall have 

sin® 8 = — (cos a d®. cos o + cos j 3 (P. cos (3 + cos 7dl®.cos 7) ; 

(^) 

Moreover, if the preceding equation be differentiated, we 
shall obtain 

cos ad® cos o 4 - cos /3d*. cos /3 + cos yd^. cos y 
4- (d. cos a)® 4- cos ^)* 4 " • 008 7)® = 0 , 

hence the preceding value of sin® 8 will become 

sin® 8 =: (d. cos a}®, 4 " ?os / 3 )® 4 * 008 y)®, 

and tins will he also the value of 8®, because the infinitely 
small arc is equal to its sine. 

The differentials of cos a, cos / 3 , cos 7, may be deduced 
from formulae (1) of the precedmg number, l^r if the in- 
dependent variable be not specified, we shall have 

, ds® d®a7 — dx.dsd^s 

rfcosa = ^3 » 

and as we Lave 

ds^ zn da? + dy^ + 

ds(Ps == d'V d?a! 4- dycPy + dzd?z^ 

consequently there results(A) 

dacos a = (djjd^^^dxd^y) {dzcPx — dx(Pz) ; 
and in like manner 

d.cos /3 = ^ {dxcPy — dy<Pa;) + ^ {dz(Py — dj^d®»), 

d.cos 7 = ^{dxd^z—dzcPx) -f ^ {dyd^z — dzd^y ) , 

now, if we take the sums of the squares of these three vari- 
ables, after some reductions, we shall find that the expression 
for sin® 8 or 8* may be exhibited under the foml(t) 
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8® = ^ [_idxd^y — dyd^xY + (d«d®ar — daid^zY 
+ (dyd^z — dzd^Y]‘ 

The osculating circle is that which has two consecutive 
sides common with the curve, consequently at the point m, this 
circle is that which passes through the three points m, 
therefore the centre is at o the intersection of two perpendi- 
culars to um and mm' in the plane of these two consecutive 
elements raised at their points of bisection, and its radius is the 
right hne mo. If these two elements be supposed to be 
eq]|a1, this line wiU bisect the angle umm ' ; and we may 
assume this to be the case, without any apprehension that the 
value of mo will be altered , for it is easy to be assured that 
the numerical ratio of the two infinitely small sides M»i and mm' 
can only affect the magnitude of this radius by an infinitely 
small quantity, and it is consequently the same, whether the 
two consecutive sides be assumed to be equal or unequal. 
Denotmg the length of the sides mj» by ds, and that of the 
radius mo by p, the projection of p on Mm will be ^ds ; so 
that we shall have 

^ds = p.cosMmo ; 

and because this angle Mmo is half the supplement of 8, or 
equal to — 18, there wiU result 

= p sin J8 = ipB, 

the arc J8 bemg substituted in place of its sine. 

This bemg established, if the value of the radius of cur- 
vature was known in any other manner, we would have 

8 =*, 

P 

for the value of the angle of contact ; and conversely, from the 
preceding value of 8®, which has been given above, there would 
result that of p 

^ 



INTBODUCTIOIT. 


25 


19. In order to have a complete knowledge of the nature of 
the curve at any point M, its osculating plane should he also 
determined, that is, the plane of the two consecutive sides Mwi 
and mm\ If this plane passes through the point m, its equa- 
tion may he represented by 

sc', y', ^ being any coordinates -whatever, and be<jati»e it must 
pass through the pomts m and m', the first and second differ- 
entials of this equation, namely, 

iidsc'-^- cdz'zi 0 , 

sd^y' + cdV = 0, 

must be satisfied like the equation itself, by mating as' = x, 
y'~y, z'czz, so that we shall have 

Kdx + My + cdz = 0 , ^ , 

A.d^x + 4 “ =: 0 . 

The values of a, b, c, which satisfy these two conditions, 
are, as may be easily verified(ft), 

c =: D (dxd’^y — dyd^x), 

B = D {dzd^x — dxd^z), 

• A =: D {dyd^z — dzd ^) , 

D bemg an mdetemunate fiictor. By substituting them in the 
equation of the osculating plane, and then suppressing the 
factor which is common to all its terms, it becomes 

[z'— z) — dyd^s^ {dzdH — dxd'^z) 

+ (oi' — x) (dyd^z —> “ 0. 

Naming the angles that the normal to the osculating 
plane makes with the parallels to the axes of x, y, z, drawn 
through the pomt m, we shall have by means of equations (2) 
of No. 17, 

» /.‘I 
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COS X = i {dyd}z — dzd^y), 
COS M ^ (dzd^x — dxd^z), 
cos V = i (dxd^y — dyd'^x), 


( 3 ) 


J 


denoting the sum of the squares of the three numerators 
The infinitely small angle contained between two conse- 
cutive normals, which is the angle between two consecutive 
osculating planes, can be determined in the same manner as 
the angle between two tangents has been already determined* 
If we denote it by c, by a method similar to that employed in 
the preceding number, we shall have 

E® = (dj cos + {d cos + (d . cos v)*. 

20. As the centre of curvature exists at the same time op. 
j the osculating plane, and on the intersection of two conse- 
cutive normal planes, we are enabled to determine its coordi- 
nates by means of the equations of these three planes, which 
now we can consider as known. 

The equation of the normal plane at m being (No. 17) 


(x' — aj) dScc + («/' — y) = ^9 

that of the consecutive plane may be deduced from it, by sub- 
stituting X + dXf y + dy, z + dz, m place of x,y,Zy conse- 
quently, the differential of the equation of the first of these , 
^ two planes taken with respect to x, y, z, namely, 

^ 4 - (2/'— y) d^y + ^ 


will be that of their intersection. 

From these two equations, we infer(/) 

(fic' — x) {dxd^ — dyd^x) = (2;'— z) {dyd^z — dzd^) — ds^dy^ 
(j/' — y) {dyd^x — dxd^y) = (z' — z) [dxd^z — dzd^x) — ds^dx ; 

and by means of the equation of the osculating plane, there 
results 
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z :z ~ [dy {dyd^z — dzd^y') — dx {dzd^x — dxd'^zyi , 
ds 

p denoting, in order to abridge^ the same expression as in 
No* 18 We can obtain in the same manner 

y'-y = -£^ldx (dxd^y - dyd^x) - dz (dyd^z - cted V)] > 

x'~x'=:-^ \dz (dzd^x - dxdH) - dy {dxd^ - dyd^x )'] ; 

hence the three coordinates y'^ z\ of o the centre of the 
curve may be known, and, craseq^uently? the direction of the 
curvature of which the radius of the osculating circle only de- 
termines the magnitude* If the squares of these values of 
— 0 ?, y' — y^ z^ — z^ be added together, we shall obtain, 
after all reductions(m), 

{x‘^ xf + (j/' — yY + {z‘ - = p®? 

hence it follows that the quantity p is the distance of the point 
o from the point m, or the radius of curvature Mo, as we know 
from other considerations* 

j ^21 The formulae given in the five preceding numbers, 
j contam every thing which respects the direction and curvature 
* of any linQ^ either of single or double curvature* With 
respect to any suvjhcc^ we have also to consider its cur- 
vature, and the direction of the tangential plane. As to 
the curvature, the reader will find it fully discussed in the 
twenty-first volume of the Journal of the Polytechmc School, 
so that here we shall only concern ourselves with what res- 
pects the tangential plane and normal. At the point m, of 
which the coordmates are a?, y, z^ the equation of the tangen- 
tial plane may be represented by 

A (a;/- ir) +B ( 2 /'- y) + o(z'^z) = 0, 

wheie x^^y\z\ arc indeterminate coordinates. This plane 
must pass through m' another point ot the surfiice infinitely 



28 


INTRODUCTION. 


near to m, consequently tins equation must be satisfied by 
making a? + dx^ zz,y dy, 2 ;'— 2? + dz, or, its differ- 
ential taken relatively to a?', y'^ must be tme, when a?, y, z^ 
are substituted m place of these variables. Therefore we shall 
have 

Adx -k Bdy + cdz = 0. 

The equation of the surface being 
dz rzL pdx qdy y 

in which p and q are known functions of a?, y, Zy the pieceding 
becomes 

(a dx + (B ^qc)dyz=:0; 

and as it must obtain for every direction which the line mm 
can assume, and consequently for every relation which can 
subsist between dx and dy^ the coeflBcients of each of these 
differentials must be separately equal to cypher, hence results 

A +pc =: 0, B 4. yc = 0 . 

If the values of a and b be deduced from these equations, 
and if they be then substituted m the equation of the tangen- 
tial plane, we shall have 

z'--z^p{a/-^x) — q (y'^y) z: 0. 

If a, by Cy denote the angles, which the normal at the pomt 
M, makes with the productions of the^coordinates x, y, Zy we 
shall have by means of the equations (2) of No. 17, 


cos a = — 


cos & z; — 


cos c = -x 


v^i 

9 

•/ 1 + 4- 
1 


( 4 ) 


/ 1 + j)* 4. g'® 

The radical 'will be positi'V'e or neg^ative in these three foi« 
mulse) according' as the part of the normal in question makes 
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an acute or obtuse angle c with the line drawn through the 
the point M, in the positive direction oiz. If w represents the 
element of the surface, of which the projection on the plane 
of X and y is dxdy^ we shall have - 


dxdy =: ± ft) cos c, 


according as c is acute or obtuse , for this element, which is 
infinitely small m every direction, lies in the tangential plane, 
of which the angle c, or its supplement, is the inclination to 
the plane passmg through x and y ; and the theorem of No. 
10 is true also m the case of the projection of an infinitely 
small plane surface. Consequently from what has been just 
established, we have 


= dxdy V 1 



the sign of the radical bemg always considered as positive. 
L be a given function of a;, and if 


If 


LzzO, 


represents the equation of the surface, which we have con- 
sidered, we shall obtam, by differentiatmg it successively 
with respect to x and y 




dx 


dh , d\j . 
dv"^ ^ dz~ 


If the values of p aud q be detenuined by means of thcsi- 
equations, and then substituted in the equation of the tan- 
geintial plane, it will assume the fonn 


- 2 ') ^ ® ' 


dy 


in 


At the same tune, formulae (4) become 

di> , dh „ dij 

= C086 = V^, cosc_v^, 

which equations, foi the sake of abiidgmg, we put 


ip) 
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[(|)+(5)+(S)T- 

22 We shall here make a remark that will be useful in 
verifying and in deducing fi*om one another, formulae which 
refer to different axes. 

Suppose that in any question all things were alike with 
respect to the three axes of the coordmates y, z. If an equa- 
tion X 0, obtains with respect to the axis of a?, a similar 
one Y == 0 will have place for the axis of y, and likewise a 
third 2 =: 0, for the axis of and these two last equations 
YizO, z=0, may be inferred from xzzO, by simple changes 
of the letters a?, y, z. The foUowmg is the manner in which 
these permutations are effected. 

In X let aU quantities relative to the axis of a?, be substi- 
tuted in place of the correspondmg quantities which respect 
the axis of then substitute these quantities instead of those 
which respect the axis of z , and finally, these last in place of 
the first, which respect the axis of x. By this mutual per- 
mutation 2 is deduced from x , by a second permutation of 
the same nature effected on z, we shall obtam y, and by a 
third permutation effected on y, we shall hght on the first 
equation x For example, if these operations were instituted 
on equations (3) of No 19, of which the first respects the 
axis of a?, the second the axis of y, and the third the axis 
of z, let the coordmates aj, y, z, and the angles X, fi, v, which 
correspond to them respectively, be written down m the same 
line, but distributed into two classes , then in a second hne 
let these six quantities be also arranged into two classes, but 
in a different order, so that we may have 

V,X,jLl. 

This being done, m the first equation (3), let each of the 
quantities of the superior line be replaced by a corresponding 
quantity m the inferior line , it is evident that by this permu- 
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tation no change is produced in A, and the third equation (3) 
will be obtained. If now in this last, the quantities of the 
inferior line be substituted in place of those which correspond 
to them in the supenor line, the second equation (3) will be 
given ; and by operating in the same manner on this equation, 
we shall arrive at the first equation (3), from which we set out. 

Each of these operations imphes a change in the axes of 
the coordinates, in which we first make the axes of oo and of y 
revolve in their plane, in such a manner that the axis of the 
positive xs may fall on the axis of the positive ys^ then this 
last on the axis of the negative xs^ and afterwards this axis 
of the positive ys thus displaced, and the axis of the positive 
zs are made to revolve in such a manner, that the first may 
fall on the axis of the positive zs^ and this last on the primi- 
tive axis of the positive xs ; so that, finally, each axis of the 
positive coordmates takes the place of another axis of the 
positive coordinates. It is on this account, that the equations 
refative to the three axes of the coordinates may be inferred 
the one from the other, by simple permutations of letters, and 
without any change of sign, which would not be the case 
unless the three coordinates, and the quantities which relate 
to them, were changed simultaneously, in the manner which 
has been pointed out. 

23. As the following general observation is of frequent oc- 
currence, it will be useful to advert to it here, at the conclusion 
of this introduction. The equations which will come under 
our observation will frequently contain abstract numbers, 
such as the number tt, logarithms, trigonometrical lines, &c ; 
they will also contain other quantities of different natures, 
which will likewise be represented by numbers expressing 
their ratio to different units arbitrarily selected , however each 
unit must be the same for all quantities of the same species# 
But, if the magnitude of one or more of these units be changed, 
the numbers which express corresponding quantities^ “will be 
changed in the inverse ratio of this magmtude ; notwithstand- 
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Ing, however, this change, which is entirely arbitrary, the 
equations in which they occur must still subsist For this 
purpose, it is necessary that their form should satisfy certain 
conditions, which may be easily verified in each particular 
case, and which, m the most extended acceptation, may be 
termed the conditions of ih&homogeneity of quantities Every 
equation that does not satisfy these, will, on this sole account, 
be inaccurate, and ought to be rejected. 

Thus if v denotes a given function, and if 

r iff . . . • 1,1', • • • . . . . • ) = 0 , (a) 

in which equation f,f, • • • . denote forces, 1,1', • . • • lines, wi, m*, 
.... masses, t, t', ... tunes, then if n, n', n", n'", .... represent 
abstract numbers, and if, at the same time, we diminish the 
unit of force m the ratio of one to n, the linear umt in the 
ratio of one to n', the unit of mass in the ratio of one to n", 
the unit of time in the ratio of one to n"', the numbers .... 
1,1',.... «, t", .... will become nf,nf,.... n'l, 

n'l', n''m, n"m n"'t, n"'t and the equation (a) 

must still obtam, that is to say, we must still have 

» • • • • • • • • • • • • ••••) = 

whatever may the magnitudes of n, n', n", n'". If the equation 
(a) contains the surfiices and the volumes v, v',. .. 

their dimensions must be referred to the same unit as the lines 
i, . . . . , and these quantities will consequently become n'^s, 
«'V, . . . n'^, n'h }', .... by the change of this unit. 

The equation of No. 18, which gives the value of p, evi- 
dently satisfies this condition , for it only contams finite lines, 
or infinitely small quantities, p,ds,dx,dy,dz,^x,d^,(Pzi and 
when the linear unit is changed, and each of the lines is mul- 
tiplied, in the manner pomted out, by the same number n', 
numbei disappears, and so the equation will not be changed. 
The equation m the same number which expresses the value 
of 8®, also satisfies the condition of homogeneity, since 8® is 
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an abstract number which like this value does not change 
with the magnitude of the linear unit. It will be impossible M 
for equation (a) to contain only one quantity of the same* 
species, when it contains but two, for example two forces 
y*and/’', if it be resolved with respect to one of them, we 
we shall have ! 5 

F Z, Z, • • • 7n>^ fifi\ . . Z, j 

it IS necessary in order to secure the homogeneity of these quan- ! 
titles, that /should be a common factor to all the terms of the * 
new function r, or in other words, we must have 


N bemg a factor which does not contain any quantity of the j 
same nature as f and /, nor vary with the unit of force. 
Sometimes the principle of the homogeneity of quantities will 
appear not to have place, when there is taken for the unit of 
force, one of the forces which are considered in the question, 
or for the linear unit, the distance between two of the mate- 
rial pomts to which the question refers , or for the unit of 
mass that of one of the bodies of the problem. See But, then, 
if these units be arbitrarily changed, and it the force, the hne, 
the mass, and time, which have been m the fiist place taken 
for units, be now expressed by X, ju, 0, the other quantities 
of these different species which occur in the equation (d) will 

1 f f ^ m t f 

become ..*• ^j^,**** *“5 ^ "s?* •••? we must 

AA ^ “ 

therefore have 



which equation may be written 
Fl , • » • . X, Z, Z , • • • • jXf Wi, ^ , . . • • Oy ty t y • • • m 0, 

and this should now satisfy the condition of homogeneity • 
indicates here a function which, in each case, may be de- 
duced from the given function f 

r 
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CHAPTER I 

OF THE COMPOSITION AND BaUIDIDRlUM OF FORCES 
APPLIED TO THE SAME POINT. 

24. When a material point is subjected to the simultaneous 
action of several forces which do not constitute an equilibrium, 
it moves in some determinate direction, and this motion with 
which the point is actuated, may be ascribed to an unique 
force acting in this direction. This force is termed the re- 
sultant of the forces which produce motion in the moveable, 
and these last are called the components of the first. If the re- 
sultant be apphed to the point in a direction directly opposite 
to that in which it acts, it will constitute an equilibrium with 
the components, because it tends to impress on the moveable a ’f 
motion equal and opposite to that which it would receive from 
the simultaneous action of the components, and there is no 
reason consequently why it should move in one direction(a) 
rather than in the other. If all the components act in the 
same direction and along the same right line, it follows from 
what has been stated in No. 5, about the measure of forces, 
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that the resultant is equal to their sum. If the pomt is so- 
licited by two forces directly opposed to each other, and if 
the greater be resolved into two others, of which one is equal 
to the less, this last will be destroyed, and what remains, 
namely, the excess of the greater above the less, will be the 
resultant From these two propositions it follows, that if 
there be any number of components, of which some act in the 
direction of the same right hue, and others m the opposite 
direction, the resultant will be equal to the sum of those 
which act in one direction, minus the sum of those which act 
in the opposite direction, and it will act in the direction of 
the greater sum. When the two sums are equal, the resultant 
IS cypher, and the given forces constitute an eqiulibrium. 

24. There is also another case m which the magnitude and 
direction of the resultant may be very easily determmed. 

Let MA, MB, Mc, (fig. 5 ), be the directions of three equal 
forces applied to the pomt M , if these forces exist in the same 
plane, and if the three angles amb, bmc, cma, axe respec- 
tively equal to each other, or each to 1200 , the point M will 
remain m equilibrio , for there is no reason why it should de- 
viate fi:om the plane in which the three forces act, nor why it 
should move in one rather than in another of these three 
angles. Consequently, each of the three forces will be equal 
and opposite to the resultant of the other two. Now, if on 
the directions ma and mb of two of the forces, the equal lines 
MG and MH be taken to represent their intensities, and if the 
rhombus gmhk be completed, the diagonal me will fell on 
MD the production of mc , the angle mgk will be 60“, as will 
also be each of the other angles of the same triangle, which 
will be equilateral; hence we shall have me = mg, conse- 
quently ME, the diagonal of the rhombus constructed on the 
two forces mg ^ mh, represents the resultant of these two 
forces in magnitude and direction. 

This proposition is contained in another, which we now 
proceed to demonstrate in the case of two equal forces, the 
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directions of which make diXiy angle with each other, and 

which we shall afterwards extend to the case of unequal forces. 

\2^ The resultant of two equal forces always divides the 
angle comprised between their directions into two equal parts ; 
for there is no reason why it should be nearer to one of these 
two forces than to the other, nor why its direction should de- 
viate from their plane on one side, rather than on the other ; 
therefore, as its direction is known, it is only necessary for us 
to determine its magnitude. 

For this purpose, let ma and mb (fig 6) be the directions 
of the components, and let p denote their common value. 
Likewise let the angle amb be represented by 2a7, and let md 
be the direction of the resultant, so that we may have amd 
=: BMD =: X, Its intensity depends solely on the quantities P 
and X ; therefore, if it be denoted by r, we shall have 

R=/(p, x). 

In this equation, e and p are the only quantities of which) 
the numerical expression varies with the unit of force ; by thel 
principle of the homogeneity of quantities (No. 23), the func- . 
tion y*(p, x) must therefore be of the form p^^r. Hence we ' 
have 

R p^o? ; 

and the question is reduced to the determination of the form 
of the function 

For this purpose, let the four lines ma', ma'', mb', mb^', 
be drawn arbitrarily through the point m, so that the four 
angles a'ma, a"ma,b'mb,b"mb, may be equal to each other, ^ 
and respectively represented by z. Let the force p acting in*^ 
the direction ma, be decomposed into two equal forces, acting 
in the directions ma', ma", that is to say, let the force p be re- 
garded as the resultant of two equal forces of which the value 
IS unknown, and which act in the directions ma', ma"; if this 
value be denoted by q we shall have 


p =: Qipz 
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foi the same relation must exist between the quantities p, <i,z, 
as between the quantities R, Likewise the force p acting 
in the direction mb, may be decomposed into two forces 
respectively equal to q, and acting in the directions mb^ and 
mb", in this manner the two forces p will be replaced by the 
four forces a 5 consequently, the resultant of these last ought 
to coincide in magmtude and direction with the force b, 
which is the resultant of the two forces p. Now, if q' de- 
notes the resultant of the two forces q, which act in the 
respective directions ma' and mb', this force wiU act in the 
direction md, and since a'md = b'md = at — we shall have 

q'= Q^(at — 2). 

In like manner, the resultant of the two other forces Q 
will act in the direction md, since this Ime also divides the 
angle a"mb" mto two equal parts , and because a"md = b"md 
= at + », we shall have 

q" = Q ^ (at -1- 2 ) ; 

o" denoting this second resultant. As the two forces q' and 
q" act in the direction of the same right line md, their re- 
sultant, which is likewise that of the four forces q, must be 
equal to their sum , consequently we must have 

R = q'+ q" 

But we have already 

R = p^a; z: Q^at^at ; 

and by substituting this value of r and those of q' and q" in 
the preceding equation, there results, by suppressing the factor 
Q, which is common to all fhe terms, 

^aj^zz: ^(ar 4"») + ^ (a; — «). (1) 

This is the equation which must be resolved in order to obtain 
the expression of 

27 . It is evident that it may be satisfied by assuming 
^xzz2cosaxi‘ 
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a being a constant arbitrary, so that we may hare at the 
eame time, 

2 cos ax, 

^ (or + «) = 2 cos a (ar + «), 

0 (a; — «) =: 2 cosa (a; — ») ; 

and, in feet, if these values be substituted in equation (1), 
there results the known equation, 

2 cos oa; cos 02 = cos a (a; + + cosa(a? — »). 

Now it is to be remarked, that this expression of the func- 
tion ^ar is the one w hich satisfies equation (1), and more- f 
over, that m the present question, the constant quantity a is 
unity ; so that we have 


^a; = 2 cos a:. 


( 2 ) 


This is evident when a? = 0 , for then the directions of the j » 
two forces coincide, and the Resultant r is equal to 2 p, which 
implies that ^ar = 2. 

If we admit that there is another value such as a of a;, for 
which we have also = 2 cos a , then equation (2; will like- % 
wise subsist for all values 2a, 3a, 4a, ... . ^a, Ja, Ja, . . . of a:, 
and generally for 


ar = 


ma 

> 


( 3 ) 


m and n being any whole numbers whatever. In feet, if 
equation (2) is true for the tiiree angles a:, z, a? — », so that we 
have 

cos ar, 0* =: 2 cos z, ^ (a; — z) = 2 cos (a? — z). 

It will be also true for a fourth angle x + z, for, in virtue of 
equation (1), we shall then have 

^(x + z) = 4 cos a! cos z — 2 cos (» — z) , 

which equation may be reduced to 

^ -4- z) = 2 cos (ps -I- z). 
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Thus, as equation (2) obtains for ic = 0 and a; =z a, it fol- 
lows that it subsists for x rz 2a, and as it obtains for a? zr a 
and X z: 2a, it will also subsist for a? zz 3a , by continuing in 
this manner, it appears that it wUl obtam generally for x zz ma. 
Now if we make ma zz j3, we shall have 

^j3 = 2cos j3, 

from which it follows that equation (2) will likewise obtain for 
X zz 1/3, for assuming x =. %zz JjS, equation (1) will become 

(0j^)2zz2cos/3 + 2, 

consequently we shall have(&) 

^ ^ iP' 

If in the next place, we make xzzzzz IfS, we shall have 
by equation (1) and this last, 

(0 J/3)2 = 2 cos + 2, ^^0 zz 2 cos 1/3 , 

and by continuing in this manner, equation (2) wiU be de- 

monstrated for a? , that is to say, for all values of x com- 

prised in formula (3). 

Now, as the numbers m and n may be rendered as great 
as we please, and may even become infinite, these values of 
X may be made to increase by infinitely small quantities. 
Therefore formula (3) embraces all possible values of the 
angle a?, and equation (2) is completely demonstrated, pro- 
^ vided it is true for a particular value a; zz a, different from 
zero. Now by the theorem of No. 25, the resultant r is equal 
j to p, in the case of zz60® , therefore in this case we have 

' 0a: zz 1 zz 2 cos 60°, 

hence equation (2) obtains for x zz 60°, and consequently for 
all values of x. 

By means of this equation we shall have 
R zz 2p cos X. 
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Hence if the resultant r and the two components p are 
represented, as in No. 25, by lines taken in their respective 
directions, reckoning from their point of apphcation, the force 
R will be equal to twice the projection of p on its direction, or 
equal to the diagonal of the rhombus constructed on the two 
forces p* 

Now let two unequal forces p and Q be applied to the 
point M (fig, 7) in the directions ma and mb, also let their in^ 
tensities be represented by the Imes mg and mh, taken in 
their respective directions, and let the parallellogram mghk 
be completed , there are two cases to be considered, first, ^ 
when the angle amb is a right angle, and, secondly, when it 
is acute or obtuse. In the first case, let the two diagonals 
MK and GH be drawn intersectmg in the pomt l , and through 
the pomts g and h, let gn and ho be drawn parallel to ml, 
meeting in N and o, the line drawn through the pomt M 
parallel to gh, mk and gh bisect each other at the pomt l, 
and smce in a rectangle the two diagonals are equal, we have 

GL =: LH LM. 

Hence each of the parallellograms glmn, hlmo is a rhombus, 
consequently it follows fi:om the precedmg proposition that 
the force mg may be considered as the resultant of the two 
forces MN and ml, and the force mh, as the resultant of mo 
and ML. Therefore, if instead of the two given forces there 
be substituted their components, we shall have for mh and 
MG the two forces mn and mo (which since they are equal 
and opposite, they mutually destroy each other) and the two 
forces ML, which added together give a resultant represented 
in magnitude and direction by the diagonal me. In the 
second case, let ge and he be drawn through the points g 
and h, perpendicular to the diagonal mk (fig. 8,) and the lines 
GN and ho parallel to this diagonal , likewise let nmo be drawn 
through the point M perpendicular to the same line. The two 
parallellograms gemn and hfmo will be rectangles, and their 

G 
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sides MN and mo "Will be equal, as being the altitudes of the 
two equal triangles gmk and hmk By the first case, we can 
replace the forces mg and mh by their rectangular components 
ME and MN, MF and mo , therefore, in place of the two given 
forces we shall have the two forces mn and mo, which destroy 
each other, as being equal and opposite, and the two forces 
MB and MP actmg m the same direction, which being added 
together will give (because mb — pk) a resultant expressed 
in magnitude and direction by the diagonal mk Hence we 
may conclude generally, that the resultant of any two forces 
whatever, apphed to the same pomt and represented by hnes 
taken on fheir directions, reckoning from this point, is repre- 
sented in magnitude and direction by the diagonal of the 
parallellogram constructed on the two given forces. 

29. The following consequences may be immediately de- 
duced from this theorem. 

In the first place, it appears that all questions which can 
be proposed relatively to the composition of two forces into 
one or i datively to the decomposition of one force into two 
others, are reduced to the resolution of ajbmngle. In fact, 
the magnitudes of the resultant and of the two components 
are represented by the three sides mk, mg, gk, of the triangle 
MGK , and the three angles of this triangle are those which 
the resultant makes with each of the components and the 
supplement of the angle comprised between the components. 
It follows therefore, that any three of these six quantities, 
namely, the three forces and the three angles comprised 
between their directions, being given, the three remaining 
quantities may be found by the resolution of the triangle 
MGK ; this, however, supposes that m the number of data, 
there is one force at least. For example, let p and Q be the 
values of the two components, and m the angle contamed 
between their directions , it is reqmred to determine their re- 
sultant R and X the angle which it makes with the force p. 
In the first place, we have the equation 



APPLIED TO THE SAME POINT, 


43 


E® z= p® + Q^+ 2 pq cos 

by means of which the value of r can be determined > and that 
of 05 can be deduced from the proportion 

sin 05 • sin w . , Q . B. 

If the three forces p, q, s, apphed to the same point M, 
(fig. 9,) in the directions ma, mb, mc, are in equilibrio, each 
of these forces must be equal and directly opposite to the re- 
sultant of the two others , and as this resultant exists in the 
plane of these two forces, it follows that these three forces 
must also exist in the same plane Let md be the production 
of MC , the resultant of p and q will act m the direction of md, 
and if it be represented by r, we shall have b =: s. More- 
over, if the force r be compared with each of its components, 
we have, agreeably to what is stated above, 

R : a : . sin amb sin amd, 

R : F : . sin amb . sm bmd ; 

and since 

sin AMJ? ;= sin amc, sm bmd == sm bmc, 
there results 

s , Q , p • sm amb • sm amc : sm bmc ; 

this shows that when three forces are in equihbrio about the 
same point, the magnitude of each of them may be represented 
by the sme of the angle comprised between the directions of 
the other two. 

If from o, a point assumed on the direction of the resultant 
R, or on its production, the perpendiculars ob and of be let 
frll on the directions of the components f and q ; we shall 
have 

OB z: MO sin amd, of zz mo sm bmd. 

If, therefore, the two last terms of the proportion 
p : Q : , sin bmd : sin amd. 
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be multiplied by mo, there will result 
p : Q : : op : ob ; 

from which it appears that the components are in the inverse 
ratio of perpendiculars let fall on their directions, from any 
pomt m the direction of the resultant. Conversely, if the 
components p and q are in the inverse ratio of oe and op, per- 
pendiculars let fall on their directions, from any point o taken 
in their plane, this point will exist on the direction of the re- 
sultant , for if the two last terms of the last proportion be 
divided by mo, the preceding will be obtained, which deter- 
mines this direction. 

30. The resultant of two forces being known, it is easy to 
deduce that of any number of forces apphed to the same point 
and situated, or not, in the same plane. First, the resultant 
of two of these forces is taken, then this resultant is com- 
pounded with a third force, this will give a second resultant, 
which is compounded in the same manner with a fourth force, 
and so on, until all the given forces are exhausted. In this 
construction it is easy to perceive, that if the magnitudes of 
all the forces are represented by the sides of a portion of a 
polygon parallel to their respective directions, and traced in 
the direction of their actions, the resultant will be represented 
in magnitude and direction by the line which connects its two 
extreme points, and consequently closes the polygon. It is 
indifferent in what order the sides parallel to the forces succeed 
each other. When the polygon is closed of itself the resultant 
vanishes, and the given forces constitute an equilibrium. 

Hence it follows, that when there are but three forces 
wbn^ do not exist in the same plane, their resultant is repre- 
sented in magnitude and direction by the diagonal of a paral- 
lelepiped, of which the three forces constitute the adjacent 
sides. 

31. This reduction of any number of forces to one, may 
be effected m a simpler ipanner, by considering, first, the par- 
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ticular case of three rectangular forces, to which the general 
case may then be reduced. 

Let X, y, z be the three components, R their resultant, 
a, i, c the angles which it makes with x, y, z. From what 
has been already observed, r is evidently the diagonal of a 
parallelopiped of which x, y, z are the three adjacent sides, 
now as this parallelopiped is rectangular, it follows that 

B*=x* + Y*+z*. (a) 

It likewise follows that if the extremity of the diagonal r be 
joined to those of the three sides x, y, z, three right angled 
triangles will be formed, of which r will be the common 
hypothenuse , hence we have 

X =: R cos a, Y = R cos 6, z = r cos c; (b) 

which equations agree with the preceding, for the three 
angles a, J, c are connected by the equation (No. 6.) 

cos® a + cos® h + cos® c =: 1. 

When the components x, y, z are given, equation (a) deter- 
mines the value of the resultant, and equations (b) determme 
the direction, by means of the three angles a, 6, c ; if, on the 
other hand, the force r is given, and it is required to decom- 
pose it, into three rectangular forces x, y, z, which make with 
it the given angles a, 6, c, the values of the required forces 
will be immediately determined by means of equation (b). 
If one of the components, the force z for example, vanishes, 

R is then only the resultant of two forces x andYj it exists in 
their plane, and its direction depends solely on the two J 
angles a and These angles and the value of R are then 
determined by the equations 

R®=z x®+ Y®, X =: R cos a, y =: r cos 6. 

32. Let us now suppose that m (fig. 1) is the point of 
apphcation of any number of given forces. Let these forces 
be represented by p, p', p", &c., and for greater clearness, let 
the line md be the direction of the force p. It is unnecessary 
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to indicate the directions of the other forces in the figure. 
Let a, /3, y he the angles which the direction md makes with 
the three rectangular axes ma, mb, mc, drawn arbitrarily 
through the point m. Likewise let a', / 3 ', y' be the angles 
which the force p' makes with the same axes, a", j3", y'\ 
those which correspond to the force p" &c. All these angles 
are given, and are supposed to mclude every angle from zero 
to 180° (No. r), in order that the forces p, p', p", &c., may 
have all possible positions about the point m. If each of these 
forces be resolved mto three others m the direction of the 
axes MA, MB, MC, the components of the force p will be 


P cos a, P cos /3, P cos y ; those of the force p' will be p' cos a', 
P' cos /3', p' cos y\ &c. , and these components will act in the 
direction of the axes or of their productions, according as they 
are positive or negative. For example, as the direction md 
fells like the axis mc above amb, the plane of the two other 
axes, the component p cos y of the force p tends to elevate 
the pomt M, that is to say, it acts m the direction mc , and 
in this case p cos 7 is a positive quantity, because y is less 
than 90°. On the contrary, if this direction md fells below 
the plane amb, we would have 7 > 90° ; and the component 
P cos 7 wiU be negative, and, at the same time, it will tend 
to depress the point m, that is to say, it will act along the 
■production of mc. Therefore, takmg mto account the signs 
of the components, it appears from what has been stated m 
No. 24, &at all forces acting in the direction of the same 

aas and its production, are reduced to one sole foice, equal to 
tneiT difference. 


In this manner the given forces p, p', p", &c , may be 
repkced by three rectangular forces, and if these last be de- 
noted by X, T, z we shall have 


X _ p cos o -I- p' cos o'-f p" cos a" -1-, &c. 

Y =: P cos ^ -f. p' cos -I- p" cos -I-, &C. • (c) 

Z = p cos 7 + p' cos y' + s" cos y" +, &c. 

The values of x, y, z may be either positive or negative, 
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and their signs make known the direction of their action. If 
the force x is positive, it follows that it acts in the direction 
of the axis ma, or in the direction of the components p cos a, 
p' cos &c., which are positive , if it is negative, we must 
infer that it acts along the production of ma or in the direction 
of the negative components, and the same is true for the 
forces Y and z. 

This being agreed on, let r be the resultant of the given 
forces p, p', p'', &c., or of the three forces x, y, z , let also 
a, J, c be the angles which its unknown direction makes with 
the axes ma, mb, mc. The values of r, a, J, c will be given 
by equations (a) and (b), in which the formulae (c) are sub- 
stituted m place of x, y, z. The angles a, &, c may be acute' 
or obtuse , but because the force r must be ^ways a positive 
quantity, the signs of^th^u: eosmes must be always the same 
as those of the quantities x, y, z, in virtue of equations (b)^, 
In this manner, the force r will be completely determined in 
magnitude and direction. 

^ 33 .^ The magmtude of the resultant r does not depend on 
the arbitrary direction of the axes ma, mb, mc, it depends 
solely on the magnitude of the given forces and on the angles 
comprised between their directions, and in fact, we may find 
an expression for it, which contains these quantities only# 

For this purpose, let pmp', pmp'^, p'mp% &c , denote the 
angles contained between the directions of the forces P and p', 
p and p^', p' and p'^', &c. By equation (2) of N o 9 , we shall have 

cos PMP' = cos a cos + cos j 3 cos j 3 ' + cos y cos 7^ 
cos PMP^'zz cos a cos cos /3 cos { 3 ''+ cos y cos 7", 
cos p'mp^^zz cos a' cos a" 4- cos / 3 ' cos + cos y' cos 7^^, 

&c. 

Wc shall likewise have 

cos^ a + cos® j3 + cos® 7 = 1, 
cos® a' + 00s® jS' + cos® 7' == 1 , 
cos® a" + cos® /3" + cos® y'^zz 1 , 

&c« 
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and, this being the case, if the squares of formulsa (c) “be 
added, we obtain, by taking into account equation (a)^ 

fB2= p2+P^+P'^ + ,&C 
j + 2 pp' cos pmp^ + 2pp'^ cos pmp'' 

+ 2p^p'^ cos p^mp'^ +, &c. 

for the value of the square of r which was required to be de-' 
tennined 

34, We may also deduce from a consideration of equations 
(b) and (c), a property of the resultant which will be useful in 
<me of the foUowmg numbers. 

Let there be drawn through the point M, in any direction 
whatever, arightlme, of which let the point o be the otheir 
extremity, and let A, A denote the angles amo, bmo, cmo> 
which this Ime makes with the three axes ma, mb, mc, if the 
angles comprised between this same right line mo and the 
directions of the forces r, p, p, &c , be denoted by rmo, pnto, 
p'mo, &c , we shall have, as has been just stated, by equation 
(2) of No. 9, 

cos RMO iz cos g cos a + cos A cos J + cos A cos c, 

cos PMo cos g cos a + cos A cos j3 + cos A cos y , 

cos P^MO =z cos ^ cos a^+ cos A cos /3^ + cos A cos &o. 

Ftom the first of these formulae and equations (b\ we 
obtain ^ ^ 

RoosRMo = xcos^r + YcosA + zcosA, 

and in virtue of the subsequent formulae, if, after having mul- 

tipKed the first of equations (c) by cos g, the second by 

eos^ ^ third by cos k, we add them together, there wUl 
result (e) 

^ B.oos EMo = p . COS PMO + p' eos P'MO + &c. ; 

wMA shows Hat tie resultant b, resolved in any directaoni 
MO, IS equal to (he sum of the components p, p', p'', &c., re- 
oolved m the same direction. 
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This being established, let the line mo be projected on the 
directions of the forces r, p, p', p//, &c , and let these pro- 
jections be denoted respectively by r,p,p',pi', &c., so that 

rzz MO cos RMO, 

= MO cos PMO, MO COS P'MO, &C., 

each of the quantities r,p,p',p»^ &c, being considered as 
positive or negative, according as the projection which it repre- 
Mnts, falls on the direction of the force, or on its production. 

Then, if the preceding equation be multiplied by mo, we shall 
have 

r 1 

£Rr _ PJ3 + pp + p'y/ ^ ^ (d) 

which expresses the property of the resultant that was pro- 
posed to be demonstrated. 

35 In order that the forces p, p', f«, &c., may be in equi- 
hbrio, It is su^tenf that the resultant r should vanish, and 
this condition is necessary, if their pomt of application m is 
entirely free , but the equation r = o, or 

x*.^.v*.f.z2=o, 

cannot have place, unless we have separately 
X = 0, T = 0, 2 = 0, 

that is to say, in virtue of equation (c), 

p cos a -f P'. cos a" + p" cos a" -f- &c. = 0, ' 

P cos /3 + p' cos /3' + p" cos /3" + &c. = 0, • (e) 

Pcosy-|.p^cos7'4.p"cosY'' + &c. = 0. J 

Therefore these are the equations of equilibrium of a ma- 
terial pomt, which is supposed to be entirely free. In this- 
state, each of the forces that solicit it, must be equal andi 
^ectly contrary to the resultant of all the others, which may i j 
be easily venfied in the following manner. ^ 

Let r' be the resultant of the forces p', p", &c. Denoting 

H 
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the angles which it makes with the axes mAj mb, mc, by 
a\ &c., and in order to abridge, making 

^ x' =z p' cos a' + COS a'' + &c., 

y' =: p' cos /3' + P^' cos J3'' + &c , 
tJ p' cos 7' + p'^ cos 7'' + &c. ? 

we shall have, by No. 32, 

x' =: r' cos a', Y ' = R^ cos 6', z: r^ cos o', 

and consequently, in virtue of the equations of equilibrium, 

p cos a = — R^ cos a', 
p cos j3 — R^ cos 6', 
p cos 7 — r'. cos d. 

If the squares of each of the members of these equations 
be taken, and if they be then added together, we shall have 

p^= R^ 

because by (No. 6) 

cos^ a + cos^ j3 + cos® 7=1, 
cos® a' + cos® V + cos® 0^®= 1 , 

-^therefore we shall have p zz ± r', but as these forces must be 
re spectively positive , we must ta ke P =: r'. The preceding 
equations will then become 

cos a = — cos a', cos j3 — cos h\ cos 7 = — cos d ^ 

consequently, the angles a,/3,7, are the supplements oia\ c\ 
and belong to a force, of which the direction is the production 
of the fojce r' (No. 7). It follows, therefore, that the force P 
is equal and directly opposed to r' the resultant of all the 
other forces p', p^', &c. ; which it was proposed to estabhsh. 

^ If the point m, to which the forces p, p', p'^ &c , are 
applied, be subjected to exist on a given surface, it is no 
longer necessary, in order to the equihbrium, that their re- 
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sultan t should vanish ^ it is sufficient if it be normal to the sur- 
face, because then the point m cannot shde in any direction on 
this surface , and moreover, this condition will be necessary ; 
for if it was not satisfied, the resultant might be decomposed 
into two forces, the one normal to the surface, which will be 
destroyed, the other a tangent to the surface which there is 
nothing to prevent from causmg the moveable to slide. It is| 
only therefore necessary to determine m each gasg. the di rec-1 
tion of the resultant of the forces p 52 „&^ and the n g?;:- j 
amme if it is perpendicul^ t o the g iven surface^ in order to ' 
know whether the equilibrium exists ; but it is more conve- 
nient m practice to express, as has been done in the case of a 
free point, the conditions of the equilibrium by means of thej 
equations which exist between the data of the question. Now 
the normal component of each of the forces which acts on the 
point M, is destroyed by the resistance of the surface ; conse-r 
quently, this resistance is equivalent to a force equal and con- 
trary to all the forces destroyed. Hence it appears, that we 
may abstract from the consideration of the given surface, and 
regard the material point as entirely free, provided that to the 
given forces p, p', p", &c., a new force of an unknown mag- 
nitude and perpendicular to this surface be added. 

Therefore, if n represents this force, and if X, ju, v, denote 
the angles which its direction makes with the axes ma, mb, mc , 
each of the equations of equilibrium already given, will be in- 
creased by a new term, so that instead of equations (e), we 
shall have 


N.cosX 4- P.cosa +p'.cosa'-l-P'^cosa'' + &c.=:0,' 
N . cos ju + p . cos J3 + P^ cos j3' + p". cos 4- &c. = 0, ^ 
N . cos V 4- I* • cos y 4- p'* cos y' + P^^ cos y' -4- &c. = 0,. 


(f) 


Let £iJ, y, Zf denote the three coordinates of m referred to 
the axes parallel to ma, mb, mc, and let l = o, denote the 
equation of the given surface ; the direction of the force being. 
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by hypotiie^, that of the normal at tbe point m, we shall 
have, by means of equations (5) of No. 21, 

dh dij dv 

C0SX = V.^, C08/i=V.^, cosv = v.^, 

in which, in order to abridge, we suppose 

Ihe sign is undetermined, because we do not know before- 
hand in what dnrection of the normal, the force v acts ; but v 
disappears in the elimmation of n between equations (f) , aii<i 
by means of the formulae (c), we obtain(c) 


dii dij 

di, dy 


dij dv ^ / N 

(s-> 


for the two equations which are necessary and sofficient for 
the eqmhbiium of a material pomt subjected to exist on a. 
given surfeoe. ^ 

^ 37. If the position of this point on this sxiriace, is not 

known, equations (g) combined with the given equation L =? o, 
will enable us to detenmne the coordinates of the different 
points of this surfeoe, m which the mateiial point may be in 
eqmllbiio* When this position is given, we shall only have 
. to verify whether », the coordmates of the pomts of ap- 
plication of the given forces, satisfy equations (g). But, ixx 
case, equations may be simplified by making one of 
the axes ma, mb, mc, as for instance the first, to coincide witlx 
one of the two parts of the normal , hence there will result 

cos X = ± 1, cos ju — 0, cos y zz 0 I 
and life changes equations (f) into the following 

±N + p.cosa + p'cosa' + p'^cosa"+ &c. = 0 , 
p. cos/3 + p' cos /3' + p" cos + &c. = 0, 

P.COSy +P.cosy + p"cOS7" + &C. ^ 0* 
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From the two last of these equations it appears, as is in- 
deed evident of itself that in the plane which touches the 
given surface at the point where the normal meets it, the 
components of the forces apphed to the matenal point, con- 
stitute an equilibrium, in the same manner as if this surface 
did not exist at all. 

The resistance n which the surface opposes to the forces 
p, p', p^', &c., is equal and contrary to the pressure that it 
experiences from them. From equations (f) it appears, that 
in thej^e^o^e^jiuhbrium, this pressure is the resultant itself 
of these forces In practice, the magnitude of this force 
ought to be calculated by means of equation (a), in order to 
know whether the surface is capable of supportmg it. If 
moveable is merely laid on this surface, which is that of a 
sohd body, it is moreover necessary that the direction of this 
pressure should be such as to press the moveable against this 
surfece; wUch condition, asit^^mg^Jjl^exgi^^ 
equation^ must be verified in each case by determining th^ 
direction of this force, by means of equations (b). This veri- 
fication can be effected in a simpler manner, by means of the 
first of the three preceding equations. 

In fact, let us suppose for greater clearness, that the part 
of the normal with which the axis ma coincides, is situated in 
the concave part of the surface. As it is known whether the 
given angles a, a', &c., are acute or obtuse ; the sign of 

X, the sum of the components acting in the direction of 
this line will be known, and as the quantity n should be, 
positive, it is necessary that in the equation in question, that 
is to say, 

± N + X = 0, 

we should take the sign — or the sign + before n, according 
as the sum x is positive or negative. In the first case, we 
shall have cos X = — 1, and the pressure contrary to n will 
act in the direction ma; in the second case, we shall have 



54 ON THE COMPOSITION ANO EQUILIBRIUM OP PORCES 


COS X — 1, and the pressure will act along the production of 
this determinate part of the normal. 

When the material pomt M, on which the forces P, p^, 

&c 5 act, IS constrained to exist on two given surfaces, or on 
their curve of intersection, it is sufficient, in order to insure 
the e<][uilibrium, that the resultant of all these forces should 
he decomposable into two forces perpendicular to the given 
sur&ces, and which will be destroyed by their resistances* 
Consequently, if there be added to the forces p,p',p'', &c-, two 
forces perpendicular to these surfaces, but of an unknown 
magnitude, we may then altogether abstract from the con- 
sideration of these surfaces, and consider the material point as 
entirely free. 

N, n', being therefore these new forces ; X, /u, v, the angles 
which detenmne the direction of N with respect to the axes 
MA, MB, Mc, and X', v', those which determine the direction 

of n' with respect to the same axes, equations (c) will become 


N.co8X+N'.cosX'-|-P*cosa+p'.cosa'+p''.cosa'' + &c. = 0/ 
N.COSjU+N'.COS/i'+P COS/3+I‘'*COSj3'+P".COSj3'^4-&C.=0, ► 
N.COSv+N'.COSv' + P.COSy+P'.COS 7 '+P''*COS 7 " + &C.=:0,. 


(h) 


Moreover, if a;, y, », denote the coordinates of the point M 
referred to axes parallel to ma, mb, mc, and if l = o, l' = o, 
represent the equations of the two given surfaces, the values 
of cos X, cos fi, COS Vi will be the same as in the last case, and 
those of cos X', cos fi\ cos v', will be obtained from them by 
changing l into If these values be substituted in the 
three equations (h), and if n and n' be then eliminated be- 
tween them, the equation of equilibrium which the given 
^^oes p, p', p^, &c., ought to satisfy, will be obtained ; also^ 
if the position of the moveable on the intersection of the two 
sur&ces is not given, this equation of equilibrium combined 
with equations l == o, l' = o, will determine its three coor- 
dinates a?, y, a?. ir. X fy yZ 


APPLIED TO :rHE SAME POINT. 


55 


When the position of the moveable is given on the curve 
on which it should remain, the equation of equihbrium of 
the forces p, p', p'', &c., may be obtained at once^ by taking 
the axes mb and mc, to which the angles /X5j3,j3', &c ^,7,7', 

&c , refer, m Jhe plane of the nornaals to the two given 
surfaces. The third axis ma will then faU on the tangent to 
their curve of intersection, it is, therefore, perpendicular to 
the normal forces n and n', so that we have X = 90 ®, X'= 90 ®, 
and hkewise, m virtue of the first equation (h), 

p cos a + p'.cos o! + P^'.cos a" + &c. = 0, 
for the required equation 

This equation indicates, that the sum of the components ‘ 
of p, p', p", &c., acting tangentially to the^tersection of the ' 
given surfaces, is equal to cypher, this is in fact the con- ’ 
dition which must be satisfied, in order that the point M shall ‘ 
not shde on this curve. After having assured ourselves that 
it is satisfied, the values of the forces n and n', and the di- + 
rection m which they act, can be determmed by means of the 
two last equations (h). If then two forces equal and contrary 
to N and n' be taken, and if these are reduced to one by the 
rule for the composition of forces, this will be the resultant of 
the forces p, p', p'^, &c , and will make known the pressure 
exerted on the given curve, to which it will be perpendicular. 

It appears from what precedes, that when the move-'? 
able is constrained to exist on a given curm^ there is only one ! 
equation of equihbriivn, that there are two when it is restricted | 
to move on a given surface^ and three when the point is alto- 
gether free , so that the number of these equations mcreases, 
as they evidently ought, according as the possible movements 
of the moveable are less restricted. These different equa- 
tions may be all embraced in one formula , which will con- 
sequently be the general equation of equihbrium applicable 
to any system whatever of material pomts. In order to obtain 
this formula, let us suppose that the moveable is transferred 
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from the point m, wHcli it occupied in its position of equili- 
brium, to o another point infinitely near to m, and such that 
this displacement may be c ompatible “^i^h the condition t o 
^ ^ -wh ich the moveable , | g„ sul^ cted, if it is not altogether free. 
Let r,p^p% &c 5 denote the projections of the infinitely small 
Ime MO on the directions of the forces R, Pj p', p'^ &c., in the 
first position of the material point, and let each of these pro- 
jections be considered as positive or negative, according as it 
falls on the direction itself of the force to which it refers, or 
/ on its production. If the force r be supposed to be the re- 

i sultant of p, p', &c., the jxoduct Rr will always vanish in. 

the case of equilibrium \ it will vamsh for a material point 
entirely free, because then the resultant r should be equal to 
cypher, it will also vanish, for a point subjected to exist on 
a given surface or curve, because the force b must act ia 
the direction of the normal, hence as the mfinitely small hne 
^ MO exists m the tangent plane, or on the tangent, r its pro- 

^ , jection on the direction of r will be equal to cypher Therefore 

by equation (d), which has been already demonstrated, and 
which obtains equally when the hne mo is mfimtely small, we 
have 

vp + p'p' + v'Y' + &c. = 0, (i) 

as often as the forces p, p", p^', &c., constitute an equilibrium. 
Co^yerselv. the equilibrium will subsist, when this equation 
obtains for all possible displacements of a material point en- 
tirely free, or constrained to exist on a given surface or curve* 
Every mfimtely small hne, such as mo, which the material 
point can be made to describe, consistently with the conditions 
to which It is subjected, is called its virtual velocity , and the 
prifc^le of eqmhhrium contained m the equation which has 
b^jiffit expires^, is termed the principle of virtual veloci-^ 
ties. Now, if it be successively apphed to the case of a 
material point en^y free, to one subjected to exist on a 
or constrained to rmain on a given curve, we can, 

* out any diflicidty, amve at the equations of equilibrium 
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which have been already obtained. Each of the equations 
(e) may be deduced from formula (i), by taking for mo, the 
displacement of m on one of the axes ma, mb, mc , the equa- 
tions of equilibrium, which have place in the case of a point 
subjected to exist on a given surface, will be obtained by con- 
sidenng its displacements m the direction of two axes traced J, 
in the tangential plane , and formula (i) furnishes immediately 
the equation of equilibrium of a point constrained to exist on 
a given curve, by; assuming for mo the element of this curve, 
and ioxp^p\p^\ &c., the projections of this element on the 
directions of the forces p, p^, &c. The angles which 

these directions make with the tangent to the curve being 
a, a\ q!\ &c., we shall then have 

p = MO cos a, p‘ = MO cos a', p*‘ = MO COS o'', &C. , 

and if MO, which is a common factor to all the terms of equa- 
tion (i), be suppressed, there will result 

p cos a 4- p' cos o! + p^' cos -f- &c. = o, 

as before 


X 



CHAPTER II 


OF THE EQUILIBRIUM OF THE LEVER. 

40. In this chapter the lever is supposed to be an inex- 
tensible right line or curve, of an invariable form, which can 
only turn in a plane about c, (fig 10,) one of its pomts, 
that is supposed to be fixed, and which is termed the prop of 
the lever. Most commonly there are only two forces applied 
to this machme^ of which one is employed in keeping the 
other in equihbnoj the first is termed the power ^ and the 
second the resistance. But, in order that our conclusions may 
be as general as possible, we shall suppose that any number 
of forces whate^ver directed in the plane of the lever, act on 
diflferent points of this hne ; and the object of this chapter is 
to find the conditions of their equihbrium 

It IS not proposed, m the present treatise, to apply the 
laws of equilibrium, which will be explained here, to the dif- 
ferent mechanic powers or machines. The student is referred 
to the various elementary treatises on statics for information 
^ on this subject , but as the law of the equilibrium of the lever 
is a fundamental principle of mechanics, it will be necessary 
for us to dwell on it here ; and we now proceed to show how 
this principle is connected with that of the composition of 
forces which act on a detached point 

41. When several forces are applied to a body which is 

^ invariable form, the point of application 

of each of these forces may be transferred to another point of 
the body, assumed either on its direction or on its production, 
For example, if a given force f acts at e, the extremity of the 
lever, in the direction of the line ae, and if m be another point 
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belonging to this direction, which is supposed to be connected 
with the lever in an invanable manner, then we may replace 
the force p by another force of the same intensity, actmg at 
the point M in the direction of the line ma. In fact, we can, 
in the first place, apply to the point m two equal forces, and 
acting m opposite directions, the one along ma, the other 
along its production ma' ; moreover, if each of these forces be 
•supposed equal to p, that which acts m the direction ma' will 
destroy the force p applied to the point E m the direction ba, 
because these two equal forces act in opposite directions at the 
extremities of the Ime mb, which by hy pothesis is of an m- 
variable length , therefore, the only force which remains is p 
actmg at the pomt m m the direction ma, by which, therefore, 
the given force p, which acts at the point b, is replaced. 

Forces act frequently on those bodies, in which they excite, 
or have a tendency to excite, motion, either by puUing them by 
means of a string which is attached to them, or by pushing them 
by means of abar that presses against their surface. As this string 
or this bar may be more or less extended or contracted, it is only 
when they cease to oi; confracJ that they are considered 

as mvariable hnes, which represent the direction of each force, 
the action of which is then the same as if it was exerted im- 
mediately at the pomts of the surface of the body at which 
the se Imes t erminate Strictly speaking, a lever is not, as! 
has been supposed above, a line of an invariable form, it is a 
bar which is susceptible of flexure, however small it may be, ' 
and which also contracts or extends by a small quantity in 
consequence of the forces which are applied to it. It would 
be extremely difficult to determine before hand, the form 
which it should assume , but it is only when it has attained 
this form, that it is considered as invariable , and it is to this 
figure, which differs very little from its natural form, that the 
conditions of equilibrium which we propose to investigate, arej 
referred. 

42 Let a second force q act at f, the other extremity of 
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ihe lever, in Ae direction fb, and let the two directions ba 
^ and FB be comprised m the plane in which the lever can 
turn ; these two right lines, or their productions, must meet 
in a certain pomt m, which, from what has been already es^ 
tablished, may be assumed as the common point of apphca- 
tion of p and q. This being agreed on, we can determine by 
the rule of the paralleUogram of forces, the resultant of these 
two forces, of which resultant m will also be the point of ap- 
plication. Now, in order that it may be destroyed, and that 
the lever may remain in equilibrio, it wdl be necessary that 
its direction should pass through the prop c , and this will be 
sufBicient, because by transferring this resultant to this point, 
which is fixed, it will be destroyed by its resistance. From 
what has been stated in No. 29, it appears that if from the 
point c, the perpendiculars cg and ch be let fall, on the di- 
rections of the forces p and q, we shall have in the case of an 
equikbrium 

p , Q . ; CH : CG , 

and conversely, the equihbnum will subsist, when this pro- 
’ portion obtains. Consequently, if we denote the perpendi- 
culars CG and CH by p and the equation of equilibrium will 
be 

pp =: Qg 

By the 9noment of a force wth respect to a pointx is. meant 
the product of this force mto the perpendicular let fall from 
this pomt on its direction. Hence the condition of equili- 
brium in the case of the lever consists in this, that the mo- 
ments of the power and resistance, taken relatively to the 
prop or point on which the lever turns, are equal ; these two 
£>roes tending besides to make the lever turn in opposite 
directions* 

If the lines cg and ch be supposed to be mvariably at- 
tached to the lever, g and h may be taken for the points of 
application of the forces p and q, and whatever be the figure 
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ECF of the lever, it may be replaced by the bent lever gch 
( fig. 11.) The perpendiculars cg and ch, are termed the arms 
of the lever. The condition of equihbnum does not depend 
at all on the magnitude of the angle gch , this indeed is evi- 
dent d prion. 

In fact, if from the pomt c as centre, and with a radius| 
equal to ch, we describe an arc of the circle hh^, which is^ 
supposed to be mvariably attached to the lever, and if at tho^ 
pomt h' two forces equal to q be apphed, actmg in opposite! 
directions along the parts h'b' and h'b" of the tangent at thisj 
pomt, it IS evident that the force q acting in the direction 
h'b'', will be destroyed by the force q acting m the direction 
liB , for as the two forces tend to make the system revolve in 
opposite directions, there is no reason why it should obey one 
m preference to the other. Hence the second of these two 
forces will be replaced by the force q actmg in the direction 
h'b', and the angle gch will be changed mto the angle gch',i 
which may be greater or less, without the equilibrium bein^ 
deranged. 

By this change, the angle of the two arms may become' 
180® or zero , the lever will then be strait; the power and re- 
sistance will be parallel forces, actmg in the same or in con- 
trary directions ; and m order to an equilibrium, it is always 
necessary that their intensities should be in the inverse ratio! 
of the lengths of the arms of the lever. 

43., If R denotes the resultant of the two forces p and Q, 
which meet at the point m (fig 10), and m the angle amb 
comprised between their directions, we shall have (No* 29) 

R*z: p^-f- q*4. 2pq cosm, 


and the value of r wiU make known the loa(^ which the prop 
sustains m the case of equilibrium The direction of the force 
R applied to this pomt, will be along the Ime cn, the pro^ 
duction of Mc. In figure 10, the pomt c is supposed to be 
situated between b and f, the points of application of the 
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power and of the resistance. In figure 12, the contrary is 
the case , but the same reasoning is applicable to both cases ; 
they differ fi:om each other m this only, that in the first case, 
the forces p and q act on different sides of the lever, and the 
angle amb is acute, while in the second, they act on the same 
side, and the angle amb is obtuse. 

If, the three pomts e,f,c, remaining the same, the point 
of concourse of the three forces p, q, r, be supposed mfimtely 
distant, these forces will become parallel. In the case of 
fig 10, as the angle m becomes then infimtely small, we have 
cos wi = 1, and consequently 

R= P + Q 

In the second case, it is the supplement of the angle m 
which becomes infinitely small, hence we have cos ^ zz — 1, 
and 

R z: Q — p, 

p being supposed Z q. Consequently, the resultants of two 
parallel forces is equal to their sum, when they act in the 
same direction, and to their difference, when they act in op- 
posite directions, and m the last case, the resultant acts in the 
direction of the greater force. In these two cases, the com- 
ponents p and Q are in the mverse ratio of their distances firom 
the resultant. 

This being so^if a common perpendicular to the three forces 
be drawn, and if a denotes gh the part of this line (fig. 13 
and 14) comprised between the two components p and q, and 
X the distance ch of the resultant r from the component Q> 
which is supposed to be the greater, we shall have 

P Q : a? a qp O', 

the superior or inferior sign is to be taken, according as p and 
Q act m the same (fig. 13), or in opposite directions (fig. 14). 
Hence we obtam, 


p ; Q ± p X 
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and, consequently, 

av 

X rr — — 

Q dt p 

by means of which, the position of the resultant, of which the 
value is Q ± p, will be determined. 

44. When the forces p and q act in opposite directions, 
and differ very little from each other, their resultant, which 
always acts in the direction of the greater, will be situated at 
a very great distance from the given forces. But when they 
are rigorously equal, this distance becomes infinite , which in- 
dicates that two equal and parallel forces, acting in opposite 
directions, cannot be replaced by a single force , and in point 
of fact, there is no reason why this unique force should act in 
one direction in preference to the other. 

Two such forces acting at the extremities of the same 
line GH, (fig. 16,) will cause this hne to revolve about its 
middle point k , which effect cannot evidently be produced by 
the action of a single force They may be replaced in an in- 
finite variety of different ways by two other forces, which pro- 
sent the same case, for their action is not at all changed, by 
applying, for example, to the points g and ii along ge and 
HP the productions of the line gii, equal forces of any magni- 
tude whatever ; now the resultant of the forces acting in the di- 
rections GAand GE, and that of the forces acting in the directions 
HB and HF, will be also equal and parallel forces, acting in 
opposite directions along the lines gc and hd, and these re- 
sultants will replace the primitive forces, which act along ga 
and HB. If p denotes the common magnitude of these two 
forces, and a their mutual distance, each of these two quan- 
tities will be changed by the operation that has been indi- 
cated , but their product ^gp^wiU r^^^^ C9nstant, as will Jj^e | 
proved immediately. 

46. In fine, this particular case is the only one in which a 
system of any number of forces p, p', p'', &c., existing in the 
same plane, and acting on material points connected together 
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in an invariable manner, cannot be reduced to a single force. 
For whether the two forces p and p' meet in a point, or are 
parallel to each other, they may be reduced to a single force 
Q, by the rule of the parallelogram of forces, or by that of 
the preceding number. In the same manner, this first resultant 
Q and p'' the third given force, may be reduced to a single force 
q', then, the second resultant q', and p^'^ the fourth force to a 
single force of' i and so on until, all the given forces are re- 
duced to two only, which may themselves be reduced to a 
smgle force r, unless they fall under the case of exception of 
which we have been treating. 

In the general case, this force r is the resultant of the 
given forces p, p', p^', &c., and if to the components a force 
R^ equal and contrary to r be joined, there will be an equi- 
librium in the system. The magnitude of r, and its position 
m the plane of the given forces does not depend at all on the 
order in which these forces are taken, m the successive re- 
ductions which have been indicated, for^if, m changing this 
Older, we should arrive at s a force different from r in magni- 
'tude and direction, one of these two forces taken in an oppo- 

S *’te direction would constitute an equilibrium with the other, 
inch is impossible. In order to an equilibrium of the forces 
P, P , p^^, &c., when they are applied to a lever situated in 
their plane, it is necessary, m the first place, that they should 
be reducible to one sole force ; for if they were reduced to 
sands', two parallel forces not reducible to a smgle force, and 
if s' was the nearer to the prop, s' may be resolved into two 
parallel forces q and q', actmg in the same direction, of which 
the first wiU be directly opposed to s, and the second will pass 
through tibe prop , each of these two forces will be less than 
s'ors, the force q' will be destroyed, and there will only 
remain the force s — q, which will cause the lever to turn in 
the direction of s(a). The given forces being reduced to a 
umque force r, it is moreover necessary for the equihbrium of 
the lever, that this force should pass through the prop This 
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condition will be expressed by an equation, by means of the 
following theorem which we proceed to demonstrate. 

46. Let us first only consider two forces and their resultant? 
The moment of this resultant with respect to a point situated in' 
the plane of the three forces, is equal to the sum or difference of 
the moments of the two components with respect to the same' 
point, to the difference when the centre of the moments is 
situated wit^ the angle of the components, or within, its 

jSWBi ghen ti ns p qint'' 
hfis without these two angles. In feet, let p and be thes? 

two forces, ma and ma^ (fig. 16 and 17) their directions, q 
their resultant acting along mb, c the centre of the mo- 
ments, p,p', q, the perpendiculars ca, ca', cj, let fell from 
the point c on the directions of p, r', q. Let each of these 
three forces be resolved into others, m the direction of the 
hne Mc and of kmk' perpendicular to this hne, and let the 
perpendicular components be considered. We have evidently 

cos BMK == sin BMC = 

c 

C denoting the length of the hne mc , hence the component of 
Q in the direction me will be equal to ^ In like manner, 

the components of p and p' perpendicular to mc will be 22 and 

— . They act m opposite directions when the line mc tra- 
verses the angle ama' (fig. 16), and in the same direction, 
when it falls without this angle. Now, the sum of these com- , 
ponents in the second case, and the excess of the greater over, 
the less, in the first, ought to reproduce the component of a, 
because q is the resultant of p and p^, consequently, if the i 
component of p be supposed to be greater than that of p^, we| 
shall obtain, by suppressing the common divisor c, j 

Qj =: pp ± p'p', 

which was required to be proved. 


K 
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If the point c be supposed to be fixed, and if the perpen- 
diculars ca, ca',c6, constitute an invariable system, the forces 
p, p^, Q, which may be conceived to act at c(, < 1 ^, J, the ex- 
tremities of these lines, can only produce a motion of rotation 
Tabout the centre of the moments. Now, it appears firom the 
inspection of fig. 17, to which the superior sign of the pre- 
ceding equation refers, that when the point c Ms without 
the angle amb, or its vertically opposite, the three forces 
p, p', Q, tend to cause their points of application to turn in 
the same duection about the point c , on the contrary, when 
this point falls within one of these two angles, figure 16, 
which refers to the inferior sign, shows that the forces p and 
p' tend to cause the points a and a' to turn m opposite di- 
rections , and It is likewise evident, that in this case, the re- 
sultant Q tends to make its point of apphcation turn in the 
same direction as the component which has the greater mo- 
ment. It appears fi:om this remark, that the theorem wMlb* 

■ which has been now demonstrated imphes, that the moment 
of the resultant of the two forces is equal to the sum or difr 
I ference of the moments of these two forces, according as t^ 
components tend to make their pomts of application turn m 
the s amft or in opposite directions about the centre of the mo- 
ments, and that the resultant tends to make them turn in the 
direction of the component, which has the greater moment. 

^ As this theorem obtains for forces of which the directions 
make any angle whatever, it must obtam also when they 
become parallel , this is, m fact, what it is easy to infer, feom 
the composition of forces of this kind (No. 43). 

47. The advantage of this last mode of stating the problem 
is, that it can thus be easily extended to any number of forces 
p, p', p", &c., which aetjn the same plane, The centre of 
moments being regarded as a fixed point, about which the 
forces tend to make the system, whose points of application 
are connected together in an invariable manner, to turn, the 
i- moment of the resultant is equal to the sum of the moments of 
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the forces which tend to make the system to turn in the same 
direction as it turns, minus the sum of the moments of the 
forces which tend to make it to turn in a contrary direction. 

For greater clearness, let the three first forces p, p', p" be 
supposed to make the system turn m one direction, and all the 
other forces in a contrary direction. Let the senes of reductions 
of No 45 be resumed, and let q be the resultant of p and p', 
and q' that of q and p", or of p, p', p'' Likewise, let 

he perpendiculars let fall j&om the centre of moments on 
the directions of p, p', Q'', q , by what has been already 

established, we have 

OS' = ip + p'p', Q'j^ =: Qy + 

and, consequently, 

= pj) + p^ + 

In hke manner, if we denote by Qi the resultant of all the 
other forces p% &c. , by yi, the perpendicular let fall from 
the centre of moments on its direction, by &c., the 

perpendiculars let fall £:om the same point on the directions of 
p'//^ pip shall have also 

Now, R the resultant of all the given forces will be that of 
the two forces q' and Qi , hence if r denotes the perpendicular 
let fall from the centre of moments on the direction of r, and 
if we consider that these forces q' and tend to produce a 
revolution in opposite directions, we shall have 

Rr = ± (Q'g'- QigO, 

according as Q'y' will be greater or less than Qiyi . In the first 
case, the force r will tend to cause the line to turn in the 
same direction as the force q', and consequently in the same 
direction as the three forces p, p'' Let the first case be 
that which obtams, by substituting for Q'y^ and Q,yi their 
values, we shall then have 
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Br = ly + “■ 

which equation contains the theorem we proposed to establish. 

If the centre of the moments he supposed to he at the prop 
of the lever to which the forces p, p'"j &c., are applied, it 
is necessary in order to insure an equilibnum in this lever, 
that we should have 

vp +• p'y)'4- s"p"~ r"'p'"— &c = 0, (2) 

since, in this case, these forces must have a resultant which 
should pass through the prop (Ho. 45), and forwhichwe have 
therefor ej* ^ = 0. 

j- 48. Equation (1) can he rendered more general, hy sup- 
posing that hy resolutions and recompositions of the forc« 
p/j p" &c., they are transformed into other forces s, s', s", 

1 &c.,* which taken together are equivalent to the given forces, 

I If s, 5'j denote the perpendiculars let fall from the 

’ centre’of moments on the directions of s,8', s",&c., we shall 
I find hy the same mode of reasoning, as in the precodii^ 

I numter, 

[ss+8's'+s'¥'+8io.==iT+p'p'+r>y-F'y'^^^^ 

in which equation the moments of the forces s, s', s", &o., 
which tend to turn in the same direction as p, p', p ", should 
he affected with the sign +, and the moments of the forces 
which tend to turn in the same direction as &c., with 

the sign — . The particular case m which the forces p,p',p', . 
&c„ are irreducible to a single force, is comprised in this, last 
equation. Let then s and s' be two equal and parallel forces, 
not directly opposed to each other , and let h denote theJi 
mutual distance. If the centre of the moments is situated 
between thmr directions, wo shall have « 4- «' = A , they will 
tend to produce a revolution m the same direction about this 
point, therefore, their moments must be affected with tha 
same sign, and there will result 
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If, on the contrary, the centre of moments does not exist 
between s and s', and if we suppose we shall have 

s — s' = A , these two forces wiU. tend to produce a revolu- 
tion in opposite directions , the moment of s must be affected 
with the sign + 8Jid the moment of s' with the sign — ; and 
there will result 

as — iJsV = sA. 

Consequently, equation (3) will always become 
sA = pp + t'p'+ p"p"— siypiy— &c. 

As the second member of this equation consists entirely of 
given quantities, it follows that if the values of s and A undergo 
any change, their product must remain constant, as has been 
already stated. It appears likewise from this last equation, 
that when its second member vanishes, the given force g cannot 
Ml under the case of exception, m which they are irreducible 
to a smgle force , it follows, therefore, that equation (2) ex- 
presses at the same time that the forces p, p', p", &c., have 
an umque resultant, and also that this resultant passes through 
the centre of moments, consequently this equation is necessary 
and sufficient to insure an equihbnum of the lever, of which 
this centre is the prop The resultant r which is obtained by 
the series of reductions indicated in No. 45, will express the 
pressure or load which the lever will have to support ; when 
it vanishes, the forces p, p', p", &c., will be in equilibrio in 
their plane, without the aid of this fixed point. 

^4^ The condition of equilibrium in the lever may fllsn 
be e^ressed by an equation analogous to formula (t) of 
No. 39 

For example, let m, m', m", (fig. 18,) be the points of ap- „ 
plication of three forces p, p', p", which act on the lever ecp ' 
in the directions ma, m'a', m"a", comprised in its plane. Let 
the lever turn by an infimtely small quantity about its prop c, 
in such a manner that m, m', m", may assume the positions 
w, m', m" By the definition of No 39, the infinitely small 
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arcs M»», M'm', M"m", which may be assumed to be right 
lines, will be the virtual velocities of the points of 

apphcation of the three forces, p, p', p". Let the perpendiculars 
ma, m'a', m"a", be let fall from m, m', m'\ on the hnes 
MA, mV, m"a", or on their productions ; Ma will be the pro- 
jection of Mm on the direction of the force p, which tends to 
make the lever turn in the direction of rotation that ensues , 
mV and M'^a" will be the projections of is!m' and ’ml'm" on 
the productions of the two other forces p' and p", which tend 
to make the lever turn in the opposite direction. On this 
account, the first of these projections may be considered as a 
positive, and the two others as negative quantities. Let 
these three quantities be denoted by ir, ir', ir". It is evi- 
dent, in virtue of the principle of virtual velocities, that the 
sum of the given forces multiplied respectively by the pro- 
jections, thus defined, of the virtual velocities of their points 
of apphcation, vanishes in the case of equilibrium , and con- 
versely, the equihbnum obtains when this sqm is cypher, so 
that the equation of equihbnum of the lever is 

Pit •+■ p V -f p'V" = 0 , (4) 

^ 4t \ / 

and, m &ct, it is easy to show that it coincides with that 
which has been deduced from the consideration of moments. 

For this purpose, let Ptp'^p", denote the perpendiculars 
CG, cg', cg", let fall from the pomt c on the directions of the 
forces p, p', p", let c, c', c", be the distances cm, c'm', c^'m", 
of their points of application from the point c , and y, y', y'\ 
the virtual veloaties Mm, M'm', M"m". As the infinitely small 
arc Mm may be considered as coincident with its tangent, the 
triangles Mm a and cmg have their sides perpendicular to each 
other and are similar, hence we have 

Ma • : • CG . CM, 

and because 

Ma = n-, Mm = y, CG=p, cm = c, 
we obtain from it 
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In the same manner we shall have 
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rr', it", being by hypothesis negative quantities. Moreover, 
the form of the lever being supposed invariable, the three 
arcs Mjw, M'm', ■nL"m", described in the same time, correspond 
to the same angle, and if they be divided by their respective 
radii CM, c^m', we shall have three equal ratios. De- 

noting by 0, the common magnitude of these ratios, there 
will consequently result 

y _ Y — 'fL—a 

and, therefore, 

TT = i)l9, tt' - p% tt'' zz -- p"e. 

Now, if these values be substituted in equation (4), and if 
0, the factor common to all its terms, be suppressed, it will 
become 

p/) — p'j? — = 0 , 


which is in fact, the equation of equilibrium that wc have been 
considering. Conversely, if this last equation be multipHed 
by 0, it will be changed into equation (4). The reasoning 
will be precisely the same, whatever be the number of given 
forces p, p', p", &c., and the direction in which they tend to 
make the lever to turn. 
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OF THE COMPOSITION AND EQUILIBRIUM OF PARALLEL 
FORCES. 

50. It appears from No. 43, that the composition of pa- 
rallel forces may be deduced from the rule of the parallelo- 
gram of forces, by considering the point of apphcation at an 
infinite distance, but by means of this same rule, we may also 
obtain the resultant of two parallel forces, by another way 
which It will be useful to know. 

Let p and q be the two components acting at the points 
E and F of the inflexible line ef, along the parallel directions 
EA and FB, either in the same direction as is represented in 
(fig 19), or m opposite directions as m (fig 20). No change 
wdl be produced m this system of forces, by applying to the 
extremities of this line, equal forces respectively denoted by 
s and acting in opposite directions, along its productions, 
EC and FD Let the force p', which is supposed to act in 
the direction of ea^, that is comprised within the angle aec, 
be the resultant of the forces p and s apphed to the point 
E, in like manner, let the force q' actmg in the direction 
of the hne fb', which is comprised within the angle bfd, be 
the resultant of the forces q and s, then if the case of No. 44, 
in which the given forces p and q are equal and act in oppo- 
site directions, be excepted, the two Imes ea^ and fb^ will not 
be parallel. Consequently, if x their pomt of mtersection be 
supposed to be mvanably attached to the line ef, it may be 
assumed as the common pomt of apphcation of the two forces 
p' and q' (No. 41). Through this point K, let the lines e'f' 
and kh' be drawn parallel to the line ef and to the direction 
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of the forces p and ft, and if then each of the forces p' and of 
be decomposed m the direction of these parallels, it is evident 
that we shall find again the components s and p directed along 
ke' and kh, and the components s and q directed along kf' 
and KH (fig. 19), or along kf' and kh' (fig. 20), Therefore, 
we shall have the same four forces as before, but all applied to 
the same point k. And if the two forces s be suppressed, 
there will remain the two forces p and q acting in the direction 
of the same line kh in the case of fig. 19, or along this line 
and its production kh' in the case of fig. 20, m which it is 
supposed that q is the greater of the two given forces. Hence, 
the resultant of these two forces will be parallel to them ; and 
if it be denoted by r, we shall have 

R = ft dr p, 

according as they act in the same or in opposite directions. 
In order to determine the point o, where its direction cuts the 
line EP or its production, let e' and f' be the intersections of 
the lines ae and bf with the line e'f', then the two quadri- 
laterals be'ko, ff'ko will be parallelogiams, and if their 
diagonals kb and kf be taken to represent the resultants p' 
and q', we shall have 

s p . EO : KO, 
s • Q . : Fo : KO, 

for the ratios of the components. Hence we infer 
p. a* : po : E o; 

by means of which the position of the point o, which may be 
assumed as the pomt of application of the resultant R, can be 
determined. We can likewise infer 

P • a ± p ; • FO . EF ; 
a . a ± p: . EO .EF; 

in which the superior signs refer to figure 19, and the inferior 

L 
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signs to figure 20, therefore, if the preceding value of n he' 
taken into account, we shall have in the two cases, 

p Q k: FO Eo ef; 

which shows that each of the three forces is proportional to 
the distance comprised between the points of application of 
the two others. 

This proportion, and consequently the position of the 
point 0, are independent of the angle at which the directions 
of the given forces are cut by the line ef, which may be any 
line whose extremities terminate at these two directions. 

61. We can now resolve, without any difl&culty, all questions 
which may be proposed on the composition of two parallel 
forces into one, and on the decomposition of a force into two 
others parallel to it. However, we will not enter into any 
details on this subject, neither will we hereafter revert to 
the particular case of forces which are equal, but not directly 
opposed to each other, which has been excluded from the pre- 
ceding demonstration, since it has been sufficiently examined 
in hJo. 44. We proceed, therefore, to consider any number 
whatever of parallel forces, of which one part acts in one 
direction, and the other part in the opposite direction, and 
which, while they may or may not exist in the same plane, 
are supposed to be applied to points connected together in an 
invariable manner, as for example, to different points of the 
same sohd body. 

The magmtude and position m space of the resultant of 
all the given forces, will be obtained by compounding two of 
these forces into a single one, then this last and a third into a 
single one, and so on, until all the forces are exhausted, pro- 
vided that the two last forces which are considered, do not fall 
under the case of exception of No. 44. This resultant will be 
evidently parallel to the common direction of the components ; 
moreover, it will be equal to the sum of those which act in 
one direction, minus the sum of those which act in the oppo- 
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site direction, and it will act in the direction of the greater 
sum. If, therefore, the first be considered as positive, and 
the other as negative quantities (No. 11), and if they be repre- 
sented by p, p', p'', &c , and their resultant by R, we shall have 
always 

R=:p + p'4.p"4.&c. 

52. If while the given forces are made to turn about theirl 
points of application, their parallelism continues, the result-! 
ant of these forces will also turn about one of the points of its 
direction , for its point of application, which is found by com- 
pounding the given forces one after another, in the mannoT 
already pointed out, does not at all depend on the common 
direction of these forces, and consequently, it remains the same, I 
when this direction changes. Thus, for example, let us sup- 
pose that the given forces are three in number, namely p, p', p'', 
acting in the direction of the lines ma, m'a', m"a", (fig. 21 ) 
First, let NB be the direction of the resultant of p and p', 
which resultant will be equal to p p', let then n‘'b' be the 
direction of the resultant of p + p' and p", this last force p" 
being supposed in the figure to act in the opposite direction 
from p and p', and to be greater than their sum. If now the 
three forces p, p', p", be supposed to turn about the points 
m, m',m", letaining their parallehsm and the relative direction in 
which they act, and if Ma, mV, m"c", be their new directions , 
In this new state, the resultant of the forces p and p^ will meet 
the line mm' at the same point n as before, since the position 
of this poi nt depends solely on the ratio of the components, 
and not at all on the angle which the line mm' makes with 
them directions (No. 50), it will now be directed along the hnc 
mb parallel to Ma, and M'a', and it will be still equal to p-f p'. 
For the same reason, the resultant of p + p' and p" will meet 
the production of the line mm' in n' the same point as before, 
and it will act in the ducction of the hnc m'b' parallel to n 5, 
consequently, while the three forces p, p', p", turn about their 
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pobts of application m, m', their resultant will also turn 
about the same point n^ 

I 63. The centre of parallel forces is termed the pomt in 
which all the successive directions of the resultant intersect, 
jwhen its components revolve about their pomts of apphcation, 
wbch are supposed to be invariable. 

We shall see in the sequel, of what importance the con- 
sideration of the centre of parallel forces, is, especially b all 
questions respecting the equilibrium and motions of heavy 
bodies. We can already perceive, that if a solid body is soli- 
cited by any parallel forces whatever, and if the centre of 
these forces is determbed and supposed fixed, the equi- 
hbrium will obtain m all positions which the body can assume 
about this point, provided that the given forces contmue 
always parallel and applied to the same points of this body ; 
for then their resultant will constantly pass through the fixed 
pomt, which is sufficient in order that it may be destroyed. 

The rectangular coordmates of the centre of parallel forces 
depend, as we now proceed to shew, on the products of 
these forces multiplied by the coordmates of their pomts of 
application. As these products occur in a great number of 
cases, a particular denommation has been given to them , the 
product of a force bto its distance from a plane, is termed the 
moment of the force with respect to this plane. Thus, p 
bebg the btensity of a force applied to a pomt of which the 
coordmates are a?, y, z, the products P 2 r, py, will be the 
moments with respect to the planes of the axes of x and y, of 
the axes of x and sr, and of the axes of y and In general, 
this species of moments has nothmg in common with mo- 
ments wbch refer to a pomt, and wHch have been defined 
in No. 42. These depend upon the direction of the force, 
and are independent of its pomt of application ; on the con- 
tiary , moments with respect to a plane depend on the position 
of the pomt of apphcation of the force, and are bdependent 
of its direction. These last are only made use of in the case 
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of parallel forces j so that they may be ather positive or ne- 
gative, according to the sign of the force and of the coordi- 
nates of the point at which it is apphed. 

54 Let M, M', &c (fig 22), be the points of apphca- 
tion of the paraUel forces p, p', p" &c , of which it wiU be 
unnecessary to indicate the directions. Let the three rectan- 
gular axes oa;, oy, o«, drawn arbitrarily, be the axes of the 
coordmates , let x, y, «, be the coordinates of m, x', y'y z', 
those of M', x", y", z'\ those of m" &c. , and let these coor- 
dmates and forces be supposed to be given quantities, which 
may be either positive or negative. Likewise, let q, q', q" 
&c., be the projections of the points M, m', m", &c , on the 
plane of the axes of x and y , &o that we may have 

MQ=Z^, m'q'=2', &c. 

Finally, let a:j,y,, represent the three coordmates of 
the centre of parallel forces, of which it is required to find 
the values. 

P '+ p', which is equal to the resultant of the two forces 
P and p' will meet at the point n, the line mm', oi its pro- 
duction, according as these two forces have the same or op- 
posite signs, but m each case we shall have 

P' • P + P' . mn mm'. 

Let K be the projection of n on the plane of the axes of 
X and y. Through the pomt m, let mgh be drawn parallel to 
the Ime qkq', meeting the hnes nk and M'a' at the points a 
and H, so that we may have 

MG z: GK =: hq', 

we shall also have 

MN • mm' . . NG . m'h I 

and from this proportion, combined with the preceding, we 
obtam(«) 

(p 4- p') NG =: p'm'ii- 

If to this e(juatioPj we add the identical equation 
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(p + P') GK = P MQ 4 - p'HQ% 

diere will result 

(p + p') NK z= p; 2 ? + pV. 

The resultant of the two forces p + p' will 1 ^ 

a point n', either the line nm", or its production, according* 
as these two forces have the same or contrary signs , and if k' 
he the projection of n' on the plane of the axes of x and y, we 
shall find, as in the preceding case, 

(p 4- 1/ + p'/) n'k' =z (p + p') nk + p"^" ; 
consequently we shall have 

(p 4- p' 4- n'k' zi?z + p'z' + 

In this manner we can continue, until all the given forces 
p, p', p", &c., are exhausted, and if e is their total resultant, 
we shall have finally 

B.Zi Z 2 'PZ+ p'2?' 4 - p"z" + &c. 

P Figure 22 supposes that all the points M, m', m", &c., n, n', 

I &c,, are situated on the same side of the plane of the axes of 
I X and y, or that their ordinates parallel to the axis of have 
all the same sign , hut it is easy to perceive, that if the pre- 
ceding equation is true m this case, it will he also true when 
these ordinates are partly positive and partly negative. In fact^ 

^ if the plane of the axes of x and y he transferred parallel to 
itself, to any distance h from its primitive position, and if 
z, z', z", &c., he the coordmates ofM, m', m", &c., and Zi that 
of the centre of parallel forces relatively to this new plane, so 
that we may have 

I Zi = zi--A, z = z-A, z'-z'-h, z"=z"— A, &c.; 

\ and if from the preceding equation the identical one 
s bA =: fA 4. p'A + p"A -I- &c., 

I he subducted, there wdl result 
L KZ, = PZ + p'z' + v''z" + &C. , 
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in which equation the ordinates z, z', z", &c., may he either 
positive or negative. 

It appears, therefore, that in all cases, the moment of the 
resultant of any number of parallel forces with respect to a 
plane arbitrarily selected, is equal to the sum of the moments 
of these forces, with respect to the same plane. 

If the moments with respect to the three planes of the 
coordinates, be taken successively, we shall have by the pre- 
ceding notations. 


R®, z= Par -t- pV- 1 - p"ar" + &c., 
R3/1 = py -f py + v'Y-^ &c., 

Rari = P2; + v"z" + &c. ; 

and since 

R = p -I- p'+ p"-f. &c.. 


10 ) 

( 2 ) 


the three coordinates of the centre of parallel forces will be 
completely determined. If through this point a line be dra\m 
parallel to the given jbrees, in tlie direction of the sign indi- 
cated by R, the direction of the resultant will be obtained. 
These four equations embrace, in the most general manner, 
the theory of parallel forces. 

The sum of the moments of the forces is zero, with respect \ 
to every plane passing through the centre of parallel forces , 
for, if this plane be assumed to be that of the axes of a? and y, 

It IS necessary that we should have Zy — 0, and consequently 

vz + p V 4- v"z'' 4- &e. = 0, 

In the particular case in > which p, p', p'', &c., are reduced 
to two equal forces acting in opposite directions, their sum 
R = 0, hence the values of Xi,yi,sy, will be infinite. Con- 
sequently, the centre of parallel forces is at an infinite distance, 
or rather it does not exist at all, no more than the resultant. 

»66, When all the points of apphcation m, m', &o., of 

the given forces are situated in the same plane, it is evident, 
fi:om the nature of the centre of parallel forces (No. 52 ), that 
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this centre, if it exists, must ako lie in tMs plane, this is In 
feet what may he inferred from equations (1) and (2). 

— Let a, h, c, be three given constants, in this ease we shall 
have 

z'ziax^ + c, 
z'^zi ax'^+by'^-\~Cf 
&c. 

If these values of z, z\ z'\ &c., be substituted in the third 
equation (1), it becomes 

, RZi =z (vx + p'ay'H- p'V' + &c.) a 

+ (py + py + P Y' + &c.) b 

*4" (p H" p^ “4“ p^^ *4" Cm 

By means of the two other equations (1), and of equation 
(2), the coefficients of J, c, may be replaced by nxj > Eyi , n J 
and if then, the common factor b be suppressed, there results 

Zi =z axi + byx + c, 

jfrom which it appears that the centre of parallel forces exists 
'm the same plane as the pomts m, m', m", &c. 

This centre may be hkewise found, when all these points 
exist on the same right line, and then the first of equations (1) 
sufih^ to enable us to determine its position, provided that 
this Ime be assumed to be the axis of a?. Moreover, if the 
forces p, p , p^', &e., are perpendicular to this line, the moments 
which have been considered at page 76, are the same with 
those which refer to a pomt o, the origin of the abscissae 
and the first equation (1) coincides with equation (1> of No^ 
47. In It is easy to perceive, that among the given 
rces p, p , p j those which tend to produce a revolution 
a oqt the point o, m the same direction as the resultant E, are 
aU forces of whidi the sign is the same as that of their dis- 
tances XfX^x , &c., fi:om this point, and that those which 
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tend to produce a revolution in the opposite direction, are 
forces of which the sign is contrary to that of these same dis- 
tances , consequently, the moments of the first must be added, 
and those of the second subtracted, agreeably to what has 
been stated in the number already cited 

57. The equations of equihbrium of the parallel forces 
Pj P } E > &c , may be easily deduced horn the theorem wliich 
has been just established. 

If there is no fixed point in the system, it is necessary, in 
order to an equihbnum, that, if one of these forces be ab- 
stracted, for example the force p, r' the resultant of all the 
others should be_ e^ual and d irectly opposed to j. Smcc then 
the forces p and r' are equal and directly opposed to each 
other, they must be equal and affected with contrary signs, or 
in other words, we must have p + r' = 0. But r' is the sum 
of the components p', p", &c., it therefore follows, that 


E+p'+p"-f-&c. = 0, (a) 

which is the first equation of equilibrium. In order to expresr 
besides, that the forces p and r' are directly opposed to each 
othei, let a, /3, y, be the three coordinates of the centre of 
parallel forces p', p", &c , so that we may have 

R'a = v'x'+ p'V'+ &c., 

R'/3=py4.pY'+&c, 

R 7 = pV + p'V' + &c. , 


then this centre being the point of application of their result- 
ant R , it IS necessary that it should lie on the direction of the 
force p, in order that R'may be directly opposed to this force, 
or, which comes to the same thing, this centre and M the point 
of application of the force p should exist on the same line 
parallel to the common direction of the given forces. If ’ 
therefore, for greater simplicity, the plane of a; and y be as- j 
sumed perpendicular to this direction, it is necessary that these I 
two pomts should exist on the same perpendicular to this 1 
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plane, they will then have the same projection on this plane; 
consequently, their coordinates parallel to the axes of x and y 
will be the same, so that we shall have 

a = a?, ^ = y j 

hence, if x and y be substituted in place of a and j3 m the 
first two of the preceding equations, there results, because 
n' — p, 

i pa; 4- + &c- = 0, 

vy + p^ 2 /' + + &c. zz 0 , 

which equations indicate that the sum of the moments of all 
the forces p, p', p", &c., is cypher, relatively to the planes of 
Ithe axes of x and and of the axes of y and parallel to their 
direction. 

Thus it appears, that in order to an equilibrium of these 
forces, it is necessary that equations (a) and (b) should ob- 
tain simultaneously C^nyersely-;^ when these three equations 
are satisfied, the equilibrium has place , for we shall have, in 
virtue of these equations, 

r' = — P, R'ct z: — p^, R^jS = — Py, 
and, consequently, 

a z: ^ , 

so that this resultant will be equal, and directly contrary to 
the force p which has been omitted It is not necessary, in the 
preceding proof, that the two planes relatively to which the sum 
of the moments of the given forces is zero, should be perpen- 
dicular the one to the other , it is suflScient if they are parallel 
to the direction of these forces, and it is easy to perceive, that 
if this condition is satisfied with respect to two planes(&) 
parallel to this direction, it will be equally so with respect to 
all others. 

Hence we may infer, that in order to the equilibiium of a 
system of parallel forces applied to a solid body entirely free, 



t 



EQUILIBRIUM OF PARALLEL FORCES 


83 


it IS necessary and it suffices — ^first, that the sum of these forces 
be equal to zero ; secondly, that the sum of their moments be 
nothing, with respect to any two planes parallel to their com- 
mon direction When all the forces exist in the same plane, 
this second condition will be already satisfied with respect to 
this plane, and it suffices that it be so likewise with respect to 
some one other plane. 

)58. If one of t^ poin ts of th is solid body is supposed to 
be fixed, it will suffice for the eqmhbnum of parallel forces, 
that the sum of their moments should be cypher with lespect 
to two planes passing through this point and parallel to theii 
direction, and it will be no longer necessary that their result- 
ant should be equal to cypher, for then the distances of this 
resultant from these two parallel planes will be cypher, it will 
therefore coincide with their intersection, and be destroyed by 
the resistance of the fixed pomt(c). 

When this pomt is the centre of parallel forces, the sum oT^, 
the moments will be zero with respect to all planes passing * 
through this point 5 consequently the given forces constitute ! 
an eqmhbrium, whatever be their common direction, which we 
already know from other considerations (No. 53). 

If the sohd body is retained by a fixed axis, about which 
it has sgjg^ hberty to turn, it will suffice, in order to the equi- 
hbrium of parallel forces apphed to its different points, that 
the sum of their moments should be zero, relatively to the 
plane drawn through this axis parallel to their direction ; for 
as then their result ant hes in this plane^ it will meet the 
fixed axis, and must be destroyed by its resistance. When the^ 
fixed axis is itself parallel to the given forces, the plane inj 
question is indeterminate , consequently the condition of oqui- 1 
librium does not obtain, which mdeed, it is evident of itself, 1 
must be the case, since the forces, which are all parallel to a 1 
fixed axis, cannot cause a sohd body to turn about this line, so I 
that in tbs case the equilibrium obtams mdependently of their^j 
intensities, and of their distances fiom tbs axis. J 



CHAPTER IV. 


GENERAL CONSIDERATIONS RESPECTING HEAVY BODIES AND 
CENTRES OF GRAVITY. 

59. The force ■which. precipitRtes bodies to the surface of 
the earth when they are let to descend, is termed indifferently 
gravity ox weight. It acts on all material points, in directions 
perpendicular to this surface, or in the direction of vertical 
lines. The directions of gravity in different places of the 
earth, must therefore, when produced, converge towards its 
centre, because its form is nearly spherical, but considenng 
the magnitude of the radius of the earth, relatively to the 
dunensions of those bodies, which are generally considered, 
we may, without sensible error, assume that for all the ma- 
tenal pomts of the same body, gravity acts in parallel di- 
rections. 

Direct experiment proves, that the intensity of this force 
at the surface of the earth vanes with thelatjtude; and that 

tbe same verUcal, it likewise varies wi^^the el^apo^ 
^ above this surface. But it is necessary that the changes of 
height and latitude should be very considerable, in order that 
these variations may become sensible, and they are evidently 
not so, in the extent of a body of ordinary dimensions. 

60 . It follows from this that the resultant of the parallel 
forces, 'that act on all the points of a heavy body, (which 
forces are infinite in number,) is mdepen dent of its form ; this 
resultant is what is termed the weight of the body. In homo^ 
genems bodies, the weight is evidently proportional to the 
volume , but daily experience shows, that bodies of different 
natures have not the same weight under the same volume ; 
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this may either arise from this, that the attraction of the' 
earth, which is the principal cause of gravity, as will appear 
in the sequel, depends on the nature of the material points on 
which it acts, or from the circumstance that heterogeneom 
bodies contain, under equal volumes, different quantities of 
matenal points which are equally heavy. We will explain in 
another chapter, how philosophers have inferred from the ob- 
served motion of heavy bodies, that it is the second of these 
cases which obtains in nature. 

It results from this, that the weight of any body is in a 
ratio compounded of its mass and of the intensity of gravity 
in the place where it is situated. Hence, if we denote this 
weight by p, the mass by m, and the measure of gravity by 
we have 

p = S'M. 

This quantity which is independent of the particular 
nature of each body, is thus the weight of what has been 
arbitrarily assumed to represent the umt of mass. In the sequel 
it will appear how its value has been determined in different 
points of the earth, by means of the motion of bodies sub- 
jected to the sole action of gravity. We may likewise write 

P=: OT,' 

w denoting the weight of the body, which represents the unit 
of volume, and v its volume. The weight w is what is termed 4 
the specific gravity of the body that is considered, a denomi- 
nation which is evidently improper, for gravity is common to 
all bodies of different species, and therefore, there ought to he 
substituted for it, t he denomination specific weight. 

Fmally, if d represents the mass, under the unit of volume ^ 
of the body which is considered, d will be what is termed the 
density of this body, and we shall have 

M = DV, P = gTDV. 

The preceding are the equations which obtain between the 
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five qiiaatities, p, d, v, each of which should be expressed 
numerically, by referring it to a unit of its species. 

61 The gramme, or unit of weight, is that of a cube of 
distilled water, of which one side is a centimetre, taken at its 
greatest density, which we know has place at about the 
temperature of 4° of the centigrade thermometer. This weight 
^*v^es with the latitude and elevation of the place, in which it 
exists , however as the weights of other bodies, which it is 
made use of to ascertain, vary exactly in the same ratio, it 
I follows that the weight of any body expressed in grammes, is 
1 every where the same, and that there is no occasion to specify 
|m what latitude, or at what elevation it has been determined. 
According to the experiments of M Hallstrom, the weight of 
a cube of distilled water, of which one side is a centimetre, at 
the temperature zero, is 

Ogram^ 9998918. 

The density of distilled water at this last temperature, is 
most commonly assumed as the umt of density. The densities 
of a great number of substances have been determmed by 
experiment, and expressed in numbers by means of this unit. 
Thus, for example, the density of mercury at this same tem- 
perature is, 

13,5975, 

and it mcreases or diminishes by 

1 

5550’ 

for each degree of increase ^r diminution of the temperature. 
The density of air, taken also at that of melting ice, and when 
the barometrical pressure is 76 centimetres at the observatory 
of Paris, is found to be equal to 

1 

769,4’ 
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and for each variation of a degree in the temperature, it varied 
in a contrary sense, by ’ ! 

^ 0,00375, 1 

hko that of every other gas. 

As the weight of a column of mercury which expresses the j 
barometrical pressure, varies with the latitude and elevation 
above the surface of the earth, the density of the air, sub- 
jected to a pressure of a given height, varies at the same 
time. It is on this account, that it is not sufficient merely to 
assign this height, it is likewise necessary to specify in what 
place the observation has been made. The ratio of the 
density of mercury to that of air, correspondmg to the pre- 
ceding numbers, is 

10462. 

Whenever a phenomenon, such as, for example, caloric, can 
be ascribed to a material substance, this substance must be 
acted on by gravity, and the expression imponderable should 
refer solely to matter of which the density is so feeble as to 
elude all our means of investigation , so that its presence does 
not increase in an appreciable manner either the weight or 
mass of the body of which it constitutes a part, however con- 
siderable the quantities of it are, that may be supposed to 
exist in the body 

62 As weights are forces with which we are most familiar, 
and of which the relative values may be determined by means 
of the balance, with the greatest precision and facility, it is 
natural for us to make use of them, in comparing forces of 
different natures* Thus, when the muscular force of an 
animal, or any other force, acts on a body by the intervention 
of a chord attached to its suiface, we can always conceive 
that this force is equivalent to a certain determinate weight, 
or we can even, without changmg its direction, substitute for 
its action, that of this weight, by suspendmg it at the extre- 
mity of the chord, this chord havmg been previously made to 
pass over a fixed pulley properly placed. 

The weight furnishes us with the most commodious measure 
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of the mass , in fact, -without the aid of gravity it -would he 
,p extremely difi&cult to determiue the ratio of the masses of t-wo 
bodies It will appear in the sequel, that this measure may 
, 0 also he strictly inferred from the mutual collision of two 
bodies , but it is much simpler to substitute for the ratio of 
the masses, that of the weights, to which it is equal in every 
part of the earth, in virtue of the equation p = ffM, Never- 
theless, as the weight is only a se conte property of bodies 
which may be rendered altogether insensible, by transferrmg 
them to a sufficiently great distance from the earth, -without 
any change whatever taking place m the masses, we should 
be able to obtam a conception of the equahty and relation of 
the masses, independently of the consideration of the weight ; 
this point will be adverted to in a subsequent part of this 


treatise. 

63. Since all the points of a heavy body arc solicited by 
parallel forces, it follows, that if it be made to assume succes- 
sively different positions with respect to the direction of these 
forces, their resultant will constantly pass through a given point 
of this body ; this point, which in general has been designated 
the centre of parallel forces (No 63), is m this particular case 
termed the centre of gravity. Its c^^jiracterisUc property in sohd 
[bodies, which are subjected to the solo action of gravity, con- 
isists in this, that if it be supposed fixed, the body to which it 
appertains remains in equihbrio m all possible positions about 
ithis point, since in all these positions, the resultant of the forces 
apphedtoallthe points of the body passes through thefixed pomt. 

It also appears, that when a heavy solid body is retained by 
another fixed pomt, it is necessary, and it suffices in order to 
an equihbrium, that the right hne which connects this point 
with the centre of gravity should be vertical , this centre may 
however exist indifferently, above or below the fixed point. 
In fact, as the weight of the body is a vertical force apphed 
at its centre of gravity, its diiection will coincide in this hypo- 
thesis, with the light hne which connects this centre with the 
fixed point, or with its production, consequently this force 
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will be destroyed by the resistance of the fixed point, just as 
if It was immediately apphed to it 

For the same reason, if a heavy sohd body be sus- 
pended to a fixed point, by means of a thread, of which the 
infenor extremity is attached to a pomt of its surface, the di- 
lection of this thread will be vertical in the state of equihbnum, 
and its production will pass through the centre of gravity of 
the body. This will be also the case when the same body is 
suspended from the fixed pomt by attaching any other point 
of its surface to the inferior extremity of the thread, and the 
successive productions of the thread drawn m the mtenor of 
the body, will intersect in its centre of gravity , this furnishes 
us with a practical method of determining the position of this 
centre in a body of any form whatever, whether homogeneous 
or heterogeneous 

In all questions relating to the equilibrium of a solid body, 
we may abstract from the consideration of the weight of its -j 
different parts, provided that there b^ added to the given 
forces which act on the body, a force equal to its weight, andj 
apphed vertically to its centre of gravity Thus, for example, ' 
in the case of the equihbrium of the lever, m the number of , 
given forces of which the sum of the moments is cypher, with \ 
respect to the prop, there should be included the weight of* 
the lever, acting in the direction of gravity, at zts centre of] 
gravity (No. 47). 

64. When a and g', the centres of gravity of the two parts 
of a body are known, and also their weights p and p'^ k the / " 
centre of gravity of this body may be immediately obtained , 
for this centre is the point of appheation on the hne gg', of 
the resultant of the parallel forces p and p', which act in the 
same direction at its extremities g and g^ and we conse- 
quently have, m order to determme it, 

GK gg' p' p+ p\ 

In like manner, if k and g, the centres of gravity of a body ^ 

N 
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, and of one of its parts, be known, and if p and/» be the respective 
weights of the body and of this part, g' the centre of gravity 
of the other part may be deduced from them , for this point will 
be situated beyond the point k on the production of the hne 
GK, and its distance from the point g will be determined by 
the proportion 

gg' ge . .PlP — p. 

If a body is divided into any number of parts of which the 
weights and the centres of gravity are known, its centie of 
gravity may be deduced by a series of proportions; but it is 
more convenient to determine its three coordinates by means 
of the theorem which has been estabhshed respecting the mo- 
ments of parallel forces (No. 54). 

For this purpose, letp,/,p", &c , be the weights of the 
different parts of the body, and p the total weight, so that 

P = p + p' + p" -j- &c. 

Likewise, let oc, y, z, be the coordinates of the centre of 
gravity of the part of which p is the weight, x', /, z\ those of 
the centre of gravity of the part of which p' is the weight, &c. 
All these quantities are supposed to be given , and if iCi, jr„ *1, 
be the coordmates of the centre of gravity of the entire body, 
referred to the same axes as the preceding, we shall have, by 
the theorem just cited, 

pxi = px+ p'x'+pV + &c., 

m = py -h P'l/ + pY -f &c , 

PZi -pz + p'z' -f pV-j- &c. , 

by naeans of which the values of iSi , , «i, can bo determined. 

65. In these equations, the weights may be replaced by the 
masses to which they are proportional. Therefore, if m, m', m", 
&e , denote the masses of the different parts of the body to 
which the weights represented byp,p',p", &c., arc proportional, 
and if M denotes the entire mass, so that 
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M = m + + &c., 

there will result 

uxi zz mx-\- m'x'+ mV + , 

My, zz my + m'y' &c , 

MZi zz mz mV+ &c. ; 


(0 


from which it appears, that t][ie centre of gravity is uuiepfiDd^nt j 
of the ijyt^jjsijy of gravity, and that it will be always the same ! 
point of the body, in different latitudes and at different el^- ] 
vations above the surffice of the earth. It was the consider- ' 
ation that this pomt does not imply the action of gravity, 
and that it depends solely on the masses and on their respective 
positions, which induced Euler, and other authors, to term it j 
the centre of inertia ; however the denomination of centie of I 
gravity has more generally obtained. ^ 

If the mass m he supposed to be divided into an infinite 
number of mfinitely small parts m, m\ &c., we may 
assume whatever pomt of each of these we choose for its centre 
of gravity, smee the coordinates of all the points of the same 
element, parallel to the same axis, differ only from each other, 
by mfinitely small quantities. In this case, the second mem- 
bers of equations (1) will consist of an infinite number of in- 
finitely small terms, the sums of which will be definite inte- 
grals, extended by the theorem of No. 13 to multiple intc- 
gials. Consequently, we can always, by the rules of tho 
integral calculus, determine, exactly or by approximation, the 
centre of gravity of any body whatever, wi|:|iout knowing that 
of any of its parts. 

In a body of which all the parts are their 

masses are to each other as their respective volumes ; we may, 
therefore, substitute the volumes for the masses in equations 
(1), and if the entire volume be represented by v, and the 
parts corresponding to wi, m\ &c., by v, v', &c., we 

shall have 
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V =: v + &C., 

YXi = va; + v'x' + + &c. 

yyi zzvy + v'y^ + + &c , 

yzi zivz-^ + &c. 

The point which is determined by means of these equa- 
tions, IS the centre of parallel forces applied to all the points 
of a body, and proportional to the elements of its volume , 
this pomt IS termed the centre of gravity of the volume^ 
although a volume has neither weight nor mass In like 
manner, the centre of parallel forces applied to all the points 
of a surface, or a hne, and proportional to their elements, is 
termed the centre of graxnty. Its coordinates are determined 
by substituting in the preceding equations, for the volumes 
V, v, v\ v‘\ &c , either the areas of the surface and its parts, or 
the lengths of the hne and its parts. 

66. The masses m, m, m\ &c , and the mutual dis- 
tances of their centres of gravity, are connected together by 
an equation which may be easily deduced from equations (1). 
For this purpose, let the origm of the coordmates be placed 
at the centre of gravity of M ; and these equations will then 
become 

mx + mV + + &c. = 0, 

my + &c. =: 0, 

*mz + mV + mV + &c. =z 0. 

By squaring the first, there results 

mV+ &c. = — 2mm'OT'— 

— 2mWW'— &c. 

If to the two members of this equation, there be added the 
quantity 

m (m' + m'^ + &c.) V m' (m + m" + &c.) 

+ m'' (m + m' + &c.) + &c., 

there will rcsult(a) 
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M &c.) n 03')®+ {x—x^^f 

In the same manner, the second and third equations (1) will 
give 

M (jwyH m'y'^ + &c.) = mm'(y-yy + wim'Yy- w'O® 

m(m«*+ ot' 2«‘4. 4. &c,) = mm' {z~zrfJ^rm/\z-^>f 

+ m'm" (zf — 2")* + &c. 

Now, if these three last equations he added together, and 
if we make 

3!^ + y’‘ + z^= 
z'^+/^ + z'^=zr'^, 

jb"* 4. y"^ 4. — yl/2^ 

& 0 ., 

(a? - sy 4. (y - y')^ + (z- zf = p\ 

(2 _ ay + (y — y")* 4. (2 _ 2")* = p'\ 

(of - iB'7 4. (jf _ y «)2 4. (y _ 

&c., 

we shall hare 

M (»W) » + to'/'* 4 - TO"r"*4- &C ) = TO»l'/>* + TO»l"p'» 

+ m'm" p"^ 4. &c , 

for the equation which it was proposed to obtain, and in 
which p, p', p", &c., are the mutual distances of the centres of 
gravity of to, to', m", &o., and r, &c., the distances of 
these points from the centre of gravity of m. 

67. We can also infer from equations (1), a remarkable) 
property of the equihbrium of a material point entirely free,/ 
It may be stated in the following manner. 

Let 0 he the point in cqmlibrio (hg. 23) ; and let the 
forces winch solicit it he represented in magnitude and di- 
rection hy the lines oa,oa',oa", &c.; if their eifreraities 
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A, a', a'', &c., be the centres of gravity of <^ual masses, the 
point o will be the centre of gravity of this entire system. 
In fact, if equations ( 1 ) be applied to these masses, and if 
their number be supposed to be w, we shall have 

wa?i r: 0 ? 4“ 4" 

= + + 

nz^ = 4 - 4 “ 

On the other hand, if the angles which the force a makes 
with three rectangular axes drawn through the point o, be 
a, | 3 , 7 , and if a', | 3 ', 7 ', be what those angles become rela- 
tively to the force oa% and j3^ 7 ", what they become re- 
latively to the force oa"', &c., the equations of equilibrium of 
these forces will be 

OA cos a 4“ 4" 4" ^ 

OA cos /3 -f- oa' cos j3' + OA^' cos + &c. n 0, 

OA cos 7 4* 7^ 4“ 7^^ 4" ^ 

Now, if the origin of the coordinates be placed at the point 
o, the coordmates of the points a, a^ a", &c., will be 

a; = OA cosa, y zz Oh. cosj3, ^ = oa COS 7 , 

^ =: oa' cos a , y' zz oa' cos j 3 ', 2 ! = oa' cos 7 ', 

a;"zz oa"cos o", =: oa"cos j3", = oa"cos 7 ", 

&c., 

therefore we shall have, in virtue of the equations of equi- 
libiiuin, 

a; 4 a;' 4 ic"4 =z 0, 

+ 2/4 2^"4 &c. = 0, 

2 ; 4 4 2 ;" 4 &c, =: 0 ; 

hence we infer 

ail = 0, = 0, 2:1 = 0, 

for the coordinates of the centre of giavity of equal masses , 
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conseqaently, this centre will coincide with the point o , which 
was proposed to he demonstrated. 

68. There are several particular cases in which the centre 
of gravity is immediately known. Thus, the centre of gravity 
of a sphere, or of an eUipsoid, is evidently the centre of the 
figure; that of a parallellopiped is at the intersection of its 
four diagonals, that of a cylinder whose bases are parallel, at 
the middle point of its asis. The centre of gravity of a 
circle, or of an elhpse, is hkewise in the centre of the figure, 
and that of a parallellogram at the intersection of the two 
diagonals. The centre of gravity of a right hne is in the 
middle point of this line, hence may he inferred, without any 
difliculty, the centre of gravity of the perimeter of any polygon 
whatever, either by a series of proportions (No. 64), or by the 
equations of the moments of parallel forces. It appears in 
like manner, that when the centres of gravity of a triangle and 
of a tnangular pyramid are known, we can deduce, by one or 
other of these methods, the centres of gravity of any given 
polygon, or polyhedron, since they may be respectively de- 
composed mto triangles, or triangular pyramids. 

But in general, the deteimmation of centres of gravity 
requires the apphcation of the integral calculus, and in the 
following chapter, we propose to furnish all the requisite dc- 
tails for this purpose. 



CHAPTER V. 


DETERMINATION OF CENTRES OF GRAVITY 

Centres of Gravity of curved Lines. 

69. Let s be the arc of the given curve, terminating at 
any point M, and measured fifom a jOixed pomt c. Likewise, 
let X, y, z, be the three rectangular coordinates of m This 
curve may be considered as a polygon of an mfimte number 
of sides, ds will be the side, or the element, of the curve 
which corresponds to the point m , and in whatever point the 
centre of gravity of this element may be, we can assume x,y,Zy 
for its three coordinates, as they cannot, in point of fact, differ 
from those of m, except by infinitely small quantities. 

Let I denote the length of the determinate part of the 
curve, of which it is reqmred to determme the centre of gra- 
vity, and let «o *i represent the given values of s which 
refer to the two extremities of 1. Let * 1 , yi, l>e the co- 
ordmates of the centre of gravity of this arc I, referred to the 
axes X, y, z By the theorem of No. 13, the sum of the values 
of each of the products xds, yds, zds, m the entire extent of I, 
will be a defimte mtegral taken from s =: «o > to « = «i > 
being considered as functions of s, depending on the nature 
of the curve in question. Hence we shall have (No. 66) 

for the three equations, by means of which x, y, z, can be de- 
termmed. 

Suppose, for example, that the given lino is a right one, 
and that Its part I termmates at the point c, so that we have 
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«0 — Oi, Si= 1. Let a, /3, y, denote the three angles which 
this part I makes with the axes drawn through the point c, m 
the direction of the positive xs, ys, zg Likewise let a, b, c, be 

the three coordinates of the point c ; for any point m we shall 
have 

® = a+.« cosa, y = i+j.cos/ 3 , 2 = 0 + 5. cosy. 

By substituting these values in equations (1), integrating 
and then dividing by I, there result8(a) 

2, = a + JZcoso, y, = 5 + I/cos/ 3 , 2i = c +1/0037; 

which mdicates that the centre of gravity of the line /, is 
situated at its imddle point, as we know ought to be the case. 

70. When it is proposed to find the centre of gravity of a 
plane curve, if its plane be assumed to be that of the axes of 
X and y, the two first equations (1) suflice to enable us to de- 
tonmne the position of its centre of gravity in this plane. 
Moreover, if the portion / of the curve be symmetrical on 
each side of the pomt c, we shall have «» = -|/ and 5 ^ = J/^ , 
the centre of gravity will be situated on the normal raised at 
the point c ; and if this line he taten for the axis of or, it will 
be suflicient to determine the value of ari, which wiU be fiir- 
nished by the equation 

The arc of a circle is comprised in this particular case, by 
assummg for the axis of », the diameter wMch passes through 
Its middle point. If the origin of the coordmates be at the 
centre ofthecircle, and ifwe denote its radius bya, we shall have 


« = a. cos-, 
a 


for 


point M , hence we infer(&) 


lx\ — 2 a® sin 


_L 

2a’ 


and if c be the chord of the arc /, we shall have 


f 
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c = 2a Sin ^5 Ixizzac^ 

from which it appears that * 1 , the distance of the centre of 
gravity of an arc of a circle from the centre of the circle, is a 
fourth proportional to the radius, the chord, and the arc. 

71 As the equation of a plane curve mates known one of 
the two vanahles in a function of the other, if the value of y 
is supposed to be givep in a funcUon of a:, we shall have 

and if a and /3 denote the values of x, which refer to the two 
extremities of the arc I, instead of the preceding equations, 
we shall have 



” If the given curve be a conic section, we can obtain by 
the ordmary rules, the values of the integrals contained in the 
two last equations ( 2 ), under a finite form And in the case 
of the parabola, we can likewise obtain the value of the in- 
tegral of the first of these equations, so that the two(c) co- 
I ordinates of the centre of gravity of an arc of a parabola may 
be always obtained in functions of o and /3 the abscissae of its 
extiemities By a theorem of Landens, the arc of the hyper- 
bola may be expressed by means of two arcs of the clhpse and 
of an algebraic part , as to the arc of the elhpse, it must be 
considered as a function irreducible to other simpler functions ; 
however, by means of very extensive tables of this function, 
computed by M. Legendre, their numerical values may be 
‘ computed to a very close approximation. Hence, when the 
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numerical values of a and (B, and those of the axes of the 
elhpse or hyperbola are given, it will he easy to compute the 
value of I, and consequently, Xi and ?/i, the coordinates of the 
centie of gravity of an arc belonging to one or other of these 
two curves. 

72, Let the arc of the cyclotd be taken for another ex- 
ample of the application of equations (2). In this curve, the 
length, the area, the surface, the volume generated by its 
revolution, and the cooidinates of their centres of gravity, can 
be determined exactly. The drawing of a tangent at any 
pomt of this curve is also extremely simple , its evolute is 
another cycloid, and moreover it may demonstrated, that by 
a series of successive developments, any curve whatever ap- 
proximates more and more to coincide with the cycloid, and it 
rigorously(d) coincides with it after an infinite number of de- 
velopments. We shall likewise see in the sequel, that the 
cycloid IS a curve which possesses very remarkable properties 
with respect to the curvUinear motion of heavy bodies. This 
singular combination of such a number of curious proper- 
ties of different descriptions, all appertaimng to the same 
curve, has rendered the consideiation of it extremely useful, 
and of very frequent application m geometry and mechames* 
Its equation may be obtained m the foUowmg manner. 

As the cycloid is a plane curve acb (fig 24), generated by 
a given point m of the circumference of a circle, while it rolls 
without sliding on the right hneAB, if the generating point 
commences to move at the pomt a, when it arrives at the 
pomt B of this hne, the interval ab will be equal to the circum- 
ference of the given circle We may also perceive, that its 
diameter wiU be equal to the perpendicular ca, let fall from 
the sumnut of the cycloid on ab, and that it divides the curve 
mto two parts symmetncally equal Therefore, if c denotes 
the radius of the given circle, we shall have 

AB 27 rc, CD 2c. 
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In any position ■whatever of the circle, let hg be its di- 
ameter perpendicular to the base ab, and h its point of con- 
tact with this line. From the paint m let the perpendiculars 
MK and MP be let fall on gh and ab, and let 


APzzp, PM=y; 


we shall have 


AH = AP + MK = p + /2 eg- — g*, 


(. \/2cg—f\ 

arcMH = c.arcl sin=: j, 

But as the generating circle rolls without shding on the 
line AB, it follows that we have constantly 

AH = arc MH , 

hence the required equation of the cycloid will be 

^ ^2cg-g^\ 

p + V 2cq — g^=: c.arc^^smz: J ; 


for the point of which the coordinates are p and g. 

By differentiating, we ohtain(c) 

J 

^ ” \/2cg — g® ’ 

for its differential equation. From which it appears, that the 
two chords M& and mh of the generating circle are the tan- 
gent and normal to the cycloid at the point m. If the radius 
of curvature at the same point he determined by the known 
formulae, it will he found equal to twice mh ; hence it follows, 
that if MH be produced so that hn = mh, the point u will be 
the centre of curvature If in the same manner, the line cnB 
be made double of cn, the pomt b will be the centre of cur- 
vature of the cycloid at c the summit of the cycloid ; and hence 
it is easy to perceive, that anb, the evolute of the semi-cy- 
cloid amc, is an equal cydoid, reversed in such a manner, that 
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its summit c is transferred to a, and its origin a to e. It fol- 
lows also that length of ame, or of amc, is equal to the right 
line CDB, and consequently, the entire length of the cycloid is 
equal to four times the diameter of the generating circle 
73 - In the different applications of the preceding equation, 
it will be more convenient to transfer the origin of the coordi- 
nates to the summit c (fig. 26 ), and to take for the axes of a? 
and 2/5 the Imes cx and cy, which are respectively perpendicular 
and parallel to the base ab. Hence, if from any point m a 
perpendicular mp be let fall on cx^ we shall have 

CP rr 0?, MP = y. 

By comparing these coordinates with the preceding, it 
appears that 

C^ ^^Q^^ggj he diaineter cn of the generatmg^circle.) Hence, 
if these values be substituted in tibe differential equation of the 
cycloid, and if « be put instead of 2 c, it will become 

^ (a — x) dx 
from which we obtam(/) 

ds-V’idx, 

X 

and if the integral of this equation be taken so that it may 
vanish when » = 0, there results 

« = 2 

for the length of the arc cm, of which the origin is at the 
summit. At the point a we hare « = a, which gives, as 
before, 2 a for the length of the semi-cycloid cma It may bo 
remarked here, that the equation da® of the cycloid is 
similar to that of the parabola, from which it only differs in 
this, that the ordinate y is leplaced by the arc s. 
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If the two last equations ( 2 ) be applied to the determination 
of the centre of gravity of the arc cm, we shall have 



in which the integials must be taken in such a manner that 
they may vanish with By substituting for & its value, there 
results 

Hence we obtain 

from which it appears, that the centre of gra\dty of an arc 
M^cM, which IS symmetrical on each side of the summit c, and 
which must therefore exist on the hne CD, is distant from the 
point c, by one-thud of cp, reckomng from the point c. By 
integrating by parts, we obtain(^) 

Therefore, if we substitute for dy its value given by equa- 
tion (a), we shall have 

y^\/ X = yV X — a-^xdxy 
and, consequently, 

yi= y + [(« - # - ’ 

and this combmed with the value of Xi, completely determines 
the centre of gravity of the arc cm In the case of the semi- 
cycloid, we have * = o and y=.\ 7 ra, hence there results 

yi = « Qtt — f). 

74. When a plane curve revolves about a hne comprised 
in Its plane, which hne may be taken as the axis of the ab« 
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scissse, it 'wiU generate a suiface of revolution, tlie area off 
which can be expressed in terms of the length of this curve 
and of the ordinate of its centre of gravity. 

In order to demonstrate this, let x and y be the abscissa 
and ordinate of m any point of this curve, and s the arc cm 
terminating at this point, and measured from the fixed point 
c , the element ds will generate the surface of a truncated cone, 
and its middle point will describe a ciicumference equal to 
^7r(y + ^dy)j or simply to 2 Try, because rfy is infinitely 
small By the known rule, therefore, ^iryds expresses the 
element of this surface. Hence if and denote the values 
of Si which answer to the two extremities of the generating 
curve, and s the surface generated, we shall have by the theo- 
rem of No. 13, 

s =: ^ 


It should be observed here, that this expressioa implies 
that the generating curve is not intersected by the axis of uc, 
if It is, then its parts situated on the opposite sides of this axis 
will desenbe two different surfeces, of which s expresses only 
the difference With this restriction, the expression will 
always obtam even when the generating curve is one which 
returns into itself, and in order to apply it to this case, it 
will be sufficient to substitute for Si the arc $o increased by the 
entire circumfeience of this curve. 

This being estabhshed, wc obtain by comparing this for- 
mula with the third equation (2), 

, s s= 2irly^ 

which shews that s the surface generated is equal to /the length 
of the generating curve, multiphed the circumference 

described by the ccntie of gravity This theorem will enable 
us to determine the value of s at once, without any compu- 
tation, and from the mere inspection of the curve, whenever 
the centre of gravity of the generating curve is known; it 
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Will not be of any use, if it is necessary to compute the or- 
dinate yi, since this computation would be the same as that of 
s. Let us suppose, for example, that the generating curve is 
a circle , if we denote its radius by the distance of its centre 
from the axis of rotation by e, we shall have, on the supposition 
that c IS not less than a, 

I = 2x05, yi = c, 

and, consequently, 

s =r 4x^ac. 

When the circle touches the axis of rotation, we shall have 
and the surface generated will be equivalent to a square, 
of which the side is equal to 2x05, the circumference of the 
generating circle(y). 

11 . — Centres of Gravity of Surfaces. 

75^ Let oj, y, z, be as before, the coordinates of any pomt 
M, and a?!, yi> those of the centre of gravity which it is re- 
quired to determine , let z be considered as a given function of 
Si and y, and therefore 

dz dz 

then if w be the element of the given surfece which corresponds 
to the pomt m, we shall have (No. 21) 

u) =z dxdy\/ l 4- 

In whatever point of w the centre of gravity of this element 
exists, its coordinates differ by infinitely small quantities from 
i we may therefore take com, coy, co^:, for the moments of 
<0 with respect to the three planes of the coordinates, and con- 
sequently there will result (Nos. 13 and 65) 

X = SSw, \xi =z JSmco, Xyi =: JJyoi, = JJzco , 
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X denotes the area of the portion of the surfece, of which the 
centre of gravity is required, and the double integrals are sup. 
posed to extend to all the elements of X. 

In the case of a plane surface, if it be assumed to he that 
of the axes of x and y, the quantities p and q will be cypher, 
and we shall have only to consider the three equations 

X=SSt&d2,, ^=.llxdxdy, -^y^zzHydxdy. 

If X be terminated by the curve ajbc (fig. 26) , to each abscissa 
n or OP, there corresponds two ordinates pm and pn, which we 
shall denote by y and y', and which will be given in functions 
of X, by the equation of this curve ; also if a and j3 be the ab- 
scissae on and oe of the pomts a and b where the tangents 
areparallel to Jhe ordinates, then the integrals should be tahen 
first firom =: pn to 3 ^ x: pm, and then firom x z: a to x z: (3; 
by this means there will result 




( 1 ) 


If the area X, instead of bemg circumscribed by the reentrant 
curve ABC, is comprised between two dififerent curves and be- ‘ 
tween two right lines parallel to oy the axis of the ordinates, 
the value of y should be deduced from the equation of the su- 
perior curve, and that of y' j&om the equation of the inferior 
curve, and the distances of these two parallels firom the point 
o should be assumed for a and In the case of most fre- 
quent occurrence, ox, the axis of the abscissae, replaces the 
inferior curve ; consequently we shall have y^ ~ 0, and simply 

Xi», = Xyj z= ^ ^^y<‘d!x. 


( 2 ) 
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by means of which the area and centre of gravity of a portion 
of a plane surface comprised between a given curve, the axis 
of the abscissae and two ordinates of this curve, can be deter- 
miued. It may be remarked, that equations (1) can be also 
obtained in the following manner • — Let the area abc be di- 
vided into elements such as mnn'm' infinitely small and pa- 
rallel to the axis oy. Let u denote the length of the Ime mn ; 
if through its two extremities there be drawn lines parallel to 
the axis ox^ then whether triangles, infinitely small of the se- 
cond order, be added or subtracted from the element mnn'm', 
its magnitude will not be changed, consequently this element 
will be equal to udx» If v is assumed to denote the distance of 
the middle point of mn from the axis oa?, x and v may be taken 
for the two coordinates of the centre of gravity of this element; 
for it is evident that they only differ from it by infinitely small 
quantities. Therefore, from the other notations already re- 
ferred to, we shall have 

X = ^1 = (®) 

Moreover, as y and y' denote always the coordinates pm and pn 
which refer to the same abscissa, we have likewise 

uzzy-^y', vzzl(y + y'), 

from which it appears that these last formulae comcide with 
equations (1). 

76.' Forthe first example, let the centre of gravity of the 
triangle abc (fig. 27) be required. 

Let the origin of the coordinates be placed at the vertix 
c, and let the axis of x be perpendicular to the base ab ; if we 
represent this base by and the height cd by A, and if through 
any point p in the line cn, there be drawn mn perpendicular 
to this line, cp and mn will be the variables x and w, and we 
shall have the proportion 

u:x:.b:h^ 
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from which we deduce 



We shall have besides, a zz o, (3 zz h. By means of these 
values, the two first equations (3) will give 

XzzJftA, Xx,= :^bh^; 

from which results 

:z |>A. 

It will not be necessary to calculate the value of y ; for if b is 
the middle point of ab, and if the line cb be drawn it will bi- 
sect all the elements of the triangle parallel to ab, and will, 
consequently, contain its centre of gravity. Hence, if on cn 
there be taken a part 

CF =: f CD = rtjj, 

and if FG be erected perpendicular to CD, the point G in which 
it meets ce will be the centre of gravity of the triangle. As 
the Ime fg cuts cd and ce into proportional parts, we shall 
also have 

CG 1= I CE ; 

from which it appears that the centre of gravity of a triangle 
esdsts on the line which joms its vertix with the middle point 
of the base, and its distance from the vertix is two-*thirds of 
this line, and consequently its distance from the middle point 
of the base is one-third of the same line. 

77. This theorem may be also demonstrated without the 
aid of the integral calculus in the following manner : 

In fact, as it has been proved by the decomposition of the 
triangle abc (fig. 28) into elements parallel to ab that its cen- 
tre of gravity exists on the line cd, which connects the vertix 
c withD, the middle point of this side, so, by decomposing 
the tnangle into elements parallel to the side ca, it may be 
shown in the same manner, that this centre of gravity exists 
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also OR the line be drawn from the vextix b to e the middle 
pomt of CA ; consequently this point must be at g, the inter- 
section of the two lines cn and be. But, if the line be be 
drawn, it will be parallel to cb, since it cuts ca and ab into 
proportional parts, from which there results 

DE CB AD AB 1 : 2, 

DG CG : BE CB • 1.2, 

so that DG will he half of cG, and consequently the third of 
CD, which it was proposed to demonstrate. 

It IS evident from this, that the three lines which are drawn 
from the tibree angles of a triangle to the points of bisection of 
the opposite sides, intersect m the same point, which is agree- 
able to a known theorem. 

If the vertices a, b, c, of the triangle are the centres of 
gravity of three equal masses, the centre of gravity of these 
three bodies will coincide with that of the triangle , for, first, 
the centre of gravity of the two masses which answer to a and 
B is found at n, the point of bisection of the line ab ; and then 
the centre of gravity of these two masses and of the third will 
be G, a point in the line cd, so situated, that Gi> is half of co, 
or a third of CD. 

It follows from this, and from the theorem of No. 67, that 
if there he apphed to g the centre of gravity of a triangle, 
forces represented in magnitude and direction by the lines G A, 
GB, Gc, drawn from this point to the three vertices, these three 
forces wiU be in equihbrio. 

-f 78. Knowmgthe centre of gravity of a triangle, it is easy 
to deduce successively those of a circular sector or segment. 

Let CADB (fig. 29} be the sector, and c the centre of tlie 
circle If the arc adb he considered as a portion of a polygon 
of an infinite number of equal sides, the sector may likewise bo 
decom^edinto equal tnangular elements which will have all 
these sides for bases, and their common vertix at the point c. 
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Let the force which acts on each of these elements he applied 
at then respecti\re centres of gravity; and as the distance 
from the point c of each centre of gravity is two-thirds of the 
radius of the circle, there will result a system of eq^ual and pa- 
rallel forces apphed to all the elements of the arc de- 

scribed from the pomt c as centre, and with a radius equal to 
I CD. Consequently, the centre of gravity of the sector will 
be the centre of these parallel forces, that is to say, the centre 
of gravity of this arc a'd^b^ Now, if ez, /, o denote respec- 
tively the radius cn, the arc adb and the chord ab, the analo- 
gous quantities corresponding to a^d'b', will be | | Z, | c, 
therefore if g be the required centre of gravity, we shall have 
by the theorem of No 70, 

2ac 

^ = IT’ 

(x being equal to cg). 

Now let s, s', Si, denote the surfaces of the sector cadb, of 
the triangle cab, and of the segment abbe ; if their centres of 
gravity, which will evidently be on the radius cd, terminatmg 
at D, the middle of the arc adb, be o, g', Gi, and if oj, a;', Xi , 
denote the distances of these three points from the centre c , 
when parallel forces and proportional to s, s', Si, are applied to 
them, the first will be the resultant of the two others ; therefore, 
in considering the moments of these forces, we shall have 


SX ZZ S ' X ^ 4- SiO?, . 

Besides, we have 




2x0 

TT 


And if CB, the altitude of the triangle of which the base is ab 
or 0 , be denoted by A, we have likewise 


Hence, as 


s'zz^ch^ ai'zzfA. 
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Si = s — s'r: ^ (fil—ch)i 
the equatioQ of moments 1^111 become 

^ a®c = i ch? + ^ (al—ch) Xi ; 

by means of which, Xi the distance of the centre of gravity of 
the segment adbe, from the centre of the circle, can be deter- 
mined, forsmce 

- . / . I 

c= 2asin^, A = a. cos-, 

2a 'M 


we can deduce (i) 


a!i = 


4o®sin®-^- 

la 

3(;— asin^) 


When the arc / is the senu-circiunference, we have I ^wai 
the sector and the segment coincide, as also the distances a; 
and Xi, of which the common value is 

4a 

^ ^ • 

OTT 

79. If the three conic sections be taken successively for 
the curve to which formulas (2) refer^ the integrations 
be effected by the known rules, and the values of a?i and yi, 
the two coordinates of the centre of gravity, may be obtained 
m a finite form. As this example has been merely adverted to 
as an exercise of the calculus, we will not enter into any de- 
tails, but pass on to the determmation of the centre of graviQr 
of the area of the cycloid. 

Let CPM (fig 25) be the segment of which it is required 
to determiae the centre of gravity , if the abscissa cr and 
ordinate pm be denoted by x and y, as m equation (o) of Na« 
73, it is necessary that the integrals contained in formulae (2) 
should vanish when a? ^ o, and these formulae will become, by 
mtegrating by parts, 
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\z= xy — lady, 

— iS®%, 

^Vi^inoy^ — lxydy] 

the new integrals likewise vanishing at the same time as «. 

In virtue of equation (a)j we have 

lxdy—l\/^—a?dx; 

buttf N be the point where the ordmatewp meets the circle de- 
scnbed on cn as diameter, this last integral expresses the semi- 
circul^ segment cnp; therefore, if in order to abridge, the 
area of this semi-segment be denoted by «y, we shall have 

\ = xy — y. 

la Ae case in which the pomt M coincides with the point 
A, we shall have 



«»CD=so, ysDAn^ffo, ^ =i»ra», 
and consequently, 

X =: f TTW*. 

Hence it appears, that the area of the semi-cyeloid is triple 
of that of the seimcircle c»n, of which the radius isia, or in 
oAer words, the area of the entire cycloid is three times that 
of its generatmg circle. We shall have in like manner, 

%!x?dy = lx^/~ax-!^,d!C, 
or, what is the same thing, 

l«?dy ^laW^ax-x^dx- S(|a - ») V^^dx. 

The last integral may be obtained at once, and because it 
must vanish when a? = 0, we shall have(il) 

Xari = JicV— iay +-J {ax — a?)^, 

by means of which the value of may be obtained from that 
of Ae 

In the case of the semi-cyloid cad, in which we have at 
tlie same time 
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» = a, ^ = irra, y = iira% X = 
there Tesults 



for the distance of its centre of gravity from the axis cy. 
Hence the centre of gravity of the area of the entire cycloid 
is at the distance of seven-twelfths of the height cd from the 
summit c. 

With respect to any other segment, such as cmp, the ordi- 
nate yi should also he determined, this, however, requires a 
much more comphoated calculus. 

80. In virtue of equation (a), we have 

\!eydy=i ^y*/ ax-' a? dx^ 

and as the value of y given in No. *IZ may be written as fol- 
lows . 

_ C (\a—x)dx a (* dx 

^ ^V^ax—a^ 2'^'i/aa:— aj® ’ 

if we assume 

J V^a® •— as® * 

this integral being supposed, as in the other cases, to vanish 
when ® = 0, we shall have 

yz: V'ax — ai^ + 

from which results(i) 

Ixydyzz^aa^— \3?-\-\a%z^ax—x^dx. (5) 

Because we made 

yzz^s/ ax — x^dx, 
we shall have by partial integration 

IzV' a»— »*<& = *7 — %ydif. 

The expression for y may be written as follows, 


( 6 ) 
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, o(* tfo f(i«— a:)*daj 

and by integrating tie second tenn by parts, there results 
7= — Qg— a:)/aa!— g®— ax—x^dx’. 


hence we infer (»!) 

^ (^« — x)</ cu — a?, 

and because V'gg — x^dss = dx, we shall consequently have 
%-ydz zz g®z® — J(aa! — «?) 

If these values of y and %ydz be substituted in equation 
(6), there will result (ra) 

J z t/ga: — «* <& zz -j^g f ~ «^+ J(a®— g)®, 

which changes equation (5) into 


%xydy zz\c^x + 1 

rn;®. j 




4--^a®z®— ^az(^a— x) Vm 
By means of this value and that of z, namely : 

/ g — 2 g\ 

z z: arc ^cos zz — - — j, 

the third equation (4) will not contain any unknown quantity, 
and will, therefore, make known the value of yj, for any 
segment whatever such as cmp. 

In the case of the semi-cycloid cad, we shall have 

X — a, z = arc (cos zz -- 1) zz w , 
and formula (7) will be reduced to 


l3sydy = a^{^Jf.^, 


y =z ^7ra, X =z ftra^ 
Q 


and because 



114 


CENTRES OF GRAVITY OF SURFACES. 


the third equatioa (4) mil give 



■which, together with the value of Xi given in the preceding 
nnmber, will completely determine the position of the centre 
of gravity. 

81. Let s he the area of a zone of a surface of revolution, 
comprised between two planes perpendicular to its axis of 
figure. The centre of gravity of s will be on this axis , if 
this axis coincides with that of x, and if denotes the distance 
of this centre from the ongin of the coordinates, a and j3 bdng 
the distances of the two planes which bound s, from the same 
origin ; the determination of the centre of gravity of this zone 
will be reduced to that of the value of Xi. 

Let s be resolved into elements of which each is the sur- 
face of a truncated cone described by the infinitely small side 
of the generating curve, as in No 74; that which corresponds 
to the pomt m of this curve, the coordinates of which are x and 
y, will be equal to dx^ -f its centre of gravity will 
be also on the axis of a;, and the distance of this point from the 
origin of the coordinates can be assumed to be equal to a?, smce 
it can only differ from a: by an infinitely small quantity. This 
being so, (by Nos 13 and 65,) we shall have 




y being considered as a function of us, -which is known from the 
equation of the generating curve. 

If, for example, this curve is the arc of a circle , by placing 
the origm of the coordmates at the centre, we shall have 

y =. V a^— 

{a denotmg the radius,) from which there result8(o) 
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s = 27raiil'^]3^— a, 

&»! = rra (/3®- a% 

and, consequently, 

®* = 40 + a); 

from which It appears, that the centre of gravity of a spherical 
zone, is in the middle pomt of the part of the diameter compnsed 
between the two planes that terminate it, and which is perpen- 
dicular to these planes. 

'Sa The cycloid will furnish us with two examples of the 
apphcation of formulae (8), by causing the are cm to turn suc- 
cessively about the axis cx, and the axis cp. 

In the first case, in virtue of equation (a) of No. 73, we 
shall have 

s =: 27 r\/ a ^ 

the integrals being taken in such a manner, that they may 
vanish at the pomt c, where a? = 0, By partial integration, 
and takmg into account the value of rfy, furnished by equation 
(a), there arises 


s rz 47r^v^aa? — 4iry^ ^5^ « aj 

S »1 = ^2^® ^ /a S xVa~x.dx, 

and, consequently,(p) 

s zzAiryV ax-\-~Vlt{a-~x')^ — 

4 TT , Q 




16, 


45 


w 


, 3 . 


by means of which the surface generated by the arc cm, which 
is concave towards the axis of the figure, and the distance of 
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its centre of gravity from the point c, are determined. When 
this arc becomes the semicycloid ca, we have x zz a and 
and, consequently, 

s == 27 ra^ (tt — ^), sxj zz (tt — 

In the second case, it is necessary, in order to be able still 
to apply equation (a) of No. 73, to transpose x into y, in for- 
mulae (8), which by this means will become(g^) 



sy, = 2ir^a^ l/ l+^dx, 


yi is the distance from the point c, of the centre of gravity of 
s situated on the hne cy, and the integrals are supposed to 
vamsh at the point c, that is to say, when a? =: 0 By means 
of equation (a), we shall have 


s =: 27r ^x^^dxzz v/ ax , 

^ X 6 

\ 

‘the value of s^i will be the same as that of sxi of the first 
•case, and by dividing it by this value of s, the distance from 
the pomt c, of the centre of gravity of the surface generated 
Iby the arc cm, which is convex towards the axis of the figure, 
will be obtained. When this arc becomes the semi-cyloid CA, 
the surface generated will be equal to in which case 

' also, the value of the distance yi will bo 


'yi=f (’T-'fr). 

It may be remarked here, that when the same arc of a 
curve turns successively about two rectangular axes, which 

1 P^8 through one of its extrenuties, the value of the second 
member of the second equation (8) continues to be the same, 
consequently the distances of the centres of gravity of the two 
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surfaces which are generated, from this extremity, are in thel 
inverse ratio of the areas of these surfaces. J 

83. If the curve abc (fig 26) turns about the axis oa?, 
which IS comprised in its plane, but does not meet it, its sur** 
face will generate a solid of revolution, of which the volume, 
denoted by v, may be expressed by means of the area of this 
surface and of the ordinate of its centre of gravity. 

For if all the notations of No. 75 be retained, it is easy to 
perceive that we shall have 

T = {f - y^) dx, 

in fact, the infinitely small shce of this volume, generated by 
mnnV the element of the generating area, will be equal to ny^dx 
— dx the difference of two cyhnders of which the radii are 
PM and PN, and whose common altitude is dx , for we may 
neglect the mfinitely small volumes of the second order, which 
are generated by the triangles that are added or taken from 
this element, by drawing through the points Mjand n lines 
parallel to the axis ox* Now by comparing this expression of 
V, with the third formula (1) of the number cited, we obtain(r) 

v= 27rXyi; 

from which it appears, that the volume generated by X,'"the area 
of a plane curve, is equal to this area^multipked by the 

circumference of the circle described by its^centre of gravity 

a theorem analogous to that of No. 74. By means of this ex- 
pression the volume v can be determined when the centre of 
gravity of X is known d prion. It will also subsist, when the 
generating surface, m place of being drcumscnbed by a reen- 
trant curve, is comprised between two different curves, and be- 
tween two perpendiculars to the axis of the figure, provided 
that this axis does not pass between these two plane curves. 

If the generating area is a semicircle revolving about its 
diameter, the distance of its centre of gravity from this 

of rotation will be equal to (No 78), the radius being de- 
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noted by a ; hence the length of the circumference described 

by this point will be and as the area of the semicircle is 
we shall have 

v-ili’ 

~ 3 ’ 

which IS, in fact, the volume of the sphere. 

If the reentrant curve arc is an ellipse of which a and J 
are the two semiaxes, and c the distance of its centre from the 
axis of rotation ; the area X will be, as is well known, equal to 
trab, and as Its centre of gravity is evidently the centre of the 
figure, we shall have ^ » hence there will result 

V =: 2ir^dbCy‘ 

whatever may be the inclination of one or other of the axes of 
the ellipse to the axis of rotation. 

' 8^. It is evident that the segment of the solid of revolution 
comprised between two planes passing through the axis of 
figure, is to the entire sohd, as the angle contained between 
these two planes is to four nght angles, or, which is the same 
thmg, as the arc described between the two planes, by the cen- 
tre of gravity of the generating area, is to the entire circumfe- 
rence 2 wyi . Therefore, denoting the length of this arc by 1, 
and the volume of the correspondmg segment by L, we shall 
have(s) 

li = l\, 

X being always the generating area, which, by hypothesis, is 
not traversed by the axis of rotation. 

This formula may be extended in the following manner to 
other segments which do not belong to solids of revolution. 

Let us suppose, m fact, that a plane curve moves without 
slidmg or tummg m its plane, and in such a manner that this 
plane may be constantly perpendicular to a given line, which 
may be either a plane curve or one of double curvature. In 
this motion, the same point of this plane will always remain 
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on tte directrix, and the other points will describe curvos si- 
milar to this Jme. Let A, l, Z, denote respectively the area of 
the generating curve, the volume generated by this surface, 
and the length of the curve described by its centre of gravity. 
If I was the arc of a circle, l would be a segment of a solid of 
revolution, but in all cases I may be divided mto infinitely small 
parts, each of which will coincide with the osculating circle 
that corresponds to it. Let a denote one of these parts, and 
u the volume of the corresponding segment of l ; then if it be 
supposed that the planes perpendicular to its direction, by 
which V IS terminated, intersect each other in a line, that does 
not traverse the area of the generating curve, this element v of 
L will be a segment of a solid of revolution , and by the pre- 
ceding equation we shall have 

V aX. 

Hence, by taking the sum of all the values of v, and observing 
that t^ ^ctor X is constant, xt -will follow that the volume is 
equal to the product of I and X, as m the case of a solid of re- 
volution The rule that results from this equation 1j zzXl, 
IS very useful in practice, and susceptible of a great number ofj 
apphcations , however, we should never forget that it does not. 
obtain when the consecutive generating planes intersect on thej 
surfiice generated, and form by their successive intersections 
what IS termed by Monge, arite de rebroussement 

85 The consideration of the centre of gravity fiimishcs 
likewise a rule for enablmg us to determine the volume of a 
pnsm or of a cylinder with any base whatever, which is cut by 
a plane inclined to this base. 

Let y be the area of a section of the cylinder perpendicular 
to its sides, X the area of the inclmed section which terminates 
it, e the angle of these two planes, u> any element whatever 
of X, e its projection on the plane of y, or the corresponding 
element of the area y, which is itself the projection of X. By 
the theorem of No. 10 we have 
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y ZI X COS 0, € z: (i> COS 0. 

This being agreed on, let X be the surface to which the general 
formulae of No. 75 refer, and let 0 be the inclination of its 
plane on that of a? and y. If the third of these formulae be 
multiphed by cos 0, we shall have, (by making this constant 
factor to pass under the sign JJ) in virtue of the values of y 
and £, 

y2:i = 

I Now, this double integral is the volume of the truncated 
cylmder comprised between the two sections y and X, de- 
composed into elements infinitely small and perpendicular to 
y, m which, however, it is always imphed that these two sec- 
tions do not mutually intersect , it follows, therefore, that the 
/truncated cylinder is equal to a right cyhnder having the same 
./ \ <base y, and for an altitude, the distance of the centre of 
Ip'avity of the inclined section jfrom this base. 

This theorem is evident m the ordinary case, in which the 
base of the cylinder is a circle, and the inchned section an 
ellipse , for if through the centre of this curve a plane be 
drawn parallel to the base, the volume of the cylinder is not 
changed, for the segment which is cut off from it is evidentljr 
equal to that which is added to it. 

If the areas denoted by y and X mutually intersect each 
other, the volume will consist of two segments, of which the 
integral will express the difference and not the sum. 
When the cylinder is termmated by two inclined sections, 
whose areas do not intersect, it may be always divided into 
two parts, of which the common base and perpendicular to the 
sides of the cylinder does not mtersect either the one or the 
other of these two sections ; and as their centres of gravity 
exist on the same right line perpendicular to this base, it is evi- 
dent that the entire volume will be equal to the area of this 
base multiplied by the mutual distance of these two points. 
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III. Centres of Gravity of Volumes and of Bodies, 

86. The determination of the centre of gravity of a volume 
depends, in general, on several triple integrals; but there are 
some bodies for -wMch the position of this centre is determined 
by simple integrals. It is these which we propose first to 
consider. 

The centre of gravity of a cone or of a pyramid with any 
base whatever exists on the right line which connects its sum- 
nait with the centre of gravity of the base , for this line meets 
all sections parallel to the base, in corresponding pomts which 
are their centres of gravity, and which can also be taken for 
the centres of gravity of the mfinitely small elements of this 
body, that are parallel to its base. Consequently, the linA in 
question contains the centre of gravity of the pyramid or of 

the cone, and there only remains to determine its position on 
this line. 

Let / and X be the area of the base and that of a parallel 
section, and let k and x denote the perpendiculars let fell 
from the vertix on them planes , it is evident that 

x: I 

and, consequently. 



Moreover, we may take xdx for the element of the volume of 
the cone or of the pyramid , and if v denotes the entire volume, 
and »i the value of m corresponding to the section which con- 
tains the centre of gravity, we can obtain, as in the preceding 
questions, 

V = xxdx 

By substituting for x its value, and performing the integra- 
tions, there results 

R 



122 CENTRES OF GRAVITT OF VOLUMES AND OF BODIES. 

bh bW 

V = ^. = 

from which we obtam 

(X/\ ~ Ji» 

But if through the centre of gravity a plane be drawn parallel 
to the base, it will cut the height h and the hne drawn from 
the summit to the centre of gravity of the base, into propor- 
tional parts, it follows, therefore, that the distance of the 
centre of gravity of a cone or of a pyramid with any base 
whatever, from the summit, is three-fourths of this hne, and 
therefore one-fourth of it, reckoning from the base. 

87 . In the case of a tnangular pyramid, this theorem may 
be demonstrated without the aid of the mtegral calculus. Let 
ABCD (fig. 30) be this pyramid. Likewise let e and f be the 
centres of gravity of the faces acd and bcd , let the lines b:f 
and AE be drawn, their productions will meet in h, the middle 
pomt of the side cn , and then in the plane ahb, let the lines 
AF and BE de drawn intersecting in a certain point g. This 
point will be the centre of gravity of the pyramid abcd , for 
by resolving it into elements parallel to the base acd, it is 
evident, as m the preceding number, that its centre of gravity 
must exist on the right hne be , and by resolving it into ele- 
ments parallel to bcd, it is likewise evident that this point 
appertains to the line af, and as these two lines exist m the 
same plane they must cut each other, consequently their inter- 
section G will be the required centre of gravity 

Now, in the triangle abh, the line bf is parallel to the 
base AB, since it cuts the sides ah and bh into proportional 
parts, that is to say, in the ratio of one to three, reckoning 
from E ; we shall have therefore 

FG GA : EF AB EH AH 

and, consequently. 


FG . GA . . 1 3 
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SO that FG is the third of ga, or the fouith of fa, 'which was to 
he proved. 

Hence it may be shown that if a, b, c, d, the four sum- 
mits of the pyramid, be the centres of gravity of equal masses, 
the point g will be the centre of gravity of these four masses, 
for it was already shown in (No. 77) that the point f is that of 
the three masses which are situated in b, c, D ; and then the 
point G so taken that gf is the third of ga, will be the centre 
of gravity of these three masses and of the fourth. 

It follows from this (No. 67) that if to the centre of gra- 
vity of the pyramid, forces be applied, represented in magni- 
tude and direction by lines drawn from this point to the four 
summits, these four forces will be in equihbno. 

@ The centre of gravity of a triangular pyramid being 
thus determined, it is easy to deduce that of a pyramid or 
cone of any base whatever, by decomposing this base mto a 
finite or infinite number of triangles , the centre of gravity of 
this pyramid or cone must exist at the same time in the line 
drawn from the summit to the centre of gravity of the base, and 
in that plane parallel to the base, which cuts all lines drawn 
from the summit to this base, in the ratio of three to four, 
measunng from the summit, which agrees with the result of 
No. 86 

The centre of gravity of a spherical sector may be also 
deduced from it. In fact, if this sector be decomposed into an 
infinite number of pyramids, of which the common summit is 
at the centre of the sphere, and whose bases are the infinitely 
small elements of the base of the sector, their centres of gra- 
vity must all exist on the base of a concentric sector, the 
radius of which will he three-fourths of that of the given 
sector , hence we mfer that the centre of gravity of the given 
sector will be the same as that of the base of the concentric 
sector , by means of which consideration its position may be; 
determined 

Let the spherical sector be generated by the circular sector 
CAOB (fig. 29) levolvmg about the radius cn, which is drawn 
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to the Rkiddle of the arc ab. The triangle cab and the circular 
segment adb will generate, at the same tune, a cone and a 
spherical segment , and the centre of gravity of this segment 
can bo determined when those of the spherical sector and of 
the cone are known. 

For this purpose, let Vi, v, v', denote the respective volumes 
of these bodies, and oci, x, x', the distances of their centres of 
gravity firom the point c, we shall have 

V = v' + Vi, v* = vV + Vioii. (a) 

Lot a denote the radius cd, c the chord ab, and / the sa- 
gltta BE of the arc adb. Relatively to the cone, we shall 
Wo(r) 

v' = ’TC® (« — /)> «' = !(« — /). 

|Tho base of the spherical sector will be equal to the product 
I of the sagitta and of the circumference of the great circle, or 
I to and the value of its volume will be the product of 

this base and of ^ a, ’or — If from the pomt c as centra, 

and with a radius equal to |cd, an arc of a circle, such as 
a'd'b', bo described, the centre of gravity of the surface gene- 
rated by this arc will be in the middle pomt of the sagitta 
(No. Bl) ; or, in other words, at a distance from the point o 
equal to cd' — • J d'b', the value of which is | (o — i/) (<)• 
Therefore, as by what has been stated, this centre of gravity 
is that of the spherical sector v, we shall have 

V — — g , ® — 4: (o — h/)' 

By substituting these different values in equations (a), it be- 
comes 

liroy ~ t’s’''®® (®~/) + ■'’’ij 

J irc?f{a—\f) = ttc® (fl—ff -I- ViiBi ; 

by moans of which the values of Vi and can be determined. 
If I denote the length of the aic ab, we shall have(v) 
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c = 2a8in^, /=a(l-cos^), 
hence there results 

^ M (. I . .1 l\ 


Xi\ 


3fl5sin^^ 

2a 


8(l-.cos^-.|sm*^co8^)‘ 

When the arc I is the semi-circumferance, it is equal to 7 r«, 
and, consequently. 


V = 


27ra^ 


Xi- 


3a 

T" 


89. The volume and centre of gravity of every hodyH 
■which is symmetncal with respect to its axis, as for example , 
an elhpsoid, may likewise be determined by simple integrals. 
Let 37, y, 27, be the three rectangular coordinates of any point 
of the sur&ce , let the axis of the figure be taken for that of 
37, and let x denote the area of the section perpendicular to 
this Ime, which corresponds to the extremity of the abscissa 37. 
If the volume be decomposed mto mfinitely small elements 
perpendicular to the axis of the figure, xdx may be assumed 
equal to the volume of any element, and 37 may be taken as 
the distance of its centre of gravity firom the origin of the co- 
ordinates. Therefore, if we denote by v a slice comprised be-' 
tween two sections corresponding to the given abscissae a and 
I3f and by a7i the distance of its centre of gra'vity from the 
origin of the coordinates, -we shall have 

I 


-St 


xdx, V37i 


= ^^xxdx. 


In the case of the ellipsoid, the equation of the sur&ce is 




37' 
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a, h c, denoting the three semiaxes. Those of the section x 
■will be^ir) - - 



and, consequently, ' 

y = ,S<,0_.)(l_i±^±A’), 

from which we deduce 

^ -, 3(a + 3) 

4(3a^^7^a(3^l3^) • 

If this formula be applied to the spherical segment which has 
been considered in the preceding number, we should take 



which gives 

^_ 3g(l + cos±)sin«± 

this expresaon may be shown to coincide with the value of Xi 
already found, by multiplying both its numerator and denomi- 

7 ** 

natorby 1 — cos — . 

2a 

la order to obtain the" entire value of the elhpsoid, it is 
aece8sarytoma]m^ = a,allda=-a, whichgives 

_ 4ira5c 
3 ~' 
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This value of the volume is also furnished by the triple inte-"^ ' ' 
gral SSSdaj dy dz, extended to all the elements of the space ter- i 
mmated by the surface of the elhpsoid , but by making ! 

X = ax', y — by', z = ex', ^ 

the equation of this surface becomes 

+ + 1 , 

and the triple integral is changed into 
cd}c'^dx'dy'dz'. 

This new integral should be extended to all the elements of ' 
the space circumscribed by the surface which answers to the 
preceding equation , consequently it will express the volume 
of the sphere of which the radius is unity ; and as this volume j 

IS equal to it follows that — expresses, as before, thej 

volume of the ellipsoid. 

90. Bodies which are symmetrical with respect to an axis, 
comprise solids of revolution. In what follows respecting such 
bodies, the axis of the figure will always be taken for that of 
the abscissse x. If then a sohd of this nature be supposed to 
be generated by a plane area comprised between two given 
curves, and the perpendiculars to the axis of * which corres- 
pond to a? z: a and a; =: /3, and if y and y' denote the ordi- 
nates of these curves -with respect to the same abscissa x, it is 
necessary to make 

X = w (^'^-y% 

in the formula^ of the preceding number , this gives 

V = IT (y® —y'^)dx, vxi = ’T ^dx 

In the most usual case, namely, that in which the interior 
curve coincides with the axis of the figure, wo shall have 
y' ■=. 0 , and simply 
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Y = wJ^jr’&, YXi—TT Q>y 

The cydoid furnishes also, in this case, examples of the 
application of these formulae, in which all the integra-tions may 
be effected under a finite form. 

In the case of the convex solid generated by the revolution, 
of the area cmp (fig. 26) about the axis c®, there will result 
by partial integration 

V = irixf — ^Ttlteydy, 
vici = — v\o^ydy, 

the int^rals being so taken that they may vanish at the point 
c, that is, where ® = o. Therefore, in virtue of equation (a) 
of Uo. 73, we shall have(y) 

V —irooy^— ax — x^dx, 

xxy, = J v3?y^ — V' ax—x\ dx ; 

and the calculations of these values can be effected by manTip 
of transformations similar to those of No. 80. In the case of 
the volume generated by the semicycloid cab, we obtain 

TTu’/Off* ( 637 r®~ 64 )a 

'=tIT6-V’ ■'‘ = T20?=I6)- 

In the case of the convex solid, generated by the revolution 
of the area cmp about the axis cy, it is requisite previously to 
change a? into y and y into oc in equations (b) ; from wluch 
there will result 

V = irlx^dy^ vyj =: ir^x^ydy , 

yx being the distance of the centre of gravity, which exists on 
the axis cy, horn the point c, and the integrals beings supposed 
to vanish at the point c. Therefore, in virtue of eq^xiation (a) 
of the cycloid, we shall have 


V — ttSoj — x^dx^ vy^ = 7r^x\/ ax — x^dsc. 
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The first integral can be obtained without any difficulty, and 
the second by transformations similar to those of No 80, In 
the case in which cm is an entire semicycloid, we shall have 



91. Let now, oJm yi? 2 ?,, be the rectangular coordinates of 
the centre of gravity ot a body of any form whatever, homo- 
geneous or heterogeneous, of which the mass is represented by 
M. From what has been already stated in No. 65, it appears, 
that m order to determine these three unknown quantities, M 
must be divided into indefinitely small parts, consequently the 
preceding sums must be changed mto integrals in the second 
members of equations (1) of this number. By this means, we 
shall have 

MaJi = lllsQdmy uyi = wsi = l^zdm ; (1) 

dm being the differential element of the mass of the body cor- 
responding to the coordinates or, y, Naming p the density 
of this same element, and dv its volume, we shall also have 

dm = pdv. 

The rectangular parallelopiped of which the adjacent sides 
are parallel to the axes of a?, of y, and of z, and respectively 
equal to the differentials dir, rfy, dz^ may now be assumed for 
the element dv of the volume , hence there will result 

dv = dsodydz. 

If the body be homogeneous, its density will be constant; and 
denoting its volume by v, we shall have 

M = pv; 

thus equations (1) will become 

=: lllxdv, = %ydv, yzi = ll^zdv. ( 2 ) 

If the body be heterogeneous, two different cases may occur; 
either this body will consist of homogeneous parts of a finite 

s 



130 CENTRES OE GRAVITY OP VOLUMES AND OF BODIES. 


magnitude, and the density will only vary from one part to the 
other, in which case we can apply equations ( 2 ) to each of 
and then the centre of gravity of the entire body can be had 
from hnowing the centres of gravity of all its parts (No. 64). 
Or the density will vary by insensible degrees in the interior of 
the body , and then we should make use of equations ( 1 ), in 
which p ought to be a given function of x, y, z. 

We should however remark, that in the case both, of 3 
hoino^CTe ous and he tCTO^ eneous body, the division of the mass 
into infinitely small elements of which the densities are the 
same, or vary only by insensible gradations, supposes that this 
body is constituted^ contiminna matter. But this is not the 
case in nature, in which the bodies are, on the contrary, made 
up of detached material parts, and separated firom one another 
by empty spaces, which m pomt of magnitude are comparable 
to the parts occupied by the matter In the following chapter 
, we will revert to this observation, and we will show that for- 
I mulae ( 1 ) and ( 2 ) may, notwithstanding, be apphed to bodies 
I as they exist in nature, just as if matter expenenced no dis- 
j continuity in its mtenor. 

(9^ It will be sometimes necessary, in order to 
the mtegrations, to employ the polar coordinates of each ele- 
ment dm in place of the coordinates z, y, z. In this case, if »• 
denotes its radius vector, 0 the angle wHch it makes with the 
axis of the positive m, and the angle comprised between the 
plane of these two lines and that of » andy, we shall have 
(No. 9 ) 

y = r sin 0 . cosi/», sin 0 .sin;^. 

We should also, at the same time, express dv by means of the 
differentials ofthosenew vanables r, 0 , There are general 
formnlffi fox the transformation of mdependent variables in 
multiple integrals , but the expression of do, namely, 

dv = r\sia9drddd[p, 

may be also found directly, as will be shown immediately. 
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If pdv be put in place of dm in equations (1), and if the values 
of a, y, z, in polar coordinates be also substituted in these 
equations, they will become 


Mail = SSJ/or® sin®. cosOdrd$d\p, 
uyi =: ,coaipdrd6d\p, 

M«i = .amipdrdOdip, 


(3) 


to which should be joined the equation 

M z: 5S5/or*sin6drc?0di//-J 

As to the limits of these triple inte^als, they will be different 
according as the origin of the coordinates is placed without or 
within the body. When this origin is itself one of the points 
of M, we should first integrate from m o to r zz u, in which 
n denotes a function of j9 and i// giren by the equation of the 
this being done, we should then integrate from 6 = 0 
and = 0 to 6 = TT and xf/ = 27 r, beginning with either of the 
angles 0 or t// as we please. Generally speaking, the limits 
will be more complicated, when the origin of the coordmates 
does not belong to the mass m. In tHs case, let u and v/ re- 
present two given functions of 6 and xpy w and w', two functions 
of and a and two given angles , if the question was re- 
specting a portion of a body compnsed, on one part, between 
two surfaces of which the equations are r = w and r = w' ; and on 
the other part, between conic surfaces, which have for a com- 
mon axis that of a?, their common summit being also the ongin 
of the coordinates, and for equation8^0 = finally, 

between the two planes passing through this axis, and which 
make the angles a and a', with the fixed plane from which 
the angle \f/ is reckoned. We should integrate first from r zzu 
to r = w', then from 6 = w to 0 = w' , and finally, from = a 
to xpzz a'. For example, let us take for the two first surfaces 
those of two concentric spheres having their common centre 
at the origin of the coordmates, and of which the radii arc 
a and a ' , at the same time, let the bases of the two cones bo 


J/ 


> 
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^cles, or in other words, let the angles w and w' be constant; 
moreover, let the density be solely a function of r , so that the 
, portion of the body which is considered, appertains to a sphere 
composed of concentric strata infinitely slender, each of which 
has the same density throughout its entire extent, and which 
density vanes from one stratum to another, according to a given 
function of the distance from the centre. By making, in order 
to abridge, 

and performing the integrations relative to 0 and we ob- 
tain (z) 

M = A (a'— a) (cosw— cosw'), 

M®i = (o'— a)(C0B®ta)— COS®ft)'), 

(sino'— sino)(te>' — w — ^sin2ct)'4'^sin2(i)), 

MZi = (coso— cosa') (ft)' — w— ^sm 2<o''+ Jsin2 w) ; 

j by means of which equations, the values of aji, y,, Zj, will be 
had, which, in tibis example, cfflgngf be deduced from equations 
! (!)• 

If the mass M frrms a complete ring, so that we have 
a' = o -4- 2 jT, there will result = 0 and z^ = 0, that is to 
say, the centre of gravity will be situated, as we know it 
should he, on the axis of this ring ; the value of aji, its distance 
' from the centre of the sphere, of which this ring is a part, 
will be (o') 

_ B (eosfc) -f- cos 
— . 

If the Sphere be homogeneous, tlie density p being then con- 
stant, we shall have 

A = -J/) (o'®— o®), B = tp (a'‘— o^). 

When the portion of the nng that is destitute of matter dis- 
l^appears, we shall have w = 0 , and finally, if it changes into a 
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spherical sector, vre will also have a = 0 5 hence there will ! 
result 


3^/ 

^1 = (1 + cosw') ; 


this accords with the value of the quantity denoted by ^ in 
No. 88 , as appears by observing that the value(J^ of the sagitta j 
denoted hyf will be «'( 1 — cosw^, and that the radius is a\ 
(03/ la order to obtain the expression of dv, the (hfferential 
of the volume, in terms of the differentials of the polar co 
ordinates, let m (fig. 31) be supposed to be the point of which 
the coordmates are respectively if/, so that o being their 
ongin, OM will be the radius vector r, 6 the angle Moa? com- 
prised between this radius and a fixed axis oa?, and if/ the 
angle which the plane of the^e two nght lines makes with a 
fixed plane drawn arbitrarily through the second. Let m' be 
any point situated on the production of oM, of which let the 
radius om' be denoted by r'. From the point o as centre, and 
m the plane let the arcs mn and m'n^, comprised be- 

tween the two lines omm' and onn', be described, and let the 
angle Noa? be denoted by 6 ' , finally, let the plane of this 
angle turn about the axis ox, and let represent, in its new 
position, the angle which it makes with the fixed plane. 
In this motion, the area wHl generate a volume 

mm'nn'pp'q'q, which we shall represent by u. Now, this area 
being the difference of the two circular sectors m'on' and mon, | 
is equal to | 


Denoting the perpendicular let fall &om its centre of gravity 
on the axis ox by u, u(if/'--ip) will be the length of the arc ^ 
that this centre will describe about this line. Therefore, by 
the theorem of No. 84, we shall have 
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This bemg established, if the three dimensions of u become 
infinitely smaU, and if, in consequence, we make 

r' — y = 6^ — Q::id9^ ip ' — \fj ^ d\p, 

the factor + r will, at the same time, be reduced to 2r ; we 
can also take for n the perpendicular mh let fall from the point 
M on the axis oa?, which is equal to y.sinO, and which onljr 
diflFers &om by an infibiitely small quantity ; finally, v will be 
changed mto rfu, and its value will be 

dv = sin 0 drdO 

which it was proposed to determine. 

In fisi.ct, it IS evident that this volume dv may be consi- 
dered as a rectangular paraUelopiped, the three adjacent side® 
of which are or rfr, the infinitely small arc mn, the centre 
of which is at thepomt o, and whose length is rdO, and the in- 
fiuiitely small are mp, which has its centre at the point H;, 
and for length r.smfld;/^. 

MNQP, the base of this paraUelopiped, is the element of the 
spherical surface of which the centre is at the point o and the 
» radius equal to r. Therefore, representing it by rfo-, wo have 

d(rz=.7^ sin dv = d<Tdr. 

Denoting the element of the spherical surface, of which the 
^ radius is taken for unity by dw, we shall also have(cO 

d(o = sin0d0d;//, dv =: r^drdtjd. 

By integrating this expression of dw from 6 =0 md-ip z= 0 to 
i v and ip = Stt, we obtain 4^r for the ratio of the surjEace 
I of the sphere to the square of its radius, which is, in feet, its 
known value. 



CHAPTER VI. 


ON THE ATTRACTION OF BODIES. 

I . — Formula relative to any Body whatever ^ and to a Sphere 
tn particular* 

94. If a material point o (fig. 32) le subjected to the at- 
tractions of all the points of a body of any form whatever , by 
decomposing each of these forces into three others, acting in the 
direction of rectangular axes drawn arbitrarily through the 
point 0 , and then taking the sum of the positive or negative 
components which act in the direction of each axis, we shall 
obtain the three components, the resultant of which will ex- 
press in magnitude and direction the entire attraction exerted 
on ihe point o. These three components will be the sum of 
an infimte number of infimtely small elements, extended to the 
entire mass of the attractmg body , they will be expressed by 
means of triple integrals, and the calculation of these quantities 
will be similar to that of the coordinates of the centre of gra- 
vity of any body, with which we have been occupied in the 
last chapter; and, in fact, this is the reason why the subject of 
the attractions of bodies is introduced in this place* 

This question is one which has engaged* much of the atten- 
tion of geometers, both on account of the difficulties which 
occur in the analytical investigations, as also on account of its 
connexion with the problem of the figure of the earth, and of 
the law of gravity at its surface ; but in the present treatise we 
shall not enter on the considerations of these points in any de- 
tail, but shall merely restrict ourselves to giving those formulm 
which are of most frequent occurrence, and some of their ap- 
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For their more comploto development, the reader 
!•< referred to the second volume of the Mec^nique Celeste qf 
and to the memoir of the author on the Attraction 
•if ‘V/'Af/o^/ar iimcrtcd in tlic Con»amanee des Tern for the 
><‘ar IK21K 

*J'>, Let t) he a fixed point assumed in the interior of the 
atlraetijifr iswly ; tlirough this point let three rectangular axes 
nr. t*»/, i»j, he drawn, these will be the axes of the posilive 
t'iiitr4tnati>s ; lot j:, ff, z, represent the coordinates of m, any 
|«»mt wlnitcver of the attracting body, and dm the differential 
cb‘nn nf of its mass corresponding to this point m ; likewise, 
let «, ji, y, ttnd ft denote the Uiree coordinates and wtiss of ^ 
juniit <t ; imd finally, let u he the distance om, so that 

= (a—rf + 03-# + 

'I lu* rtflraetinn exerted liy dm on ft will bo in the direction of 
the line nw. If this force bo proportional to the product of 
»tie two and in the inverse ratio of the square of the 

*)(st,M>re ti, we shall have, hy denoting it by y, 

i » 

,/ Ittdtig n constant eoeffieient which expresses the intenidty ol\ 
the allraell V** force, ndutive to the units of distance and of man. 
la order to obtain un accurate notion of tills quantity/ let vs 
f oni'tdve two IsKiiisi of any form and dimension whatever, the 
ninsse* of which are equal, and respi'ctively assumed for tmtty» 
and suppose that the attraction does not vary either in intetie 
*if} i»r direction throughout the entire extent of those two 
fsNlics, <Hr that it must be the Humc hetwetm any two elemmtB 
nbatcAcr of tlieir ntMHsett, equal respetivvly to dm andj, as 
trt iw**i'a ft and dm the waUTial points, which we arc comdder- 
ing, wliHt their d!at»nee om is equal to unity; the force /is 
the entire attraction wWoh will Uien bo exorcised by one of 
ilu'sc two IskIm*# on the other. 
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The proj^tioBs of the line om, on the axes naj, ny, j>Zf 
are a— a?, )3— y, y^z; and by dividing them respectively by 
w, the cosines of the angles which determine the direction of 
the force f will be obtained; hence its three components are 


a — X 

u 





y^Z^ 


> 


and, u being considered as a positive quantity, they vull tend, 
according as they are positive or negative, to diminish or in- 
crease o, /3, 7 , the three coordmates of the point o. Therefore, 
if we represent the three components of the entire attraction 
exercised on this point, by a, b, c, we shall obtain, by substi- 
tuting for E its value, and observing that fi and^are constant 
quantities. 




( 1 ) 



these triple integrals being supposed to extend to the entire 
mass of the attractmg body. 

Denoting the density of the element dm by p, and its vo- 
lume by dVf we shall have 


dm =: pdv^ 

In the general case, p will be a given function of the coordi^ 
nates of the point ; in the case of the homogeneity of tho 
attracting body, it will become a constant quantity ; cb will be 
expressed by means of the diffeientials of the coordinates of 
and those are always selected which are most proper to facili 
tate the integrations. 

96. The three triple integrals on which the values o* 
A, B, c, depend, may be reduced to one only, by a very simple 
consideration. 


« 


T 
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The limits bemg supposed the same as in these integrals, 
let 

I'Since these limits arc independent of the point o, if t be diffe- 
, renced with respect to its coordinates, these differentiations 
I may be effected under the sign J (No. 14); and as we have 
.also 


tt _ a—g _ y— /3 tt _s-~y 

da u* d(i u* ’ dy ~ «* * 

there will result 




by means ol which, equations (1) may be changed into 



n=~M/' 


^T 

dft’ 


c 



< 2 > 


so that the calculation of the tliiec components a, b, c, d^enda 
only on one integral t. In determining it, it is matedal to 
recollect, that the denominator u must have constantly tibe 
same sign in the entire extent of the intcgration,^nd tint it 
should be positive, if wo wish that the components a, b, C* 
should tend to dimmish or increase the coordinates of o, acH 
cording as their values furnished by equations (2) are positive 
or negative.) 

If instead of an attractive, the point o is acted on by a re- 
pulsive force, it will l>e only necessary to change the signs of 
the values of a, n, c, or, what comes to tlie same thing, to r®- 
gard/as a constant negative quanti^. In the case in which 



ATTRACTIONS— rOBMtJLjE RELATIVE TO ANY BOBY. 139 

the force, -whether attractive or repulsive, that acts on the 
point o, does not vary, as has been supposed, in the inverse 
latio of the square of the distance, and that, consequently, the 
coeffiaent of fidm is, in general, represented by a given fiinc" 
tion of w, which we can denote by ^u, if we assume another • 
function of « as ^u, such that we may have 

d^u , 1 

then this should be substituted in place of in the expression^) 
of T, It may also happen that this force is attractive for one 
part of the body that acts on o, and repulsive for another part, 
in which case the function in which is comprised the co- 
efficient^ would change its sign, in the ei^tent of th^ fetogral 
represented by t. 

The components of the action exercised on a body of any 
/brm or dimenmm whatever, may be deduced from the pre- 
ceding formulse, by substitutmg for the differential element 
of its mass, which corresponds to the coordinates a, / 3 , 7 , and 
then integrating with respect to these three variables for the 
entire extent of the mass ; from this it appears, that the com- 
ponents of the action which one body exerts on another, will, 
generally speakmg, depend on sextuoU mtegrals. 

The preceding are the formulae, by means of which attrac- 
tions or repulsions are computed , it is, however, necessary, 
previously to our making any appheation of them, to explain 
how they can be adapted to the mtimate constitution of bo- 
dies, and to examine the difficulty which was adverted to at 
the end of No. 9*1. 

97. It was already observed (No. 60 ) that different bodies 
contain, under equal volumes, unequal quantities of ponderable 
matter, and as these quantities vary, for the same body, with its 
temperature and the exterior pressure to which it is subjected, 
philobopheis have been led to regard natural bodies as a col- 
lection of material paits not in contact, but separated from 
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wuih Other by pores or «pac*eB ilesutute of ponderable matUtf* 
Thcao material parts arc toimcd atoms; in coiwequenee of 
tlu‘ii extreme miuutencaB, their (Umension#, and those of llie 
pores, elude our senseH, and all our moans of measuring them. 
The atoms aie eonsidered as indTstnietible, and the masSf the 
form, the volume of eaeh of them, as invariable. TTie tUmeti* 
sions ol the port's, on the contrary, vary with the diffmmt do- 
grees of heat, w hich is either intnalueed info or etpellod &«» 
the body, and with the piessures to which it is subjectod ; fund 
as ihe changes in tho volume of a body may be very greiM, 
without Its mass undergoing any increase or diminution, it 
• follows tluit thu dimensions of the tturfs void of matter ntuai bo 

I f • 

lompanihle, luid geni'rally greater than those of tho full pwrll. 

Atoms of the si^ne or ofiMetsmt na ture oomldne in diAh’ 
unt proportions to constitute other parts of bodiei*, whidk W« 
hkewist* inapi>ieeuil)le hy the senses, and which are temod 
iHoUruln. Hodics differ from each other in the natiirtt aiNt 
proportion of thi> atoms which enter into tlio composition of 
each molecule ; and the atoms are regarded as invaihtbk Mid 
indestrnctihle, as has been alnsuly stated, Iwcauso timt odMRi 
they are reiuutiul in thu same pro]MtrttonH, the samebodioibfMK 
dowed with the same properties, are invariably leprodoeod. 

'fH, It is evident from this, tliat thi' division of tbo MMI 
into iiifmitely snudl elements, luid tho liypothcaiH of a dMMitJf 
in each (dement, which doi's not vary at all in tmawgfUNNMM 
bodies, and whieh, in the case of heterogeneous bodk^ imlw 
hy insensiide degiees, is not the eoiidition of bodies iW ttniJP 
aetuidly exist in nature; however thin docs not proveilt m 
iioin making use of the foriiuilw which are foutidod oit' lldl 
('Oimidcration, and <'vt‘n from applying them, w;|^en 
have been divided into parts of a finite, but still 
inagnittnU'. 

in fact, the molecules nie so small, imd so ucJur to umIi 
othei, that a part ol the mass of a bmly, which cotitaliMI li»‘' 
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mense numbers of them, may still be supposed extremely 
small, and its volume regarded as insensible. Let v be the 
volume of such a •part, the magnitude of which is insensible, 
and which, nevertheless, contams myriads of molecules , like- 
wise, let m be the sum of their masses , and let M denote one 
of the points of v, which can, if we please, be taken for its 
centre of gravity. If we make 

m 

7 = /’’ 

this ratio p will r eally express the density of the body at the 
pomt M, (a) whatever may be in other particulais the masses oi 
the molecules and their manner of distnbution, whether regu- 
lar or irregulaf, through the extent of ». In hke manner, 
denoting the number of the molecules that v contains by n, 
and making 


tWs.hne e, of inappreciable magnitude, may be termed the 
mean interval of the molecules, which corresponds to the point 
M and the density p. In a homogeneous body, this ratio 
and this line do not vary with the position of the pomt M , in 
a heterogeneous body these two quantities vary by inaensiblo 
gradations, and may be supposed to be given functions of the 
coordinates of this point. 

This being established, if it were required to know the ’mass 
of a body, or more generally, the sum of the extremely am^ll 
parts of this mass, multiplied by r, a function of the coordi-^ 
nates of m one of its poin ts ; v the volume of this body, should" 
be divided into extremely small parts such as v, and then the 
sum of all the products vpv, which we shall denote by 

2upt?, 

should be taken, and extended to all the parts such as v of v. 
It appears from the theoicm ofNo. 13, that if the terms of tliis 
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sum are infinitely small, and if their numbci be infimte^ its 
value will be rigorously equal to the definite integral 

^vpdv, 

extended to the entire volume v, of which do is the differential 
element Now, we may conceive in general that the difference 
between this sum and this integral will dimmish more and 
more according as the parts of the first become smaller, and 
their number becomes greater, so that the magnitude of v 
being insensible, but still always distinct from dv, we may 
nevertheless assume, without sensible error, the integral, in 
place of the sum. There is, however, one exception to this 
jgeneral principle, namely, when u is of the species of functions 
I which var vjgerv rap idl y , and at t he sam e time changes its sign m 
the extent of the integration , this is the case, in point of fact, 
jin the calculation of the forces which arise from molecular at- 
<ii action and from caloiific repulsion, which are only sensible 
at insensible distances. But for the present, it is sufficient to 
observe, that this exception has no respect to the formulae of 
Nos. 91 and 95, relative to the centres of gravity of bodies, 
and to attractions varying in the inverse ratio of the square of 
the distances, and that we can consequently apply them to 
natutal bodies made up of detached molecules. 

99. Let us now revert to the calculation of attractions. If 
the distance of the point o from the attracted body, is very 
great relatively to the dimensions of this body, we can, in the 

expression for t of No 96, develope the quantity - in a con- 
verging series, arranged accoiding to the powers and products 
of 07, y, z. By making 

we shall then have 

W + 2^5 

(1>) 


&c. 
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If D the origin of the coordinates be in the centre of gravity 
of the body, we shall have 

SSS ~ SSS ~ SSS 

because these integrals, divided by m, the mass of the body, 
will be the three coordinates of this point (No 91) Therefore 
if this mass be denoted by m, we shall have 

T = -y + 2^55^(aa! +/3y 

— ^ 5SS C®* + 2^* + 2^®) + &c. 

When the distance on or 8 is so great that this value of 
T may be reduced to its first term, equations (2) will become 

A - B - r - 

- -p-* B - C _ -p-. 

Now these components are the same as those of a fcrco 

equal to acting at the pomt 0, in the direction on j it 

follows therefore, that the attractions exerted on the point 0, 
by a body which is at a considerable distance from it, is very 
nearly the same, in magnitude and direction, as if m the mass 
of this body was condensed in its ccntie of gravity 

When the body is a homogeneous sphere, or one composed 
of concentrical strata, we shall find that all the terms of the 
value of T, except the first, destroy each other. In order to 
demonstrate this, it is only necessary to substitute r, $, i/*, in 
place of the coordinates a!,y, z, as in No. 92, by moans of 
which the integrations relative to and can be efifected. 
Therefore, the theorem which has been stated above, will then 
be altogether exact, if the distance S is only so great that the"'" 

development of i may be a convergent series ; and in fact, we 

shall see in the following number, without having recourse 
to a reduction into a series, that this theoiem obtains, what- 
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ever may be the distance of the point 0 from the attracting 
sphere, provided that it is not situated in its interior. It is 
peasy to infev from this, that the attraction of one sphere On 
] another is the same as if the mass of each sphere was con- 
idensed in its centre , for, denoting by m and m' the masses of 
the two spheres, and by c and c' then centres, the attraction of 
M on o, any point of m', is the same as if the mass m was con- 
densed mto the point c , moreover, this attraction of c on all 
the pomts, such as o of m' is equal and contrary to the at- 
tiaction of all these points, or ofM'on c, which is the same as 
if the mass m' was condensed in the point c' , consequently, 
the attraction of the two spheres is the same as that of two 
material pomts situated in c and c^, and of which the masses 
are m ^d m'. 

100. The attraction exerted on the point o, by a spherical 
stratum, which is homogeneous and of a constant tMokness, 
wil l evide ntly be reduced to a force acting m the cUrecUqn qg. 
Hence, if this line be made to coincide with the axis Da?, the 
components b and c parallel to the axes ny and d« will vanish, 
and there will only remain the value of a to compute. In 
this computation, by making use of the polar coordinates 
r, d,!//, as in No. 92, we shall have, since the axis nx coinciides ' 
with the Ime no, 

ODM = 0, no = o, /3 = 0, 7 = 0; 
and as DM = r and om = u, there will result 
M® = a® — 2ar cos 0 + r®. 

Because the angle \p is that which the plane odm makes with 
a fixed plane passmg through the Ime do, we shall hava 
(No. 93) 

dv = r®. sin .OdrdO dip, 

for the element of the volume , and in the expression pdv as 
the element of the mass, p can be regarded as a constant fian- 
tor. After having substituted these values in the expression 
for T of No. 96, we should integrate from r ss J to r aa a, (« 
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aad b denoting the extenor and interior radii of the spherical 
stratum) and from 0=0 and ^ = 0 to B — v and \li = 

As the variable i\) does not occur under the sign the inte- 
gration -witli respect to this variable, is in fact effected by sub- 
stituting 27 r for the differential d\p. This being so, we shall 
have 

ra f par rsmOdB \ 

^ JOv/o*_2arcos0+H ) 

At the limits 0 = 0 and 6 =: ir^ the radical will have for 
values 

=t (a — /•), dr (a + r) , 

but as it esipresses the value of ttf which ought to be always 
P08i|;]^ye (Not 96), it is necessary to assume a + r at the limit 
0 = Tj and y — o or a — r at the limit 0 d: 0, according as 
the point Ojwill be situated within or without the spherical 
stratum. We shall see immediately how we ought to proceed, 
when this point appertains to the stratum itselJ^ in which case 
we have r>ain one part, and rZa m another part of this 
stratum. 

The indefinite integral being, relatively to 0, 

p r sin OdO __ 1 

V a^-2a/co r0+P “ « cos const. , 


when the point is within the stratum, we must have(c) 


s 


i r r sin BdB 
^ V a®— 2ar cos d-f-r* « 


-C(r + a)-(r-a)3 = 25 


oonsequ«mtly, the value of t wiU not all depend on a, and that 
of A whidh is deduced from it by meaas of the first equation 
(2), will be equal to zero. In the case where the point is 
without the stratum, we shall have 


f*7r 

jol 


1 sin BdB 


)o\/ a*— 2or cos B+r^ <* 
and, consequently, 


^[(a-f-r)-(«-r)] = ^, 
a 
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or, what comes to the same thing, 


T = 


M 

> 

a 


M being the mass of a spherical stratum, of which the volume 

IS n j.1 Hence we deduce 
3 


A 



( 3 ) 


'T r 


which is the same force as if the entire mass of this attracting 
stratum was condensed in its centre. 

101. These results may be immediately extended to the 
case of a sphencal stratum of a constant thickness, but com** 
posed of other concentrical strata, the density of which varies 
from one to the other, according to any law whatever, which 
however, does not change in the extent of the same stratum j 
for we can determine separately the attractions of these dif- 
ferent strata, and then take the sum of all these forces, which 
in the case of an interior point will be cypher, and in the ease 
of an exterior point will be determined by formula (3) ; M 
always expressmg the entire mass of the attracting body* 
Hence we infer 

1st. That when the force varies in the inverse ratio of the 
square of the distance, the attractions exerted by all the points 
of a spherical stratum of a constant thickness, (which is cither 
homogeneous or composed of concentrical strata, the density 
of which varies from one to the other according to any given 
law,) on apomt o, existmg in the void space circumscribed by 
this stratum, mutually destroy each other > so that this point will 
remain m equihbrio, wherever it may be situated m this space* 

2ndly. That the attraction of this same stratum, and con-* 
sequently also, the attraction of an entire sphere exerted on o a 
pomt without the sphere, is the same as if the mass of the at- 


3 ^ 





/ 


# tft 
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tracting body was condensed into its centre If the point 0 makes 
a part of the attractmg stratum, or, in other words, if wc have 
a > J and a Z this spherical stratum may be conceived to 
consist of two others, the exterior and interior radii of one of 
which will be a and a, and those of other a and b ; as the point 
0 is within the first of these two strata, it will exert no action 
on this pomt, and if the mass of the second stratum, without 
which the point 0 eidsts, be denoted by m, the attraction of 
this stratum may be deduced from formula (3), by substituting 
m in place of m. Therefore, the value of the entire attraction 
exerted on the point 0 will ])e 



If the spherical stratum changes into a sphere entirely full 
of matter, and of which the density is every where the same, 
we shall have 

47rpa’ 

m _ — g— , A _ — g — , 

that IS to say, in the interior of a homogeneous sphere, thcT 
attraction is proportional to the distance of the attractedj 
point from its centre 

The same theorems obtain in the case where the force is 
repulsive, provided it varies in the inverse ratio of the sq[uare 
of the distances. 

102. The equilibrium of the point 0, situated within the 
space bounded by a spherical stratum, and which is attracted 
or repelled by ail its points, may be easily verified. 

For this purpose, let this stratum be first supposed infi> 
nitely thin, if its thickness be denoted by e, by decomposing its 
surface into infinitely small elements, and denoting the area of 
that which corresponds to the point p (fig. 33) by w, the cor- 
responding elements of the volume and of the mass of this 
stratum will be e<t> and pew ; hence denoting the distance op 
by r, the value of the force acting in the direction of this line 
will be 



148 ATTRACTIONS — FORMUL-® RELATIVE TO THE SPHERE. 

fl/pBW 

If we conceive the sides of a cone of which the base is 
' and the summit 0, to be produced through o until they mecf^ 
the spherical surface again in p', a second element will be de^ 
termmed on this surface ; if we denote it by <o\ and its distanct^ 
from the summit o by the value of the force acting alongT 
this hne, in an opposite direction from the preceding, will be 

now it is easy to show that these two opposite forces are equal 
to each other, that is to say, that 



In fact, if POQ and p'oo' be sections of the two cone» 
made by the same plane passing through their common sum- 
^mit o, then the similar surfaces w and u/ will be to each othet 
as the squares of the homologous hues pq and p'q'. Besides* 
s^s the triangles poa and p'oq' are similar, we have 

PQ p'q'. op op', 

therefore, by squaring the four terms of the proportion, wo 
shall obtam 

u ) cd' • , 

from which it is evident that • 

Hence it foUoTvs, that the actions exerted on the point 0, 

^ by all the elements of the sphencal stratum, destroy each 
other tv^o by two, consequently the total action of this stratum 
will be cypher , and this will stiU be the case even when tlic 
' thickness of the stratum is finite ; for in this case it may b«» 
decomposed into an infinite number of infinitely thin strata,, 
the action of each of which on the point 0 is cypher. 
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IL FormulcB relative to the Ellipsoid. 

103. When the point 0 (fig. 32) belongs to the attracting 
mass, the integrations will fi^eqnently be facilitated by placing 
the origin of the polar coordinates at this point. The radius 
vector of any point m will be then u , hence denoting, as in 
No. 93, the element of the spherical surface of which the radius 
is unity, by dw, we shall have, 

dv =: u^dudiji}^ dm = pv^dudw , 

and if the angles which the line OM makes with the parallels 
to the axes nXy dz, drawn through the point o, be denoted 
ty ffp hy ky we shall hkewise, agreeably to the notation of No. 
96, have 

cosgzz — cosAzz^ — cosAzz , 

u u 

this will change equations (1) of this number into the follow- 
ing(d), 

An— ji/SSSp cosgdudojy 
B = — f/SSSp cos hdudwf 
c n — pflllp coskdudu). 

The integrals relative to u should be taken firom w n 0 to «« n r, 
denoting by r the radius vector of any point of the attracting 
surface which terminates the attracting body. If, for greater! 
simplicity, this body be supposed to be homogeneous, these i 
integrations can be effected at once, and there will result j 

/ A = — fjfpllr cospdw, V 

Bn— cos Arfoi, I ' ^ (a) 

c z: — pfpllr cos kdb). ^ 

In order to determine the value of r, which should be sub- 
stituted in these formulae, let 

F (a?, y, z) = 0, 
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"be the equation of the surface of the attracting body, ex- 
pressed in rectangular coordinates. At any point of this sur- 
fece, we have 

a; = o + r cos y 5 : )3 + r cos A, z = y + r cos A, 

as IS evident from' the preceding values of cos g, cos A, cos A, 
the three coordinates of the point o, of which the values are 
given, being always a, j8, y. Hence, if these values of se, y, z 
be substituted in the preceding equation, there will result in 
general, ^o values of r, the one positive and the other nega- 
tive, but the negative value should be rejected, since the 
radius vector r is a positive quantity, the direction of which is 
soldy determined by the angles g, A, A, which may be acute 
or obtuse. After the substitution of the value of r m equa- 
tions (a), the double integral should be extended to all the 
elements, such as dw of the spherical surface, described from 
the pmnt _o as centre, and with a radius § qua! to unity. 

104. Let these formulae be applied to the case of an homo- 
g^eous eUipsojj^ the equation of whose surface is 

. y® 

+ = (b) 

a, 6, c, denoting the three semi-axes, and d the origin of the 
coordinates, bemg at the centre of the figure. If tho preceding 

values of x,y,z, be substituted for them in this equation, there 
results(c) 

by makmg, in order to abndge, 

co8®y ^ cos® A , cos® A 
a® 6* +~3s-=i>» 

ttcosy , /3cosA ^ ycosA 
a® b* "t ^5 — fl'j 
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Consequently we shall have 

, = - g — 

1 ? 

Now, as the quantity p is positive, and as the quantity I 
IS also either positive or cypher, (since the point o, which 
answers to the coordinates a, j3j y, is situated in the interior 
of the ellipsoid, or at farthest %t its surface,) in order that the 
radius r may not he negative, the radical must be affected with 
the sign + . Moreover, this radical may be suppressed m 
formulae (a). In fact, the corresponding part of the integral 
contained in a, for example, will be 

\ V' q^+pl cos gdu> , 

but for each couple of elements such as dw, of which the radii] 
are the productions the one of the other, the elements of thisj 
double mtegral mutually destroy each other, for in passing | 
from one of these elements dta to the other, each of the three ^ 
cosmes cos^, cos A, cos A, changes its sign, the quantities j?, /, 
remain the same, hence the values of the coefficient of rfw under 
the sign are equal, but affected with contrary signs Thus 
all the elements of the preceding integral destroy each other 
two by two, and the value of a becomes, havms: regard to the 
value of q{f) 

Now, the two last of these three integrals are composed o? 
couples of elements which correspond to the same values of | 
h and of A, and to values of which are supplements, thej 
one of the other. Hence, each of these couples of elements , 
will be reduced to cypher, and consequently also, the entire 
integrals. Therefore, by suppressing these integrall and by 
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making the values of b and c undergo similar reductions, we 
shall have simply 




Now let 6 be the angle comprised between the radius om 
and the parallel to the axis oa?, drawn thiough the point p, 
and Tp the angle which the plane of these two lines makes 
with a plane passmg through the second and parallel to that 
of the axes of x and y , we shall have (No. 8) 

cos g = cos fl, cos h =: Sin B . cos cos A = sin 0 . sin 
and at the same time (No. 93) 

d<A) = sin OdOdxp ; 
from which there will lesult(^) 

c^p = 6* c® cos® 9 + (c® cos® i// + 6® sin® \p) sm® 0, 

A — CC 0 sin OdOd^p 
a® JJ p 

In order to mclude the directions of all the radii the 
integrals should be extended from 0 = 0 and ;// = 0 to 0 rs tr 
and Tp = 27 r) but because the coefficient of dO has the same 
value for 9 and for -tt >— 0, it will be suflBcient to integrate from 
0 = 0 to 0 = and to double the result, and since the co-* 
efficient of ^ is the same fo^^md for tt ± it will Ukowino 
suffice to integrate from i// = 0 to = I^tt, and to quadruple 
the result. This being agreed on, if we make 


^ = tan 




d\p 

COS®l// ’ 


then since 
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COS®l/< = 

tlieie results(A) 


1 

l+f* 







30 * 

0 {b^cos^d^ahm^6)c^+{chos^6+ahm^d)b% 


2 


ira^bc 

2 (i-*cos-^6+a^sm^d)(c®cos^04-a^sm^0) * 


by means of which the value of a will only depend on the] 
integral relative to 9. If we substitute j3 in place of a, and , 
transpose the letters a and 6, we can deduce b from a without 
any new computation ; and in the same manner, by substi- | 
tuting y in place of a, and by transposing the letters a and c | 
c may be deduced from a. In this manner, we shall hav^ 
finally 




hcoo^QimBdB 

0+<i®sm®6) (c*cos‘ 04 -fl!*sin® 6 )’ 

occoB^flsinflf^fl 

6l4-5®sm®0) (c®co8» 0+5*810*0/ 



ab cos® B sm BdB 

V (6®.cos®0+c®sm®0) (a®cos*0+c*sui® 


6)' 





These values of a, b, c, being positive, it foUows that each 
of these three components tends to make the point 0 approach 
towards the centre of the ellipsoid , the contrary has place 
when the force is repulsive, in which case we should substitute, 
in these formulse, —/instead of/ 

105. If we denote by S a poMtive constant, and then sab> 
sdtutn (1 4- S) a, (1 -f d) 5, (1 + S) c, mstead of a, 5, c, in for- 
mulse (c), the &ctor 1 4' S will disappear, and the values of 
A, B, c will remain the same as before. But by this substi- 
tution, the elhpsoid is increased by a pait comprised between 
Its primitive sur&ce and isu rfaoe. suid as the compp* 

nents a, b, c, do not change, it follows that the action of thk 
additive part on the point o within thi^ part is cyphe^. 

X 
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‘ Hence it appears, that a homogeneous stratum, comprised 
between two similar elhptic surfeces, having the same centre, 
and their axes in the same directions, does not exert any 
attractive or repulsive action on a pomt o situated within the 
empty space terminated by its interior surfece , so that where- 
ever this point may be situated in this space, it will remain in 
equilibrio, a theorem which includes that which has been 
already established in the case of a spherical stratum. 

From this it follows, that the action of an elhpsoid composed 
of homogeneous matter, on a point 0 of its mass, is reduced 
to that which is exerted by the part of this mass, that is ter- 
! minated by the elliptic surface passing through this point, 

I amular and similarly placed to that of the entire body. And 
!it is evident from formula (c), that the component of this force, 

^ [iparallel to each of the three axes of the ellipsoid, is proportional 
V \ |to the ordmate of the pomt o parallel to this axis, and depends 
Isolely on this variable(*). In the general case, in which the 
Wee semi-axes a, J, c, are unequal, the integrals relative to 
0, which these formulae contain, can be transformed into 
elliptic functions, this enables us to compute their numerical 
values, by means of the tables of M. Legendre. These anmft 
( integrals may also be obtained in a finite form, when two of 
1 the constants a, 5, c, are equal, which is, as we know, the case 
|of an ellipsoid of revolution. 

106. Suppose, for example, that we have c s: 5 , the form' 
of the mtegials relative to 6 will be different, according as the 
^ ellipsoid IS oblate or prolate, that is, according as 5>a or 
h a> If we suppose the first case to obtain, and make, on 
this hypothesis(^), 

SO that the fraction e may be the compression of the ellipsoid, 
and m its mass. There will result 


Sfjfi na PJtt cos® 9 sin 9d9 
a® Jo T-|-c®cos®d ’ 




//' ■■ 
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and by performing the integration, we shall have 
Zfifina 




[c- arc (tang = e)], 


for the component parallel to the ayia of revolution. We shall 
also have 

— — £ — 008^ 6 sin 6d$ 

(B^y‘^a\l+e^)JO /T+iwe' 

As the components b and c are to each other as the or^ 
dinates /3 and y of the point 0, it follows that their resultant 
'Will act in the direction of the perpendicular, let fall from this 
point on the axis of revolution. Naming a' this force, and a^j 
the length of the perpendicular, so that 


a^ = a' = -/jS" + y% 

there results, by performing the required integration(/) 

^'= ")-TT?]' 

The resultant of the two forces a and h will express, in 
magnitude and direction, the entire action of the ellipsoid on 
the point 0. 

When e IS a very small fraction, these values of a and a' 
may be developed into very convergent series arranged ac- 
cording to the powers of e. Because that 

arc(tang=: e) + &c., 


1 + a 


— e — e® 6^ — &c., 


we shall have(?») 
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In the case of the sphere, in which e = 0, the resultant of 
A and a' will be directed towards the centre, and it will have 
the same intensity as in No 101. 

107i The determination of the attraction of an homo- 
geneous elhpsoid on a point without the ellipsoid presents 
much greater diflSculties, but by means of a theorem, for 
which we are indebted to Mr. Evory, this case may be re- 
duced to that of an interior point , by which we are enabled 
to express the components of the attraction by simple in- 
tegrals similar to formulae (c). The following is a demon- 
stration of this important proposition. By makmg, in first 
equation (1) of No. 96, 

dm =r pdxdydz^ 

and observing that /> is a constant factor, we have 
— ^ CQC (a—x)dxdydz 

333 [(«-a;y+(/3-y)-+ {y-zff 

If equation (b) is that of the surfece, then by substituting 
asxf, by', m place of x, y, z, it will be changed into 

+ l. 

At the same time the value of a becomes 


— f h CCC (a— ax') dx'dy'dz' 

■ — H/p c _ cz'f’\ 


and if we denote by ±* 1 , the values of x' equal and affected 
with contrary signs, which are deduced from the preceding 
equation, the mtegral relative to x' should be taken from 
0 /= — Xi,to x'= Xi, which gives 



dyW 

l(a-ax{)’‘+(Ji—by')^+ ( 7 — 



Each of these two double mtegrals should be extended to 
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all the elements of the spherical semi-surface of which the ra- 
dius is unity, and whose centre is at the origin of the coordi- 
nates , the product dy'dz* is the projection on the plane of the 
axes of y and z, of any element whatever. Therefore, if 6 de- 
notes the angle which the radius that is drawn to this element, 
makes with the axis of a?i, and if is the angle comprised be- 
tween the planes of these two right hues and the planes of 
the axes of x and y^ the^ area of this element will be sin 6d0d\l/f 
its mchnation on the plane of the axes of y and z will be the 
angle 0, and therefore there will result 

dy'dz' zz cos 6 sin Odddip^ 

for its projection, on this plane. We shall have at the same 
time 

4?i=:cos0, y'iz,smOcoBxpf ss'zz sindsirixp. 

j 

The limits of the two integrals will be Dow 6 = 0, and' 4 
^ = 0, O and }pzz27r y but if in the second, tt — 6 is|^ 
substituted instead of 6, it is easy to see that these two in- 
tegrals will unite ^to one, which will have the same hmits 
with respect to and of which the limits relatively to 9 will 
become 6=0 and 9=z tt y(n) so that by making, in order to 
abridge, 

R^=: 7 ®— 2 {aacos9+ fib ^mO cos p+yc sin Osin \p) 

+ cos® 6 + b^ sin® 0 cos® sin® 0 sin® t//, 

and considenng it as a positive quantity, we shall have simply 

- , PjT C 27 r cos 0 sin 0 d0 dp) ^ 

' ^ 0 n 

The tvro other components B and c may in like manner 
he expressed by double integrals. 

Let us now consider the attraction of another ellipsoid 
having the same density p, the same centre, and its axes in 
the same direction as those of the first, let Oi, bi, Ci, denote 
the three semi-axes corresponding to a, b, c, and let Oi be the 
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point which is subjected to this attractiouj ai, j 3 a ^ coor- 

dinates, and Ai, Bi, Cl, the components of this force parallel to 
the three axes of the elhpsoid. If we denote as before the mass 
of the attracted pomt by ju, we shall have 



Ri being what r becomes, when a, 6 , c, a, / 3 , are changed 
mto ezi, Ji, Cl, ai, ]3i, 7 i, respectively Tl^e values of Bi and Ci 
may be obtamed in a similar manner from those of B and c. 
If the two ellipsoids have the same foci, and consequently the 
same excentncity, we shall have 


+ c®=:a^ + A, + 


A,A, A*— A, being either positive or negative quantities which 
express, abstracting from the sign, the squares of the oxcen- 
tncities common to these two bodies Moreover;, let us sup- 
pose that the point Oi attracted by the second ellipsoid exists 
on the surface of the first, and the point o attracted by the 
first, on the surface of the second. By equation, (b) and that 
of the surfece of the second ellipsoid, we must have 


a® 




7i 





\ ( 1 ) 


Fmally, if p and q be two given angles, and if we assumo 

«i = acos^), / 3 i= 5 sinpcosj, Yi=csinjp singr, 
arroicosp, ^ — JiSinp cosg', 7 = 01 sin sin g'; '' ' 


these values will satisfy the two preceding equations, and will 
^firticulsj;.lglation_between the coordinates of the 
E23PI® o anj-Pi. If these values of a, j3, 7 , be substituted in 
the preceding expression for n®, there results by substituting 
also the preceding values of 6 ®, c®, bi% Ci^,(p) 
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R® z= + a® + A (sm^jp cos^ q + sin® 0 . cos® xfj) 

+ k (sin®p sin® q + sin® 0 . sin® i//) 

— 2 («i fls cos^ COS d + bib sinjp cos j sin 0 cos xfj 
+ CjL c sm j) sm y sin 0 sin xf/). 

Now, it appears without writing down the value of Ri®, 
that it will be the same as that of r® , for it majr be deduced 
from it by the transposition of a and ai , b and 6], c and Ci, 
h and k not undergoing any change, as being quantities com- 
mon to the two ellipsoids , hence it is evident, that this last for- 
mula is not changed by these transpositions Since then 
Ri z: R, the values of a and Ai, will contain the same double 
integrals , therefore, by eliminating it, we obtain 

Similar results may be obtmned relatively to the other 
components, so that from the suppositions which have been 
made about the two attracted points o and Oi, we shall have 
finally 

■^1 - ^ ^ ^1 ^1 Cl ^ (^\ b \ 

A ic ’ B “ C35(? ’ C ^ ^ 

In order to enable us to state the theorem which these 
three equations unply, let the two points on the surfaces of 
the two ellipsoids, of which the coordinates are m the ratio of 
the semi-axes, to which they are parallel, be termed corres- 
ponding points. The point Oi of the surface of the first ellip- 
soid, of which the coordinates parallel to the semi-axes a, 6 , c, 
are tti, j3i, yi, will have for its correspondent on the surface 
of the second elhpsoid, the point o, of which the coordinates 
parallel to the Semi-axes < 3 ^, 6 i, c^, afe a, j3, 7 , since by equa- 
tions ( 2 ), we have 

— ^ ^ — A ^ 

a cti ^ ^ y ^ Cl* 

This being estabhshed, the following theorem results from 
equations (3) , 
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r If two ellipsoids have the same centre and foci, th-^ 
traction in the direction of each axis, which one of these 'fcwo 
bodies exerts on a point situated on the surface of the is 

to the attraction of this last on the corresponding point of “the 
surface of the first, as the product of the two other axes of the 
jfirst elhpsoid to the product of the two other axes of the second. 

108. When two elhpsoids have, as has been assumed,, the 
same centre and foci, one of the two falls entirely within- the 
other , consequently, if the point o is external with respect to 
the first ellipsoid, the point Oi, will he internal with respect 
to the second. In order to determine, by means of the pre- 
ceding theorem, the attraction of a given elhpsoid on an ex- 
ternal point o likewise given, the surface of a second ellipsoid 
Laving the same centre and foci as the first, is made to pass 
through thispomt, by the formulae relative to internal points, 
AijBi, Cl, the three components of the attraction of this se- 
cond body on the point Oi of the surface of the first, corres- 
ponding to the point o, can be determined, then equations 
(3) will make known a, b, c, the components of the attraotion 
of the given ellipsoid on the given point. Thus the d.et cr- 
imination is reduced to finding the values of three semi— aacos 

of the second ellipse, from knowing those of the 
first, (which are denoted by «, ft, c,) and the coordinates ot, /3^ y> 
(pf the given point o 

For greater clearness, let a be the least of the three qL'ua.n- 
tities a, b, c, then the quantities h and h of the preceding ntxiKir 
ber will be positive. If we denote the square of ai by w "wa 
shall have 

CL\ IZI W, ZIZ %(/ —j— hr^ Cj ^Z U —j* lit J 

and it only remains to determine this unknown quantity w, 
which must be real and positive. "Now, in virtue of the second 
equation (1), we shall have(p) 
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this equation which is of the thiid degree with respect to u 
must have at least one real and positive root ; for by sup- 
posing u to increase from zero to infinity, its first member will 
be at the commencement greater, and afterwards less than the 
second , so that there must be at least one positive value of 
which renders them equal , moreover, there is only one^ for 
if we suppose that there are two, u and then we must have 
at the same time 

u ^ « + ’ 

, 13 ^ , 7 ^^ _!■ 

«' '^u'+h'^ie'+k~ ’ 

and by subtracting these equations, the one from the other, 
and suppressing the factor w'— n, which is common to all the 
terms, there will result 

+ ^ j. -0- 

uu' ^(u + A) (u'+A) ^(u+A) (u'+ A) ~ ’ 
which is evidently impossible 

Therefore, there exists only one ellipsoid, which has thel 
same centre and foci as a given ellipsoid, and which besides 
passes through a given point , and the quantity w, on which itsj 
three semi-axes 5i, Ci, depend, is determined by equatioUi 
(4), which was proposed to be proved. 

109 It may be remarked here, that the theorem of No. 
107 is true for all laws of attraction, which are functions of the 
distance, for the demonstration given above is founded on the { 
form that the expression of R^ assumes, which is found to be 
identically the same for the two points o and Oi, and not 
on the form of the function of Rj which expresses the law of 
attraction. 

If the two ellipsoids become concentric spheres, the at-l 
traction of each will be same on all the points of the surface on 
the other, so that it will not be necessary that o and Oi shoulq 
be correspondent points. Denoting the radii of these two spheres 

y 
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by a and Oi, the attraction of the sphere of which the radius 
IS a, on a point of the spherical surface of which the radius is 
a, by D, and the attraction of the sphere of which the radius 
IS c<, on a point of the spherical surface of which the radius is 
a by Di, these forces will act in the direction of the radii of 
the attracted points, and we shall have( 5 ) 

d:di :a® 

whatever of the distance expresses the law of the 

attraction. 

It is easy to verify this proposition, in the case in which the 
attraction is in the inverse ratio of the square of the distance. 
In feet, it appears from the results of No. 101, that if we sup- 
pose a>ai, D the attraction of the sphere of which the radius 
is a on an internal point situated at the distance Oi fiom its 
centre, and having a mass equal to jtt, will be 

4iir\]ifax 

D_— 

and Di the attraction of the sphere of which the radius is <*i 
on an external point, of which the mass is also ja, and whoso 
distance from its centre is a, will have for value 

_ 47r^A* . 

3a® ’ 

and from a comparison of these values of d and Dj, it appears 
that they artf in the ratio of the squares of the radii a andai. 
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DYNAMICS. 


FIRST PART. 


CHAPTER I 

OF RfcC'lILINBAIl MOTION AND OF THE MBASORE OF FORCES 

I Foi rnulcB of rectilinear Motion 

110 The simplest motion that can be impressed on .i 
material pomt, is that in -which it moves in a light line, in 
such a manner that the point describes equal spaces in equal 
times This rectilineal motion is termed uniform, and it is 
made use of in comparing every other description of motion 

When the ratio of the spaces desciibcd to the times em- 
ployed in descnbing them, is contmually changing, the motion 
is said to be variable, when this change takes place after 
finite intervals of time, the motion will be a succession of uni- 
form motions 

In any motion whatever, the space described by the move‘s 
able, or more generally, its distance from a fixed point assumed 
on the line that it describes, is a function of the time whiclU 
has lapsed from a given epoch. Thus, denoting this time by 
t and this distance by x, we shall have in all cases, 

« 


X=.'Et, 
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and the vaiious descriptions of motion will dilFei from each 
' other by the form of this function The vanahle t may 
be either positive or negative , its positive values will refei to 
epochs postenor to that from which the time is leckoneds and 
its negative values to anterior epochs 

In uniform motion, if a denotes the space described in each 
unit of time, and 6 the distance from the fixed point at tho 
commencement of the motion, that is to say, the value of x 
when ^ z: 0, we shall have, at any instant whatever, 

CG zzb at i 

for, by the definition of this motion, the space x -^b desenbed 
in the time must be equal to the constant space a repeated 
as often as there are units in t 

III. Neither time nor space can be defined, however, this 
is not of any consequence, because, for the purposes of geo- 
metry and dynamics, it is sufficient that we arc able to measure 
the dimensions of bodies and the durations of their motions, 
The measurement of lengths may be easily conceived, being 
founded on the principle of superimposition , that of time, 
however, reqmres some explanation 

It would he to reason in a ciicle, to say, on the one hand, 
that uniform motion is that in which the spaces described arc 
proportional to the times , and on the other, that the measure 
of time is the uniform motion, that is to say, that the time is 
proportional to the spaces described in this motion But the 
notion of equal times and the measure of the time, does not 
necessarily imply any particular law of motion, and we can 
consequently suppose them in the definition of uniform motion, 
and of any other description of motion whatever. 

In fact, we may conceive, that bodies perfectly identical 
move successively one after the other, and that, during the 
entire continuance of the motion, each of the bodies is pre- 
cisely m the same state as that which precedes it it is evident, 
that all these motions, of which the law is not given, are per- 
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formed in equal times, and that their number may be made use 
of to measure the time Thus, for example, if we suppose bodie^ 
such as the precedmg, to be heavy, and to be retained by a fixed, 
horizontal axis, and if we make them all to deviate equally fromi 
the position of equihbrium, and then remit them to themselves^ 
in such a manner, that the motion of the second may com- 
mence when the first has returned to this position, and that of 
the third as soon as the second has returned in the same way, 
and so on of the rest ; there will be no possible difference what- ; 
ever between all these successive motions, which will be per- 
formed m equal times. It will be proved hereafter, that it is not 
necessary for this, that different bodies should succeed each 
other, and, that the successive oscillations of the same body, on 
each side of its position of equihbnum, are also isochronous^ or 
of equal duration ; but the precedmg consideration, which does 
not suppose the solution of any problem of mechanics, is suf- 
ficient for the object which it was adduced to explain. 

The invariabihty of the apparent revolution of the celestial 
sphere about the earth, has been established by repeated and 
£iccux8it6 S-Stronomicfll obscrv&tioiis ^ dud m theory does 
not indicate any sensible inequality in the rotatory motion of 
the earth, which is the cause of this apparent motion. The 
constant duration of this revolution is termed a sidereal day^ 
which duration is less than the diurnal revolution of the sun. 
This, last is not exactly the same ^ ^ epochs of the year ; 
and it is its mean magnitude which is assumed as the unit of 
time in ordinary usages, which on that account is called the 
mem day. In this treatise, the division of the day into 24 hours, 
of the hour into 60 mmutes, and of the minute into 60 seconds, 
will be adopted j so that the second will be the 86400th part 
of the mean day The sidereal day contains §6 1 64, 09 seconds 7J 
hence it follows, that in order to express in sidereal days a por- 
tion of time which is given in mean days, it should be multi-' 
plied by the ratio of 86400 to 86164,09, or by the constant 
number 1,00273T9. 
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112. One uniform motion differs from another, by the 
magnitude of the space described in the unit of time. In each 
uniform motion this constant space is Tv^hat is termed the 
locity of the moveable , indeed, strictly speaking, this space is 
not the velocity itself, but only the measure of the velocity. 
The velocity of a material point in motion is a quality which 
inheres m this pomt, hy which it is actuated, and which dis- 
tinguishes it from a material point at rest f it is not susceptible 
of any other definition. The velocity, which m uniform mo- 
tion IS expressed by the space described hy the moveable in 
each unit of time, supposes that we assume for the unit of ve- 
locity that of the moveable which describes the linear unit in 
the umt of time. 

In any variable motion whatever, the velocity of the 
moveahle vanes hy infinitely small degrees, and is a function 
of the tune which may be deduced, as will be shown presently, 
from that which expresses the space desenbed ; but, it is ne- 
cessary to know beforehand, the kind of motion which a mate- 
iial point would assume in consequence of its acquired velocity, 
if the force which impresses this velocity on it, by its action 
continued duimg a certam time, should cease to act, and the 
body be consequently abandoned to itself. 

1 13 It is in the first place evident, that if the moveable 
had previously moved m a nght hue, it will continue to move 
‘ along this line , for there is no reason why this material point 
should deviate from the direction in which it moved, to one 
jside in preference to the other. But we cannot aflSnn, d 
^yrioriy that the velocity which has been impressed on it, will 
not diminish of itself, and eventually vamsh altogether ; it is 
only hy expenence and induction that this question can be 
^dedided. 

Now, according as the obstacles to the motion of bodies, 
such as friction and the resistance of the media which they 
traverse, dimmish in mtensity, they are observed to persevere 
more and more m this state , and, as often as an alteration is 
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observed to take place in their velocity, we at once perceive 
that this elBEect can only be ascribed to a foreign cause. We are 
therefore led to conclude, that if it was possible for a material 
point, after being put in motion, neither to besohcited by any 
other force, nor to meet with any obstacle, its motion would 
be rectihnear and umform, that is to say, the simplest of all 
motions 

Thus, for exam{^, if a mass of iron is made to move in a 
vacuo, on a horizontal plane, without friction, by the sole 
action of the pole of a magnet, and if the attractive power of 
this pole was suddenly annihilated by placing in juxtaposition 
with it an opposite pole of equal power, this mass would still 
be directed towards this pomt ; but its motion will become 
uniform, and its velocity will be more or less considerable, 
accordmg as the attractive force has been permitted to act for 
a longer or shorter time. 

The impossibility which bodies are in, of exciting motionj 
in themselves, or of changmg the motion which has beenj 
communicated to them, is termed the inertia of matter. ThiS' 
term does not imply that matter is incapable of acting ; for on 
the contrary, the cause of the motion of each material point, \ 
is always found in the action of other pomts, but never in itselfr j 

114 At the end of the time when the distance of the 
moveable from a fixed point taken on thelme that it describes, 
is let V be the acquired velocity, that is to say, the velocity 
of uniform motion, which would have place if, at this instant, 
the force which acts on the moveable should cease to act. 
The action of this force continuing, the space do? which the 
moveable would desenbe in the instant dt^ will be described 
in virtue of this action and of the velocity v \ vdt will be the 
value of the part of dx corresponding to this velocity, which ^ 
would be described with a uniform motion. Therefore, de^ 
noting by e the part of this space which answers to the action 
of the force during the instant dt^ we shall have 
dx zz vdt + f 
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Now, as the velocity varies by insensible degrees, and as 
its variations are solely owing to the action of the force applied 
to the moveable, it follows that in the time dt this action can 
only produce a velocity infinitely small; consequently, this 
same action can only cause to be described a space infinitely 
small of the second order, and evidently less than that which 
would be described uniformly by the body, if at the com- 
mencement of dty it had received all the velocity which would 
be produced during this instant. 

We may, therefore, neglect t relatively to vdt in the pre- 
ceding equation, and then we shall have 


dx 

^or the expression of the velocity in any motion whatever. If 
it were required to determine the part c of the space described 
by the moveable in the time dt^ in virtue of the action of the 
force which solicits it,^ the powers of dt superior to the fiirst 
should be letamed. Now, denoting the distance of the move- 
able from the fixed point at the end of the time t + dt by 
we shall have by Tayloris theorem, 


for the complete expression of the space described in this in- 
stant df. The first term, equal to vdif, is the space due to the 
velocity acquired at the end of the time t , therefore, if the 
third and higher terms are neglected relatively to the second, 
we shall have 


€ = i- 


ePa? 

d^ 


dt^. 


or, what comes to the same thing. 


6 z: \dvdty 

for the part of the space a?' — a? described by the action of the 
force. As the velocity which is at the same time produced by 
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this action is dy, it is evident that the space -which the move-' 
able -would describe uniformly during this tune dt^ if at the 
commencements it had received all this increase of velocity,, 
would be equal to the product of dv and dt^ or to double of the j 
space £ which it actually describes. 

115- When the space described is given in a function of the 
tmae, the corresponding velocity ma y be immediately deduced 

ds 

by m eans of the ^nation Foi example, as the 


moveables in Atwood’s machine, describe spaces -which in- 
crease as the squares of the times, i. e., m which ^ is : : Z to 
• ds 

it follows that ^ is • • / to hence their acq^uiied velocities 


must be proportional to the times duiing which these spaces 
are described ; -which, indeed, this machine furnishes us with 
the means of venfymg. (Nos. 400, 401.) 

Conversely, if the velocity be given in a function of the 
time, by the defimtion of the motion, we can infer h-om it, by 
integration, the expression of the space described. Thus, after 
umform motion, the sunplest is that in which the velocity in- 
creases 01 diminishes by equal quantities in equal times, and 
‘ -which on that account is said to be uniformly accelerated or 
retarded Therefore, if -we denote the constant increment, 
whether positive or negative, of the velocity, in each unit of 
time by g, and by a the velocity of the moveable when t = 0, 
the velocity v at any instant whatever, in this description of 
motion, will be, 

by multiplying by dt, and integrating, we shall have 
ai = i -f ot >+■ \gt, 

for the distance of the moveable from a fixed point of the line 
that it desciibes, h being this distance at the commencement 
of the tune t. ' i 

When the two constants a and& vanish, -we shall have simply j 


z 
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Therefore, the space described as proportional to the square 
of the time , and the velocity acquired at the end of any time 
t IS such, that m virtue of this sole velocity, the moveable 
would describe in a time equal to a space vt double of that 
which it actually describes It follows, that if the space de- 
scribed in the first unit of time be known, we can obtain by 
doubling it, the value of the constant velocity by which one 
uniformly accelerated motion differs from any other motion 
of the same nature. 

The motion of heavy bodies which descend in a vacuo is of 
this description. In the same place, the velocity g is equal for 
all their pomts, so that, in fact, all of them describe vertical lines 
when actuated hy a motion of this kind. This velocity varies 
from one place to another , by accurate experiments, it has 
been proved, that if the second is assumed for the unit of time, 
and the metre for the Imear unit, 

9^80896 

at the Observatory of Paris 

, The force which produces equal velocities in equal times, 
jis considered to be a. constant Jbrce; thus gravity is a constant 
jforce, which implies here that it acts with equal intensity on 
jbodies already actuated with any velocities whatever, and not 
merely as m No 59, that its intensity is the same throughout 

entire extent of a body of ordinary dimensions. 

116. The laws of equihbtium do not imply any particular 
relation between the forces and the corresponding velocities ; 
and to resolve the problems of statics, it is sufficient, if the 
numeri cal relations^ of forces , such as they have been defined 
in No. 6, be known. The laws of motion, on the contrary, 
depend on the relation which should exist between the magni- 
tudes of the velocities produced by given forces , and this re- 
lation, the knowledge of which is indispensable for the solu- 
tion of the dynamical problems, is the same as that of the 
forces, as we proceed now to demonstrate 

Let X and v denote, as before, the space described and the 
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velocity acquired at the end of the time <, and at this epoch, 
let two given forces y and^ act simultaneously on the move- 
able, iiij;he diregtigq of its mptiqn , let u denote the mfinitely 
small velocity that the forced would impress on the moveable, 
if it acted solely for the infinitely small portion of time t, and 
let u' denote that which would be produced by the force/', 
in the same time, if the force /did not exist. I say, that the 
circumstance of these forces being impressed simultaneously, 
will not modify the velocities of which they are sepaiately 
capable, and that the velocity produced by the force Z+jT will 
be w + u\ that is to say, at the end of the time ^ + t, the velo- 
city of the moveable will be t? + % + In fact, the au^ 
mentation of the velocity of the moveable can only depend on 
the time r* to which it will be proportional, and on the state 
of this material point, or in other words, on its position and * 
velocity durmg this same time r , therefore, it can only be by i 
influencing this state that th^ action of the force can modify j 
the velocity wMch will be produced by the force f. Now, as , 
during the time r, the distance of the moveable from a fixed 
point and its velocity? can only vary by infinitely small quan- 
tities, which may be neglected relatively to x and v , its vari- 
ations of distances from other fixed or moveable pomts, from 
which the forces ZandZ' may emanate, may in like manner ^ 
be neglected, consequently, the velocity which the force Z will ' 
produce during this interval of time r, cannot be modified m f 
any manner by the simultaneous action of the forceZ'j and the 
same will be the case, relatively to the velocity produced by the 
foroeZ> which will not be changed in any respect by the action 
ofZ Therefore, the entire velocity impressed on the moveable 
during the time r by the force Z+Z'j will be equal to w + u\ 

It 18 likewise evident, that if the force Zacts in the di- 
rection of the velocity v, and the force Z^ m the opposite di- 
lection, the increase of velocity produced by the foreeZ— Z' 
will be equal to w ~ u\ 

Whatever be the natuie oi each of the forces Zand Zj if 
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they are capable of producing the same velocities in the same 
infinitely small portion of time, we may consider them as 
equal forces. If they are applied in opposite directions at the 
same time, they will produce no change in the velocity of the 
body, if it is already m motion ; and if this material pomt is at 
rest, it will contmue so , this is conformable to the definition 
of equal forces given in No, 5. 

When the force which acts on the moveable in^thc direo 
tion of the acquired velocity becomes double, triple, qua- 
druple, . • • . the velocity which will be produced in this time 
T, will mcrease in the same proportion. On the other hand, 
when this force is reduced to a half, a third, oi a fourth, the 
velocity produced will be diminished in the same manner 5 and 
generally, the mfinitely small velocities produced in equal 
times, in the same or opposite directions from the acquired 
velocity, or impressed on a material point at rest, will be as 
the intensities of the corresponding forces. 

It IS on this general principle that the measure of forces in 
dynamics is founded. It is usually presented as an hypo- 
thesis, heie we give it as a necessary consequence of the cir- 
^ cumstance, that the velocities impressed by any force what- 
ever in infinitely small intervals of time, are always infinitely 
J small, and of this, that m the same time, the displacements of 
;Jhe moveables are also infinitely small. 

117. If the forces to be compared together are constant 
forces, so that each of them produces during the entire time 
of the motion, equal velocities in equal times (No, 116 ), their 
mtensities will be to each other as the velocities which they 
impress, in any equal times whatever, on the same material 
point. When, therefore, these velocities are given by obser- 
vation, the relation of the forces may be mfcried, and con- 
versely, where this relation is known d pi ton^ we can assume 
it for that of the velocities 

For example, let w, w', denote the intensities of gravity at 
two different latitudes, if g\ the velocities acquired m a 
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second, by bodies wHch descend vertically in a vacuo, at these 
places, be known ; we shall have 

wro)'* g 

The relation between these forces w, 0)^5 will be also that of 
the weights of the same body, or of two homogeneous bodies * 
having the same volume, at these latitudes. It appears from 
observation, that the velocities produced by the action of 
gravity increase from the equator to the pole, and that the 
entire increment is very nearly of the least weight, or of 
that at the equator. It follows, therefore, that the weight of 
the same body, transferred from the equator to the pole, will 
increase by and that, in order there should be an equilC] 
brium between two homogeneous bodies placed in these two' 
places^ the volume of the body situated at the equator should 
exceed by that of the body situated at the pole. ^ 

Also if 0) denotes the intensity of gravity in the vertical 
direction, and wj its component in the direction of a line which 
makes the angle a with the vertical, then by the rule for the 
composition of forces we shall have 

(ui = <») cos a , 

and if g^gi^ denote the velocities which would be produced 
in a unit of time by these two constant forces, acting scpa* 
rately on the same material pomt, the proportion 

g i7i'* 

will also give 

gi:=Lg cos a. 

it 

If this heavy material point rests on an inclined plane, 
which makes with the horizontal plane an angle ecjual to 
90 ® — 0, the force w should be decomposed into two others, 
the one perpendicular to the given plane, and which will he 
destroyed by its resistance, the other directed parallel to this 
same plane, which will be the force wj. It is this last force, 
which, abstractmg from the effect oi the friction of the 
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moveable against the mclined plane, will produce the motion 
m a vacuo. This motion being caused by the action of a 
constant force, will be imiformly accelerated, and if Xi and 
denote the space described and the velocity acquired at the 
end of the time we shall have 


= gj;, Xi zz 

in which equations we should substitute for gx its value given 
above. 

This example points out the necessity of knowing, d priori^ 
the ratio of the velocities produced by the action of forces, of 
which the ratio is known , for if gx could not be deduced from 
g, the velocity given by the observation, and if it was neces- 
s ary, in order to apply the preceding equations, to determine 
also by experiment the value of gi, which answers to each 
^ue of the angle a, dynamics would be almost entirely re- 
duc ed to. an experimental science. 

Ql^ In order to measure a variable force, we should con- 
sider its effect for an infinitely small portion of time, during 
which it may be considered as constant. Therefore, in any 
rectihneal motion whatever, let ^ be the force which acts on 
the moveable at the end of the time and which is considered 
as positive, or negative, accordmg as it acts in the direction of 
the acquired velocity, or in the opposite direction. This ve- 
locity bemg V at this same instant, it will be v +dv at the 
end of the time ^ , so that the force (j> will have impressed 

the velocity dv on the moveable in the instant dt* Therefore, 
if <0 denotes a constant loiown force, capable of impressing a 
velocity ^ m a unit of time, and which can consequently im- 
press the velocity gdt in the time dtj we shall have 

: (o::dv : gdt , 
hence we deduce * — - 

When the hnear unit and the unit of time arc onco arbi- 
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trarily selected, the constant and the value of — at the end 

at 

of a given time may he expressed in numbers. This for- 
mula will then make known, at the same instant^ the nume- 
rical ratio of the force ^ to the known force w, and if this last 
be that of gravity, this ratio will be that of the force ^ to the 
weight of the moveable on which it acts. So that if this ma- 
terial point be acted on by gravity, and solicited by the force 
^ in a direction opposite to that of gravity, it will be in equi- 

librio, if we have z= 1. 

gdt 

The preceding formula will be simplified if 6> and g be taken 
for the units of their respective species, which wiU reduce it to 



T^e unit of force^ will be then the constant force, 'whi^ 
would impress on the np^eable, in the unit of time, a velocity 
represented j3y the hnear unit, so that if these two last units 
are the second and the metre, the unit of force will, by the 
value of g given m No. 1 15, be very nearly the tenth part of 
the weight of the moveable. 

It may be remarked here, that this measure — of the va- 
riable force ^ is the velocity which would produce in the unit 
of time a constant force, that would retam during this time 
the same intensity, as the force ^ during the instant dt> Thus, 
in the motion of a mass of iron towards the pole of a magnet, 
which we have already taken as an example, No. 113, the force 
^ depends on the distance from the pole, and is consequently 
variable , but if we suppose, that at a given instant, the pole 
recedes from the moveable, so as that the distance of the one 
from the other may become constant, the force ^ will become 
so likewise, and the motion will be changed into one uniformly 
accelerated, and the increase of velocity in the unit of time 
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^11 be the measure of this force at the instant it becomes 
cffn^tant. 

With respect to the value of e found in No. 114, it is evi- 
dent, we can also write 


It follows, therefore, from this and the preceding* formula, 
that a force may he expressed, either by the velocity which it 
produces m an indefinitely small portion of time divided by 
this time, or by twice the space which it causes to be de- 
scribed, divided by the square of this same time. In motions 
uniformly accelerated, these two equivalent expressions for the 
force obtain also, when the time is finite, and not as in the 
general case, infinitely small 

119. From what has been estabhshed in the preceding 
numbers, it appears that the general formulae of rectilmeal 
motion are — , 





They point out the relations which, in any motion whatever, 
exist between the space described, the velocity acquired, and 
the force which acts on the moveable, and bow these thiec 
functions of the time may be deduced the one from other, 
either by differentiation or by integration. 

By eliminating v between the two last, we have 


<P 




which implies that t is taken for the independent variable, and 
’that its differential dt is constant, an assumption which we 
shall make through this entire treatise, without having occa- 
3 Sion to repeat it again. 

We shall also have by the ehmmatiou of dt, 
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which will enable us to determine r when the force 0 is given 
in a jfiinction of and conversely^ this force, when the velo- 
city IS known in a function of the space described 

In the following chapter, it is proposed to give different 
applications of these general formulae. 

II Measure of Forces having rega)d to the Masses. 

120. Previously to our shewing how the masses should be 
taken into account, in the comparison of forces winch act on 
different moveables, an inaccurate expression, which fre- 
quently occurs, should be rectified, because it has a tendency 
to produce a confusion of ideas. 

Let us conceive, that a body is placed on a horizontal 
plane, and that it is retained there without any friction. If it 
was proposed to make it slide on this plane, it is necessary 
nevertheless, on account of the inertia of mjitter, that some 
effort should be made to effect this , and if to this body a 
second is attached, then a thud, &c , it is necessary, m order 
to produce the same motion, that a more considerable force 
should be exerted In each case, a sensation of the effort, 
which it IS necessary to make, will be pioduced, but it ought 
not to be inferred from this, that mattei opposes any resist- 
ance to this effort, and that there exists in bodies, what has 
been very impropeily denominated a force qf inertia When 
such an expression is made use of, the sensation that is ex- 
perienced, and which results from the effort that is made, is 
confounded with the sensation of a resistance that does not) 
really exist. 

When there is a friction of the body against the plane, 
there is an actual resistance to the horizontal motion, and the 
moveable cannot be displaced on this plane, unless an effort 
is made superior to this resistance. In like manner, if it was 
pioposed to raise the moveable vertically, there is a resistance 
to this motion which must be overcome by an effort that sur- 

2 a 
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passes it. In the two cases, no motion is piotliicetl as long as 
the effoit which is made is not greater than the weight, oi 
than its adhesion to the horizontal plane , but it it he sup- 
posed that the body has no weight, or that it does not cx:pe- 
rience any resistance from friction, it can he put m motion, 
however feeble the effort that is made, oi however great the 
mass of the body on which it is e'ceited ; and if it is necessary 
to make a greater effoit, in older to communicate the same 
motion to one body than to anothei, it may he infcned that 
the first consists of a gi eater quantity of mattei than the 
second and if the magnitudes of these efforts could be accu- 
lately compaied together, theii ratio will be that of the masses 
of these two moveables. It is on a considciation similai to 
this, that IS founded, as we now proceed to show, the measure 
of the masses deduced fiom the magnitudes of the foiccs, 
which cause them to move, and conveisoly, the measuie of the 
forces, the masses and velocities being lespectivcly taken into 
account 

121. The masses of two mateiial points, belonging to 
bodies which may be of diffeient natuies, aie equal or unequal 
according as forces, which aie assumed to be equal, unpiess 
on them in the same time, equal or unequal velocities. Let 
us suppose foi gieatei clearness, that the foices applied to 
these two points aie vertical, and that when placed on the two 
dishes of a balance, they aie in equilibiio. These foiccs will 
be equal on this hypothesis, and this being the case, if the 
two points aie lendered entiiely fiee, and if the same foiccs 
excite motion in them, then masses will be equal oi unequal, 
according as the infinitely small velocities with which they aic 
actuated in the first instant, axe equal or unequal. 

When, m this manner, the masses of diffeient mateiial 
points aie ascei tamed to be equal, othei points of which the 
masses may have any i elation whatever, will be obtained by 
uniting these together. Thus, denoting the mass of each 
of the equal pomts by /i, and by the masses of two 
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othei points made up of n and n’ of the first, m and m‘ 
will be to each othei as these numbers % and w', and we shall 
have 

m =: = n^ii 

Now, let be infinitely small velocities, ^ and 

integial numbcis, and 

V ZZ ZZ l^U 

If the two foi cosy* and y^impi css on the masses m and 
the velocities v and v' in the same instant, we shall have 

f f' mv 

In fact, the foice/may be considcicd as the sum of n equal 
loiccs, which would impiess the velocity v> on each of the n 
equal points, of winch m is composed, so that denoting one oi 
these equal foices by A, we shall have 

/= nk 

Moicovei, let h be the foice which would impress the ve- 
locity u on each of these equal points, duiing the same instant, 
that the foice k impi esses on it the velocity v These foices 
acting on the same mateiial point, will be to each othei as the 
velocities xi and v (No 116 ), and, because zz theic will 
iesult(r/) 

k = xh 

We shall have also 

f:=in'k\ 

f being considered as the sum of the foices A', capable of 
impicssing the velocity on each of the equal points of which 
x)i! IS composed, and li denoting the foice which would im- 
piess on each of these same points the velocity u. Now, as 
A, //, aie foices which aie capable of impiessing in the same 
instant, the same velocity u on two points of equal mass, 
namely, on two points of which the common mass has been 
lepicsented by /4, it follows fioin what picccdcs, that wc must 
have A'zz A* Then by means ol the picccding equations, wo 
diall have 
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fzzinh^ f—i'n^h', 

and, if we take into account the values of rn^Tiz^ y, there will 
result the proportion which it was proposed to demons ti ate. 

122 This being established, let us considei a body of any 
magnitude and form whatever, all the points of winch dcsciibc 
parallel hues with a common velocity, which may moieovoi 
vary with the time. Let this body be divided into an infinite 
numbei of material points equal in mass, such as they have 
been just defined The motion of all these points may be 
ascribed to foices which are equal and paiallel thiougliout the 
entne extent of the moveable, then ic&ultant loi any pait ot 
this body, is equal to their sum, and applied to the contic oi 
gravity of this part. The foices coiiesponding to any two 
parts will be therefore to each other as their masses ; conse- 
quently, if /* be the entire force which acts on the moveable, 
m its mass, and ^ the force which answers to a part of this 
mass, taken for unity, we shall have 


fzz 

With lespect to the foice 0, it will bo piopoitional to the 
iuciease of the velocity of the moveable duiing an infinitely 
small poition of time; and if v denotes this velocity at the 
end of the time we may assume for its mcasuic, as in No 
118 , 

^ do 

Hence there will result 

^ do 

-di’ 


foi the expression of the foice in any motion wliatovcn, the 
mass of the moveable being taken into account, and till it s 
points being supposed to be actuated by the same velocity# 
This foice J? which is the resultant oi sum of all the in- 
finitely small foices, with which all the points of which tin' 
body IS composed, aie actuated, is teimcd the nioifiu 



OF THE MEAbUllL OJb FOKCIib 


181 


the factor ^ of its value is called the accelerating foi ce^ 
and is no othei thing than the motive force referred to the 
unit of mass 

The motive foice becomes a piesbiire^ when the mass on 
which it acts, lests on a fixied plane peipendiculai to its tli- 
lection. A picssure and motive foico differ from one anothei 
in the ciicumstancc, that the velocities which a pressuie tends 
to pioduce, aic continually destioyed by the lesistance of the 
fixed plane that suppoits it, whilst those which are actually 
pioduced duiing each instant by the motive force accumulate 
in the body, so that after a finite time tlieic lesults in it a 
finite velocity. Two picssuies aie to each othci as the masses 
multiphed by the infinitely small velocities, which they tend 
to impress on them in the same instant, and whieli, in point of 
fact, they would impiess on them, if these masses were fiee. 

123, If the motion that is common to all the points of a 
moveable be a uniformly accelerated one, and if g denotes the 
inciease of velocity which has place in each unit of time, we 
have 

^ /= mg. 

Likewise, foi anotlici constant foice acting on amass m', 
and piodacing a velocity g\ in a unit of time, wc shall also 
have 

fzrim'g' 

Now, it appeals liom obseivaiion, that two heavy bodies, 
whatcvci difference theic may he in the matter ol which they 
consist, acquiic the same velocity in falling m a vacuo dunng 
the same intcival of time. Hence, iii the case of giavity, wo 
have q = fj\ and consequently, the woiglitsyaiuiy*-' of any two 
bodies aic to each othci as then masses ni and 7n\ as has been 
assumed in No 00. The sole fact, coiifiimod l)y daily ex- 
peueiicc, that hctciof)cne()US l)0<lieb have ccpial woigliLs undei 
dilteient volumes is not bulliueat to decide the question, 
whctliei thou masses aie ecpial oi unequal, it is uecossaiy to 
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know besides, whether gravity impresses the same motion on 
them, to be able to mfei from the equality of the weights, the 
equality of the quantities of mattei. 

The weight of a heavy body which falls in a vacuo, is its 
motive force, and the giavity its acceleiatmg foice. For the 
sake of conciseness we give the name of graoity or weight to the 
velocity^, which, howevei, is only the mcasuie of this foicc 

124. If given forces act on the surface, oi on othei paits 
of a solid body, and if these forces impiess on all its points, 
equal and paiallel velocities, they must have a unique icsuli- 
ant, which will coincide, in magnitude and direction, with the 
motive foice, that has heen defined above, and the acccleiating 
force IS obtained by dividing it, by the entue mass ot the 
body. 

If, for example, we conceive a heavy body to descend in an, 
in water, or in any other fluid, and if it be symmctiical as to its 
foim and density, about a vertical axis, when it is not homo- 
geneous, it IS evident, that as every thing coiiesponds on 
each side of this axis, all the points of the body will dosciibe 
vertical hues , m which case, since the body is solid, all its 
points must, at each instant, be actuated with the same velocity. 
The lesistance of the medium, which acts on the suifacc of 
the body, will consequently be reduced to a foice acting in 
tlie direction of the axis of its figuie. Denoting its intensity 
at any instant whatever by e, the coiiesponding pait of the 
accelerating force of the body by and its mass by m , "vv o 
shall then have 



As this foice acts, duung the descent of the body, in a 
diiection contiary to that of gravity, the entiie acccleiating 
force will be ^ If the body is projected peipendiculaily 

upwaid, the two foices would act in the same duection, and 
the total acceleiating force will be negative and equal to 
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The tlieoi y of the resistance of fluids is not sufficiently 
advanced to enable us to determine, d pnon, the value of r, 
which will depend on v the velocity of the body, on its form, 
and on the density and nature of the fluid It is commonly 
assumed to be piopoitional to the square of v, and to the den- 
sity of the fluid, so that if tins density be denoted by p, we 
shall have 

R zr crplPy 

or being* a coefficient depending on the form and dimensions of 
the body, on the natuie of the fluid (namely, whether it is 
liquid 01 aciifoim,) and on its tempeiature. 

In the case of a sphcie, the coefficient o* is assumed to be 
piopoitional to its suiface, oi to the squaie of its diametei. 
So that if we denote its ladius by r, and its density by d, m 

47r 

which case its mass 7ii will be equal to theie will re- 

sult, 



y denoting a numeiical coeflicient which will be the same foi 
all sphcics, the actual value of which must be determined hy 
expeiiment foi each paiticulai kind of fluid As this quantity 
-[p IS ol the same natuic as it follows that if ft denotes a 
given velocity, \vc should have 

I)/ ft^ 

7P~ ’ 

in ouloi that the cxipicbfaiou ol i// may assume the foim 



conlonnably to the piinciple ol the homogeneity of quantities 
(No 2;5) 

12,i. The same constant foi cc acting successively on chf- 
leient masses, will pioducc mufomly accoleiatod motions, in 
■ttliich the accelciatmg ioiee, oi the constant lucicment ol 



184 


OF THE measure OF FORCES 


the velocity in each unit of timej will be in the inverse i atio 
of the mass 

Thus, for example, /being the weight 7)ig of a mass 
if this mass he suspended to the extremity of a thread attached 
at its other end to another mass m'laid ou a horizontal plane, 
it is evident, that if the friction and the weight of the vcitical 
part of the thread aie not taken into account, these two masses 
will both move with the same unifonnly accclciated motion 
pioduced by the motive force / Thcicfoic, if the acccloiating’ 
foice of this motion he denoted by we shall have 

/ 

^ on 

or, what comes to the same thing, as/= 
g'—g cos a, 
in which a denotes an angle, such that 
m zz i))i + m^) cos a. 

Consequently, the motion m question will be the same as 
that of a heavy body on an inclined plane, which makes thc'^ 
angle a with the veitical (No 117). 

All bodies being moveable and susceptible of acqiuiing' 
velocities which aie m the inverse ratio of tlieii masses, when 
they are subjected, duiing the same time, to the action ol the 
same foice, it follows, that no body can be considoied as 
really /Tee? , those which are said to be so, aie bodies wliieli 
have very great masses relatively to those, on which tlie mo- 
tive forces which are applied to them, depend, and which con- 
sequently, only receive extiemely small velocities liom the 
action of these forces At the suiface of the earth, bodies 
attached to this surface, constitute one mass with that ol* 
the terrestrial glohe; and in fact, if m! in the pieceding ex- 
ample, be assumed to express this mass, it is evident that the 
velocity g' which will be impiessed on it, in the unit of time, 
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by a weight mg concsponding to a mass w of oidinaiy magni- 
tude, may be consideied as altogcthei insensible 

126. It IS usual to Icim the pioduct of the mass of a body 
by its velocity, its quanUtif of moUon, This expicssion will, 
agiecably to custom, be still made use of, though it would be 
more coiiect to substitute that of the quantity of velocity^ 
since it IS the velocity that mheies in the body, whereas the 
motion IS only a subsequent effect. 

No foice whatevei can pioduce instantaneously a finite 
quantity of motion. The shock of a solid body m motion 
against a solid body at lest can impress on this last, in a space of 
time which, though vciy short, is not infinitely small, a velocity 
which may be sometimes veiy gicat , and, dmingthis inteival 
of time, the two bodies do not sufter any sensible displacement 
Though they may be supposed to be ever so haid, they aie 
always susceptible of some compiession, howevei little it may 
be, thus the velocity IS tiansmitted fiom the one to the otliei by 
infinitely small degiees, and if the elasticities of the bodies is 
not taken into account, then mutual action ceases, when then 
velocities become equal. 

This rapid tiansmission of velocity, without any sensible 
displacement of the masses, is what is tcimcd a peicusston or 
impulsion, it IS equivalent, as appeals, to a motive foicc acting 
foi a vciy shoit time, with a very gieat intensity By coii- 
sideiing the peicussion in this maunci, as the sum of the in- 
finitely small actions of a motive foicc, it can be shown, 
that it IS lesolvaldo into two othoi poieussions acting in given 
diiections, by the lule of the composition of foicos, as also 
each of these successive actions II, foi cxam])le, theie be 
diicctcd against the liack of a wedge, a noiinal peicussion 
which we shall denote by r, it is lesolvable into two other 
pcicussions perpendiculai to its two /aces, and it (i, (i', lepie- 
sont those two components, k, k', tlio leiiglbs of the laces to 
wlncli tliey letei, and ii tlui< of the liack of the wedge, it is 
easy to peiccive tliat by the lule adveitod 1o, wo sliall have 

2 u 
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Q P K’H, 

q':p: k':h, 

hence we deduce 

PK , pk' 

Q =: — , a' = — 5 
H H 

ThuSj supposing that this pcicussion. p arises fiom a mass 
m which stiikes the back of the wedge with a velocity a, its 
two faces, 01 lathei the fi^cd obstacle against which they arc di- 
rected, will be in the same ciicumstances, as if they weie struck 
perpendicularly by the same mass actuated by velocities 

pioportional to their lengths, and expressed by —and — . 

127. If a sohd body at rest is stiuck at the same time, m 
opposite diiections, by two other bodies, of which the masses 
are m and and the velocities v and then if these thiee 
bodies are symmetrical about the same axis as to then loim 
and density, and if all the points of the two List move paiallcl 
to this line, their peicussions on the iiitei mediate body will 
constitute an eqiulibiium, when the quantities ol motion mv 
and m^v' are equal, that is to say, these quantities of motion 
will in a very short portion of time be tiansmittcd into the in- 
termediate body, and will mutually desk oy cacliothci’s cfiect, 
without this body being at all displaced 

The equilibrium will equally obtain, if the intci mediate 
body be suppiessed, and if the tiansmission of velocity takes 
place at once fiom one body to the othci- Thus, two solid 
bodies which move towaids each othei in opposite diiections, 
will, if we abstiact from a consideiation of the elasticity, be 
reduced to a state of quiescence, when then masses aie in the 
inverse ratio of then velocities , and conveiscly, the products 
of the masses and velocities are equal, when there is an equi- 
hbrium in the impact of two solid bodies 

In such a case, the two bodies are supposed to be, as was 
stated, symmetrically disposed about the same right line, and 
the directions of the velocities of all then points aic assumed 



OF THE MEASURE OF FORCES 


18 T 


to be parallel to this line, which is the one that passes through 
the centics of gravity of the two masses The condition of 
equilibiium m the impact of these bodieSj is consequently, the 
cquahty of theii quantities of motion, or the equation 

im == , 

m and m‘ being theii masses, and v and v* their velocities In 
a subsequent part of this treatise, we will determine the mo- 
tions which have place aftei the impact, when these conditions 
relatively to the magnitudes and diiection of the velocities, and 
with respect to the form of the bodies, are not satisfied, and also 
when their elasticity is taken into account 

It lesults fiom this law oi equilibiium in the impact oi 
two bodies, that percussion should furnish the most diicct 
means of measuiing the mass of bodies. A known velocity a 
bemg impiesscd on all the points of a body, the mass of which 
is taken foi unity, if we could deteimine exactly the velocity 
V with which all the points of another body should be actuated 
in order to constitute an equihbiium with the first, when they 
impinge on one another, moving in opposite diiections, the 
numciical value of the mass of the second will then be the 


latio - , 

V 


but it is ncaily unnecessary to state, that this means 


is impiacticablc, and that wc should always icfer to the weights, 
when it IS icquiiecl to mcasuie then masses 

It also iollowb, that two pcicussions cxcicised on a solid 
body must be deemed equivalent when they pioduce equal 
quantities of motion , so that m the example of the pieceding 
numbei, the back and two faces ot the wedge will cxpciience 
the same eflects, oi will bo stiuck with the same cncigy, if 
loi the mass ??i and the velocity a, thcie be subbtitutcd a mass 
m' and a velocity c//, such that wc may have J/fa =: 

128 When two peicussioiis, ausing horn velocities which 
aie in the iiiveise laiio ol the masses, aio simultaneously ex- 
cited on the two dishes ol a balance, theie will be an eqmli- 
biuun between them , in this case thi* balance supplies the 
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place of the inteimediate body \!vhich was consideicd iii the 
preceding number. Foi example, this will be the case of 
two heavy bodies, of which the masses aic m and and 
which impinge at the same instant on those two dishes, having 
respectively acquired velocities and y' which aio such that 
we have mv = 

If the mass m is at rest in one of the two dishes, its 
weight will exercise a pressure which will be geneially ovei- 
come by the percussion of the other mass ; but it is not accu- 
rate to say, as is generally done, that this will be always the 
case, however great the pressure may be, or however small 
the percussion In fact, we can substitute for the peicussion 
of a motive force acting on one of the two dishes, without 
sensibly deranging it, during an extremely shoit space of tunc, 
such as T. Denoting by m'udt the infinitely small quantity 
of velocity, which this variable foice is capable of pioducing 

during the mstant dt^ the pioduct 7n' udt will bo the quan- 
tity of velocity which will be communicated to the baLince 
dunng the time r. Duiing this same time, the weight of 
will produce a quantity of motion rcpicsented by g de- 
noting the gravity In order to an equihbnum in the sys- 
tem, it is necesssary that the integral udt should be the en- 
tire velocity 2;' with which the mass m' is actuated at the 
instant the percussion commences, so that there may not 
remain any degiee of velocity when the shock has ceased, and 
this being so, it is sufficient that the quantities of motion ^ngr 

and impressed m opposite directions on the balance 

while the shock is going' on, should be eq^ual to each other 
Hence the condition of this equilibiium will be oxpicsscd )>y 
the equation 

m'v'sz mgr, 

and according as we have m'l}' > mgr, oi m'v' Z mgr, the pci- 
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cussion will picvail over the piessurc, or the prcssuie over the 
percussion. Now, although the time r may be extremely 
small, this last case is possible, the mass m being supposed to 
be sufficiently great with legard to in order that it should 
be impossible, it is nccessaiy that the duration of the per- 
cussion be infinitely small, which is not the case in nature. 

As in dynamics there is a constant application of the piin- 
ciplcs that have been explained in this chapter, it is of great 
consequence to have accuiate notions of them, before we pro- 
ceed to the icsolution of the different problems relative to the 
motion of bodies 
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129* It appeals from No 1 19, that the equations of iccti- 
hnear motion are 


V 


ds dv 

dt’ 




_ d?x 
~d?’ 


( 1 ) 


(the last of which may be deduced from the two others ,) in 
these expressions x denotes the distance of the moveahlc at the 
end of the time t from a fixed point in the line which it de- 
sciibes, V denotes the velocity which it has acquired, and <p the 
force that solicits it, which is positive or negative according 
as it acts in the same or the contrary diicction from that of 
the velocity v. These equations are applicable not only to an 
isolated material point, but also to a solid body of any magni- 
tude whatever, of which all the points describe parallel right 
hnes, and which consequently wiU be endowed with a motion 
common, to all its points , ^ in this case will be the accelerating 
force, equal to the motive force divided by the mass of the 
moveable. 

The value of (p is supposed tobe given in each problem, and 
the question will be to deduce from the preceding equations, 
the expressions of v and x in functions of t* They will contain 
two constant arhitraries, the values of which can be deter- 
mined from those of x and v at the commencement of the 
motion, and which must be given in each example. In the 
problems which follow, the time wiU be always leckoncd fiom 
this commencement, so that the given values of x and d 
answei to ^ o. 

The integiation will not be geneially possible in a finite 
foim, except when p depends only, as in the following ex- 
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amplcs, on one of the quantities oc When the given 
value of ^ contains all the three, oi even two, the values of oj 
and V can only he expressed by a series. 

130 Let the loice ^ be fiist supposed to be constant, 
then if it was requiied to deteimine the veitical motion of a 
body, winch descends in a vacuo, inviitue of thefoice of gia- 
vity, we shall have 

(Px 


(j denoting this force , hence we deduce, 
vzz gt, X- I gPy 

and, consequently, 

X being the distance from the point of departme of the move- 
able, and the initial velocity being supposed to bo cyphci, so 
that wc have a; = 0 and u = 0, when i — 0 

If a denotes the velocity acquiicd in descending thiough 
the height 1i, we shall have 

a = v/Ip , 


which IS a convenient cxpicssion foi the velocity in lei ms of 
the height, thiough winch a heavy body should (all to aeipiiio 
this velocity, and ot the constant velocity (j 1 he tune ol 
falling thiough this height being denoted by 0, wc shall also 
have 



h=lr/0^= 




It the body is piojeclod vcitically upwauls, the equation 
of its motion in a vacuo will be 


d-x 

dl^ 


-<J, 


q being the same constant velocity as in the piccoding case, 
since the action ot giavity on bodies in motion is siqiposed to 
he independent ol the diicction m vhicU they move, as veil 
as of the magiulude ol then velocity. 
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If the initial velocity be denoted by we shall Lave 
gt, x'Tzat ^ ^gt% 


which expiess respectively, the velocity and space clesciibed 
in any instant whatevei. It is evident, that the moveable 
will continue to ascend until this velocity vanishes. Theie- 
fore, if 9' denotes the tinae duiing which it moves until v 
vanishes, and h' the height to which it will attain, we shall 
have 



and as these values coincide with those of 9 and h of the pie- 
ceding case, it follows that a heavy body piojected voitically 
upwards with a velocity a, ascends in a vacuo to a height, 
from which, if it fell, it would acquire this same velocity, and 
the time it tabes to attain this height is equal to that of its fall , 
h IS commonly called the height due to the velocity ez, and 
conversely, a the velocity due to the height U 

131 Whether the body ascends or descends, it will be suf- 
ficient in order to obtain the equations of its motions on an 
inclmed plane, to substitute in the pieceding equations g •lob a 
in place of a denoting, as m No llT, the coinpleinent of 
the mchnation of the given plane to a horizontal plane. 

Hence, m the case of descent, we shall have 


vzzgtooBai asrzj^^^cosa, = 2 COS a , 

now if Zbe the length of the inchned plane, and It its heiglit, 
we have 

A = Z cos a , 

therefore, if A denotes the velocity acqmied m falling tliiougli 
I the entne length of the plane, we shall have also 

= 2gl cos a = 2<jh , 

V hicL shows that this velocity is the same, as if the body h.ul 
fallen though the vertical height h. If abc (fig. 34) be the 
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uicumfoicTice of a aide situated in a vertical planc^ and if 
All lepiosonts ita veilical diametei, wc can deteimiiie, by means 
ot the pi eccdiiii> equations, llie time which a heavy mateiial 
point vould take to dosenbe the choid ac, which is terminated 
at the supeiioi extiemity of this diameter Foi if fiom the 
point c tlie pcipendiculai cd be let fall on ab, we shall have, 
in this case, 

VC = /, AD = A , 

aiul it tlie reqmicd time be denoted by 0, then 
/ = i^e-cosa = 

but l)y a known piopeity of the aide, wc have 

P=hb, 

h denoting’ the diamctei ab , hence we can obtain 

9 = = l/i 

//A ff 

hut this tunc ill (>f the fall tliiough the veitical height 
h , consoqueiitly it lollows, lliatthc choid AC will be desciibed 
in tlie same tunc as ihe diauielei au The same lesult would 
be obtained, it tlio time ot desciilimg the choid ( li wliidi is 
diawii to thelowoi extionuiy of the veiiical diamclei ab be ic- 
quiiod, toi this tmio is also equal to tliat ol dcbciibiiig tlievoitical 
diainctei. As then it appeals, tluit the time of desaibiugany 
choid diawn to eitboi oxiicmity ol the veitical diametei, is 
alnaifs the same, and iiHlei>eiulent of the length ol the choid, 
It will be the ease, \dicii the dioiil becomes indefinitely small, 
wbidi aiises liom this, that then the component of the gra- 
vity HI ihe (liiectiou ol the infinitely small choid is no longer 
a hnitc quantity 

i:V2 Let now the motion of a solid body, whidi descends 
Ol whidi IS piojected uj>wauls, m aiebisting medium, and of 
wbidi all the pouits descubc light lincb, he consuleied In 

2 ( 
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order that the accelerating force may depend solely on the 
velocity, the density of the medium is supposed to he cvciy 
wheie the same. 

In the case of a descent, we shall have 


the resistance being supposed to be propoitional to the squaic 
of the velocity (No. 124), andA denoting a constant and given 
velocity As this value of ^ is a function, of we must make 
use of the second equation (1), and shall obtain from it(r/). 


gdtzu 


k^dv 


k f dv 

2 im? 


dv \ 
k^vJ 


By integrating and supposing that the initial velocify 
nothing, so that 2 ; :z: 0 when ^ zz 0, there icsults 


and, conversely, 
hence we obtain(5) 




k— V —igt 

:=c * ; 


k + v' 


v — 


f ^ ■zM\ 

M zzil * 
c + e 


(^) 

In tiese and similar expressions, e denotes tlio base oi the 
Naperian system of logauthms. and a logantlim of this 
species however m foimnlje, m which the base ot those 
logarithms does not occur, the letter e will be employed to 
represent other quantities. Its value computed to an accu- 
rate approximation is 

e= 2,ri828l8, 

and that of the constant modulus by wHch the Napoiian 
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logaiitlim of any number should be multiplied, m order to ob- 
tain the vulgai logaiithm of this number, is 


0,4342945- 

Since djc = vdf^ we shall have by integrating and sup- 
posing that a; = 0 when ^ zi 0(e), 


a; = — log •+• e * j 


We have also 


and, conbcquently(rf), 


, h^vdv 
= AW’ 


T = — l02 


0‘ 


,1 ’ 


( 3 ) 


( 4 ) 


IS the value of a:, considered as a function of v 

133 The preceding foimulae enable us to solve the pio- 
blem completely It appears from a consideiation of thorn, 
that the time being supposed to inciease contmually, the mo- 
tion appioaclies moie and moie towauls unifoimity, and that 
it becomes sensibly unitoim when the velocity aiising fiom 
the action of giavity, is vciy gieat relatively to h In fact, 
zleL 

if ^ , which in this case is a vciy small fi action, be neglected, 

we havc(e) 


u = A, ^ 0, rc ~ Af — — log 2. 

U 


Ab the lesibtance of the fluid is a force which acts on the 
suiface of the body, tlic motive foiec that results horn it is 
independent ol the inass, and will be the same, whetliei iho 
body consists of a voiy dense inattei, oi whetlici the inteuoi 
mattei be taken away altogethei, and nothing left but a veiy 
slendoi envelope Now, as the acceloiating loiceis e(pial to 
the motive foiee divided by the mass of the body, it follows 
that the hist of those two foiocs will, cvciy thing else being 
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the same^ be m the inverse ratio of this noiafes, and conso- 
queiitly(/) A will be in the dnect latio of its squaic lOot 
This IS the reason why the final motion in a icsistiiig medium 
IS more lapid foi those heavy bodies, whose density is gu\itei, 
the form and extent of surface being- supposed to leinani the 
same When the density of the medium is inconsulemlile 
relatively to that of the body, the quantity A is voiy guMf, 
and in this case the motion will not appioach to oiu‘ of unn- 
formity until after the lapse of a con sulei able long ill of tiiiu' 
As long as the velocity gt does not become voiy coiisuleiable, 
we obtain in converging series 



Hi 


^ ^ l.i 


r/V' 


2 J 2/i< 


+ fic {<J > 


and foimulse (2) and (3) become 






% = \gt- 


1 2 3 2 /'-* 


+ 


They aie reduced, us ought to he the Ciisc, to those w hu li 
a motion uniformly acceleiatcd -would give, vvlion tlio donsity 
of tie medium entirely vanishes, in which case the (j^iuiiitity 
A becomes infinite 

134. In the case m which the body is piojcctod pcipuu- 
dicularly upward, we have 



Ifitssupeiioi surfece is the same as its mieuoi suiface, flu‘ 
constant k will be the same as in the case of clescoiit , Imt il 
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these two portions of its surface aie diflFercnt, the values of I 
will be so likewise , foi example, if the projectile was a cone 
of which the base was hoiizontal, the quantity k would m its 
ascciiscional motion be gieatei oi less than in the descent, 
accouhng as its summit was situated above oi beneath its base 
II loi gieatci clearness the body be supposed to be a homo- 
geneous spheie, of which the ladius is ; , d its density, p that 
of the medium, then we shall have 



y being a constant arbitraiy depending on the natuio of the 
medium, (namely, whcthei it be liquid oi aeiiloim,) and on 
its tempeiatuio If tlie pieeedixig value oi lie substituted in 
the second equation (1), thcie will lesult 

/tdv ^ gdt 

which, by integiatmg, and denoting the initial velocity of the 
body by a, givos(/i) 

aic (tang = = aic (tang = ^) — 

The value of v wdiicli lesults fiom tins evpicssioii may lx* 
wiittenuiidei tlic foim 

k{a cos — k sin 

iZ 

a sill + k cos 7 

By mulliplying this expiession by and intcgniting a 

second time, so that when ^ = 0, a; may be tdso equal to 

cyphei, thcie iebults(/) 

F (jt (}t\ 

a. — - lo<» I -T bin + cos 1 
q ^ H A J 

We shall also have 

kWt) 


qd r z: 
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aud, consequently(A), 


X 




If we make ^ — a? aJid tlen suppose a rz 0, in order that 
these formulae may be applicable to the case of a body moving 


in a vacuo, they will assume the form and by the known 

rule foi determining the value in these cases, we find, as we 
ought, 


v=za^gt, xzzat-^ , 

a lesult which we would arrive at by expanding these foimulae 
Jnto a senes as m the preceding number (?). 

135. If A denotes the greatest height to which the body- 
can attain, and which corresponds to z; n 0, we shall have 


h z= 



~F“* 


Likewise if 9i denotes the time it takes to attain this height, 
its value will be {m) 

0i=jare(tai)g=r|) 


Atter having attained this height, the body will fall back, 
and its motion wdl be expressed by the foimulse of No 132 
If a' denotes its velocity, when it will have fallen back the 
entile height h, we shall have, by means of equation (4), 

and by making this value of h equal to the preceding, thcio 
results 

h^ + a^ 


a 


n 




and, consequently, 
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hence it follows, that a! is less than a, so that the velocity of 
the body, when it returns to the point of departure, is less than 
its initial velocity, 

Albo, it 0' be the tune of the entiie descent, in which case 
V zz a\ we shall have 





which, by substituting foi a! its value, becomes 



-j- /i”" "t" 

V*^ Cl” *b* ^ 


it IS evidently different fiom the value ofO, the tune ot ascent. 
Wc obtain a simplci cxpicssion, by multiplying both the nu- 
mciatoi and denominatoi of the fi action comprised undei tlic 
logaiithm, by i/a'* + -* hy which means we get, 

0' zz -log — ~ ; 


and if 0 denotes the entue time 6'*+ Oi, which the body takes 
111 ascending and descending, wc shall have 



(tang : 



It 

4- — a 


If the body be a bullet shot into the aii by a cannon d.- 
loclod veitically u])waid, we can, notwithstanding the lapuhty 
ol tins motion, deteunine the time 0 with some piccision, and 
if wc know likewise rr the velocity of piojcction, Ihopioceding 
equation would enable us to deteunine the value of //with lespect 
to tlie ladiiis of the liiillet. Also, hom a consideration of 
the expiessioii of/t^ given in thepiecoclingiiumbcn, it ajipeais, 
that il A' denotes what k becomes, with lespect to anotliei 
bullet consisting ol the same kind of mat tci, and oi which the 
ladiiis lb cupial to wc shall have(o) 
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136. If the effect of the foice of gravity ib not taken into 
account, the solution of the problem pioseiils a leinaikablo 
singulaiity, ■when, the resistance of the medium is supposed to 
be pioportional to a power of the velocity which is less than 


unity 

Suppose, for example, that 


g and k representing, as befoie, the foicc ol giavity and a given 
constant velocity The equation of motion will be 



horn which, if the value of gdi be deduced, we obtain, by in- 
tegrating and denoting the initial velocity by r/, 


cjtzz V'k^s/a-' V" 


and, consequently, 




Multiplying the members of this equation by df^ «ind in- 
tegiating a second time, so that wc may liave ^ = 0 when 
^ 3 : 0 , we obtain foi the value of the space passed o\oi <it a 
given instantQy), 



It appears fiom the value ol that tlie vtdocily diiui- 
nishes fiom the commencement ot the motion until tlu* iiistant 
, , \/ ah 

in which — - , at this instant, the velocity vaius!»os , im- 
mediately after, the motion continues in the same diie^^tiou 
as before, and the velocity increases iiidchnitoly 15ul <is the 
velocity vanishes at a certain instant, the acceleialiiuj; loue 
vanishes at the same time, consequently the body should stop 
at this instant and remain at rest Now, it ought to bo u*- 
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maiked, that the equation of the motion admits a particalai 
solution V = 0 , so that its complete solution is the sum ol its 
iiitcgial and of this equation v =: 0 , it follows, theiefore, that 

the piobiom IS resolved fiom ^ = 0 to ^ z= by the inte- 

^i>ra,l of the equation of motion, and beyond this value of by 
the paiticular solution. During the first interval of time, the 
body desciibes, with a motion contmually retarded, a line 
, as/Tih 

equal to — - , at the extremity of which it stops and le- 
mains at rest- 

This example, which is purely hypothetical, suffices to show 
how necessaiy it is to take into account particular solutions of 
the (lilleicntial equations of motion, if there are such ; it ap 
pears, however, fiom the expressions for the forces in func- 
tions of the acquired velocity and space passed over, which 
have place in natuie, that no such case actually occuis. 

13T We now propose to give some examples of motions, 
in which the accelerating force vanes with the space passed 
ovci 

The simplest case is, that of a mateiial point attracted 
towauls a h\ed ecu tie m the duect ratio ol the distance fiom 
this point, winch is supposed to exist on the right line that 
tlio moveable desciibes. Let z bo this distance at the end of 
the time ty and lot i,lic acccleiating force at a given distance a 
1)0 supposed equal to the giavity^^, by the given law, we shall 
have 



ior its value at any instant whatever If £c is the space 
desciibcd at this same instant, and if c be the distance of the 
point fiom the centie of attraction at the commencement of 
the motion, which is supposed to be directed towards this 
centie, we shall have 

2 n 
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= C — 




dz 

Te 


and the third equation (1) -will become 

Its complete integral is 


jg: z= A cos ^ 




A and B denoting two constant arbitraries 

If the initial velocity of the moveable is supposed to be 
nothbg, -we shall have at the same time 


^ = 0 , 


hence we deduce 



andj consequently, 


A =: c, B = 0, 
« = ccost\^ 


From this formula it appears, that the distance z is nothing, 
or that the pomt will reach the centre of attiaction at the end 
of a time which is independent of c the distance(g^) of its point 

of departure, and equal to , aftei that, it will pei- 

9 

form oscillations on each side of this centre, of which the con- 
stant amplitude and duration will be respectively equal to the 
distance c and the time 



138) For another example, let the motion of a heavy body 
in a vacuo be considered, the height from which the body falls 
being sufficiently great to require, that during its fall, the va- 
riation of gravity should be taken into account. 
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Let BAE (fig 35) be a veitical great circle of the eartlij d 
the point fiom which the body departs in this plane, m its 
position at the end of the time on the right line dc, which 
IS drawn from D to c the centie of the eaith, and meets its 
surface in a Let ca the radius, be lepresented by the 
height AD by A, dm the space passed over by the body by 
and CM, its distance from the centre c, by z, so that we may 
have 

z rz 7 + /i — a; 

The acceleiating foice ^ will be the gravity at the point 
M , if ^ denotes this gravity at the surface of the eaith, that 
IS to say, at the point a , and if its intensity be supposed to 
vaiy in the inveise ratio of the squaic of the distance fiom the 
centie c, we shall have 

r .z^i 

hence we obtam 



by means of which the third equation (1) will become 
(Px ^ 

dP ”” + — 

If its two members be multiplied by 2rfa, and then inte- 
giated, we obtam 

o .2/ ^ 

the constant arbitiaiy being determined by making — zzO, 

(IC 

when ^ =z 0 ; by means of this expression, the velocity ac- 
quiicd by the body, at any distance such as x fiom the point 
of depaituie, can be determined At the point a, where x = A, 
this velocity will be(/) 
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and consequently less, as it ought to boj than if the intensity 
of gravity was the samej through the entire height A, as at 
the smface Fiom the preceding equation we obtain(A) 



Now, from a comparison of this diffeiontial equation with 
the equation (a) of No. 73, it appears that if a scini-eycl<)i<l 
HOC is constructed, which may have its summit at i), its ongiii 
at the point o, situated on the line oc which is pcipcndiculii 
to the right line cn, and the diameter of the gcaeiating eirelo 
equal to cn, then if through the point m, mn is diawn j)03 poii- 
dicular to the Ime dc, and meeting the cycloid m n, wo bh*ill 
have 


MN = t 


^ ; -h A ' 


so that MN, the ordinate of the point N, inalcos known iy tin* 
time in which the abscissa dm is described, and coiivei sely 15 y 
integrating and obseiving that x zzO, when t =: 0, we slmll 
have, in a finite form[^) 


When the height A, and consequently the chstcineo <\vo 
very small with respect to ?, this foimiila diltois voiy lUtle 
fiom that which is furnished when the giavity is supposed to 
he constant In fact, smee 


arc 



r + A — 29s\ 
r-f A J 


= arc 



2v/(/ 4- A) . I 

/ -|~ A 



when the sine is very small, we may substitute it in place ot 
the are, which renders the second teim of the second mornbi-'i 
of the pieceding equation equal to the first. Wo m<iy iiko 
substitute the radius r in place of r + /i _ a;, an<l, consc*- 
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quently, reduce their sum to 2 by this means, the foi- 
mula m question will become 



oi simply, by neglecting A iclatively to r. 

As an example for the calculus, wc shall suggest, bcfoic 
we quit this subject, but without enteiing into any details^ 
the case in which the moveable is projected perpcnchculaily 
upwaids , and we now proceed to the considei ation of the last 
case of rectilineal motion that we pi opose to give, namely, that 
of a material point attracted to two fixed centics situated on 
the line which it desciibes 

139. Let A and b (fig 3G) be the two centics of attiaction, 
M the position of the body at the end of the time if, and d its 
point of departure Suppose, for gieatoi cdearncss, that the 
motion takes place between the two centres of attraction and 
fiom A towards B , let 


DM zz JCy AM = Zy AD = a, BM =: C > 


so that T IS the space described, s? the distance of the body 
fiom the point a, a the initial distance, and c the length of 
the lino A 13 . If the attractions be supposed to vary ui tlie in- 
verse ratio of the squaies of the distances, and if the mteiisitics 
of the foices which emanate fiom the ccnties a and b, aie 
denoted at the unit of distance, by and 5% wc shall have 


- > and 




for thcii respective intensities, when the body 


is at M Tlie accelerating foice ^ wull be the excess of the 
second toice which tends to augment the space rr, ovci the 
fiibt which tends to dimmish it, thcicfoie, because 
the third equation (1) becomes 




1 ? 


(c — zy z 




(“) 
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and will express the velocity of the body at the point 

CLZ 

M. 


By nanltiplying* equation (a) by and integrating, we 
obtain, 


dz^ ^ ^ 

^ T^z ^ 


(b) 


y being a constant arbitrary. In order to determine it, let k 
be the initial velocity which answers to ;$; = a , then 


7 = 


26 ^ ^ 
c — a a 




and if this equation be taken from the preceding, there will 
result 



(C) 


this equation will determine the velocity of the body, m any 
position whatever between the points a and b 

140 There exists on the right line ab, a certain point c, 
in which the two forces of attraction aie equal , so that if a 
body be placed there, or arrives at it without any acquiied ve- 
locity, it will remain in equihbrio. Denotmg the distance ac 
by A, we have 


From this equation two values of h may be deduced, of 
which one belongs to the point c situated between a and b, 
and the other to a point m the pi eduction of ab, in the di- 
rection of the centre of the least attraction. The first of these 
two values is 


h = 


ac 

a + A 


/ 


Let/denote the least initial velocity which must be im- 
pressed on the body in order that it may reach the point c, so 
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that when it attains to this point, its velocity may vanish , we 
shall have at the same time 

k=f, z = h, ^ = 0, 

and by virtue of equation (c) and of the value of h, theie will 
result(i«) 

_ 2(a + b)^ 

C — a a c ^ ^ 

If the initial velocity be less than the body will fall back 
on A ; if It IS greater, it will pass beyond the point c, and w ill 
fall on B In the case oi k =Jl the body will take an inhnite 
time to reach the point c, because that at an infinitely small dis- 
tance fiom this point, it will only be actuated by an infinitely 
small velocity, and solicited by a foice which is equally so 
141 If A and B aie the centies of two sphcics, whiclx aie 
either homogeneous, or composed of concentiical stiata, we ^ 
may suppose that the attractions which have been considered 
aie those of these two spheies , and then and b\ the intensities 
at the unit of distance, will be to each othei as then masses 
(No 101) Supposing, foi example, that a is the centie ol 
the moon, and b that of the earth, if the non-sphciicity of the 
eaith IS not taken into account, we shall have 



toi the mass of the moon deduced from its action in laising 
the wateis of the sea, is yV of the eaith Hence we 

shall have(v) 

h= ^r=: = (0,10352)r, 

so that the distance of the point which is equally atti acted by 
the earth and its satellite the moon, hom the moon, is veiy 
nearly the tenth pait of their mutual distance. 

Let t be the ladius of the eaith, then e, the thstance of 
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the moon from the earth, is about OOr, and if the body begins 
to move from the surface of the moon, we shall have at the 
same time, hy the known latio of the radius of the moon to 
3 

that of the eaith, a == —• ^7 i^aeans of these values of r and 

a, and of os = equation (d) becomes 

0 7,2 

(0,044894)^, 


and since if g denotes the attraction of the earth at its surface, 
then 

b^zzgr% 

is the expression for this force at the unit of distance , hence 
if we make 

(0,044894)? ZZ7', 

theie will result 

/2 = 2g7 

Now, the attiaction g may he assumed equal to the weight 
of which it constitutes a principal part , consequently, J is the 
velocity acquired in falhng through the height 7 \ and since 

g = 9^,80896, 7rr = 20000000^” 

its value is 

/= 2368 ’” 

As the atmosphere of the moon is not such, that its re- 
sistance can dimmish the velocity of bodies projected fiom its 
surface, it follows, that if the earth and moon weie at rest, a 
body projected ftom the surface of the moon, towards the 
earth, with a velocity greater than 2368 metres in a second, 
will pass heyond the pomt of equal attraction, and at length 
fall on the surface of the earth In the motion of the moon 
about the earth, the right hne ab diawn from one centre 
to the other always meets the surface of the moon(w) in the 
same point, which must be the point d from which the 
body would be projected in the direction db , but, during a 
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second, the point d tiaveises on the ciicle desciibcd about the 
oentio of the caith, a length of about 1000’", consequently, the 
absolute velocity ot the body will be, in magnitude and diioc- 
tion, the lesultant of a velocity in the diiection of nu, and oi 
a velocity of 1000"^ in a second, peipendiculai to db This 
l)eiiig so, the body will not lemain on the moveable hue \b, 
but will desciibe a culve(^) in space, so that the picccdiiig 
foimula' aie not applicable to its motion, ncithei will it fall on 
the suiface of the eaitli, as it would do, if the moon was im- 
moveable 

142 11 the equation (b) be lesolved with lespcct to dt^ we 
obtain 

cz -- dz 


dt- 


V 2(rc — 2/>^ ^ cy)z + yz' 


The mtegial of this foimula may be always ea^piessed by 
means of elliptic functions, so that when tables of these func- 
tions are constiucted, the time which conesponds to a given 
distance such as z, may be com23utcd, andieciinocally But, 
independently of the cases in which one of the two altiattions 
IS supposed to vanish, tlieic aic also othcis in which the in 
logial of the piccedmo foimula may be obtained in a Innic 
foim These cases obtain when the quantity compiised uinlci 
the ladical is a jicifoct squaie, this icquiies that we should 
have 

{2a^--2b^+cyfzzSa^cy; 
fiom which equation we can obtain 

7 = I (a ± by. 

It this value be pui, equal to that of y of No. 139, thcic 
iosults(^) 

2b^ ^ 

c a a C 




One of these two values of k* is that of/*, the otiici is 


2ii 
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evidently much greater. It follows, theiefore, if even neither 
of the two quantities a or 6 is equal to cypher, that the time 
can be expressed m a finite form as a function of when the 
body is actuated by the least velocity f with which it can 
reach the point c, and also when a certain velocity greater 
than this is impressed upon ii{z) 

By substitutmg the double value of 7 in the expression for 
dt^ there results 

^ c ac---{a±.b)z 

which formula may be rendered rational, and integrated with- 
out difficulty, by the ordinary rules. The diffeiential of dt 
must be always positive 5 the differential of is positive while 
the body advances from d to b, and negative when it returns 
towards a. In the first case, therefore, the sign of the ladical 

\/cz must be the same as that of the denominator 
ac “ (^35 ± h) 5?, and, in the second case, it must be affected 
with a contrary sign. 

143 . Suppose that S := 0, or c = oc, the body will then only 
be subjected to the attraction of the centre a. The equation 
(c) will be reduced to 

the value of dt which can be obtained from this, may be inte- 
grated in a finite form, and will make known ^ m a function 
of z, 

dz 

If we make ^ = 0, we shall have 
— 

a z ’ 

by means of which, the distance 0 at which the body will be 
arrested, can be obtained In the case of 2 a® = k\ this dis- 
tance wiU be infinite, which denotes that the body will never 
be arrested m its motion. This is also the case, when 2«®Z /t®a. 
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from which theie results for a negative value that cannot 
belong to any point of the indefinite hue db, in the direction 
of which the body has been projected. In these two cases, 
the motion of the body approaches more and more to uni- 
foimity, accoiding as the distance of the body from a increases. 
When the distance z becomes very great, and the motion sen- 
sibly unifoim, Its velocity, as determined by equation (e), will 

1)6 veiy nearly equal to A* - — , or to 2oa, on tie 

a 

supposition that that is to say, on the supposition 

that the body is projected from the surface of a sphere, of 
which the ladius is equal to a, and of which the attraction is 
equal to Tins shows that the diminution of the imtial ve- 
locity h will be so much the greater, as this foice and this 
ladius are more considerable. 
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OF CURVILINEAR IVCOTIOJSi 

I Gene)al Formula of this Motion 

144 In cumlineai motion, the ciuve clescubcd Uy tin.' 
moveable is termed the trajectoyy of this mtitoiuil point. At 
the end of any time ^5 let m (fig. 37) be the position ol the 
moveable. If s denotes the aic cm of the ihijccloiy com- 
prised between the moveable and a fiACtl point c ai bitiMi il j 
taken on this same cnive, ,9 will be a function of ^5 so that, 
in any cnrvilineai motion whatever, we shall have 

s zz vL 

If at the same instant, denote the tliiec loctangnbu 

coordinates of the moveable, these vaiiablcs will be also Imu - 
tions of ty and we shall m like mannei have 

y-fl, z-ri 

When these three equations aie known, wo can deduce honi 
them, by the ehmination of the two equ<itioiis in a, //, r, oi 
the tiajectoiy By means of the equations ol this curv^o, s c«iii 
be detei mined in a function of one ot the thieo cooidnialos, 
and, consequently, m a function of lu lliib way the law 
of the motion on the tiajectoiy will he obtainod Ejch ol \ lie* 
thiee preceding equations is that of tlic lectilmoal inolion of 
the px ejection of the moveable on one of the axes ol llic tooi- 
dinates, it follows, theiefoie, that the complcto (leleiinimitioi 
of the cnivilmear motion of a material point, is reducible lo 
that of three rectilineal motions, which will bo the uiotioiis 
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of piojections on oa, oy^ osr, the thiee axes of the cooidi- 
luuefc, When these thice motions are unifoim, that of the 
moveable will be also unifoim and reotihneai, and con- 
veibely(/7) 

145 During the instant dt^ the moveable will describe 
the element of its tiajectoiy if m this infinitely small interval 
of time, the action of the foices which solicit it be neglected, 
its motion duiing this interval may be consideied as unifoim 
and lectiliiieai Theieforc, denoting the velocity acquiied at 
the end oi the time t by y, e shall have 

ds 


II these loiccs cease to act at the instant in question, the 
moveable will continue to move with tins velocity, and along 
MT the production of the element r/*, that is to say, along tin 
tangent to the tiajectoiy, since, in consequence of the ineitia ' 
of mattei, it cannot then change, cither the dncction of it^ 
motion, 01 the magnitude of its velocity (No 113) Hence, 
a matciial point which describes any curve line whatcvei, may 
bo considered as being actuated at each instant, by a velocitj 
in the diiection of a tangent to this cuivc, and cxpiesscd by 
the latio oi its dificrcntial element to the element of the time 


Ih at the end oi the same time q,) denote the velo 
cities of the piojections ol the moveable on the thiec axe ► 
of //, we shall likewise have, m these thiec lectilmeai 
motions, 


pzz 


d^ 

dt^ 



dz 

df 


Now if a, /3, 7 be the angles which the tangent to the tia- 
jectoiy, 01 the dncction of the velocity y, makes with the pa 
lallels to the axes of a;, //, we have (No 17) 
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hence we obtain(i) 

pzzVQOBa) qzzv cos fiy rznvcosy^ (1) 

and also at the same time, 

P^ + &^ + r^ = v^. 

As the time ^ goes on continually increasing, its differen- 
tial IS always positive. The velocities p, q, i aie positive oi 
negative, according as the coordinates a, y, 2 : increase or de- 
crease. In equations (1), the velocity v may be regaided as 
a positive quantity The direction of this velocity, or the 
part MT of the tangent to the tiajectory, along which it will 
be directed, will then he determined by the signs of jo, r, 
which wiU indicate whether the angles aie acute 01 

obtuse In the equation 2 ; = — , the velocity v is considered 

to be positive or negative, according as the arc s increases or 
decreases. 

The components of v the velocity of a mateiial point, are 

^9 "the velocities of its three projections on the rectangu- 
lar axes , and each of these thiee components is what is meant 
by ike velocity oJ‘ the moveable parallel to the axis to which 
it refers. From a comparison of equations (1) with those of 
No 31, it appears that this composition of velocities is per- 
formed accordmg to the same rules as that of foices Hence 
it follows, that if through the point M any Ime ma he drawn, 
which makes with the parallels to the axes of or, z, drawn 
through this same point, the angles a, 5, c, which may he 
either acute or obtuse, the general expression for the com- 
- ponent of the velocity u parallel to this line ma, will be 

p cos u -|- 5 cos b cos c, ' 

^ The quantity of motion (No. 126) of an isolated material 
point, and that of a body all whose points are actuated by 
equal and parallel velocities, can be decomposed into othei 
quantities of this nature, and these may be reduced to one, 
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accoiding to the same lules as the velocities wluch they have 
for factors. 

146 Let p + S' + + ^'5 he what the three com- 

ponents of the velocity of the naoveable parallel to the axes ol 
X, z, become at the end of the time t + dt^ so that ^ ' 
may represent the infinitely small increments of the velocity, 
which have place in these directions, during the instant dt^ 
The inclement of velocity in the diiection of the hne ma 
will be 

cos a + 2^' cos i cos c 

Nowj whatever be the quantities p\ q\ if wc mahe 
2^^ = 

u being consideied as a positive quantity, wc can always find 
three angles a', jS', 7', cithei acute 01 obtuse, such that 

jp' = w cos ct', q' zz u cos j3', r^zzu cos 7' ; 

by means of which, the increment of velocity in the direction 
MA will become 

u (cos a cos a' + cos h cos j3' + cos c cos 7^) • 

Moieovci, we know that the quantity between the biacKcts 
is the cosme of a certain angle <7 Thcieforc, the incicment 
in question is equal to u cos <t , consequently, u is its giealcst 
value, and it answeis to the direction of the right line ma, foi 
which the angles a, &, c aie the same as a', /3', and thus 
lenders the coefficient of u equal to unity. In any othci di- 
rection whatever, the increment of the velocity will be equal 
to the gieatest value w, multiplied by the cosine of the angle 
O’, which this diiection makes with that of the gieatcst value ; 
hence it follows, that it will vanish with respect to all directions 
peipendicular to those of its gieatest value. 

Whatever be the variation of the velocity of the moveable 
in magnitude and diiection, duiing the instant dt^ there is 
always a certain direction, for which the increase of velocity 
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IS a maxDUiim^ and to which this property belongs, namely 
that for all directions perpendicular to this one, the velocity 
IS neithei increased noi diminished 

147 The diiection of a foice which acts on a matciial 
point m motion, is the right line along which it inci eases oi 
diminishes the acquired velocity, and perpendiculaily to which 
it does not produce any change Thus, when we say that 
the weight of a body which moves in any dnection whatevci 
IS vertical, like that of a body at lest, it is meant by this, that 
this foice increases the veitical velocity, and docs not pio- 
duce any change whatever in the hoiizontal velocity 

This being agieed on, let u, u', &c , denote the inten- 
sities of the different forces which at the end of the time t 
act on the material point, the cuivilineai motion of which is 
considered , i, c, ^ 7 ', h\ a", ft", c", &c , the angles which 
their given directions make with paiallels to the axes of 
a, 2/5 2 ^, and x, y, z, the sums of then components in the di- 
icctions of these axes , we shall have (No 32) 

X = u cos a + u' cos d 4- u" cos + &c , 

Y r: u cos ft + u' cos ft' + u''' cos ? 

z z: u cos c 4" cos d 4 * cos d^ 4* 

Let now w, 8 ^c , be the infinitely small velocities 

which these forces u, u', would produce duiing the mstant 
dt^ m their respective directions, on the supposition that each 
of them acted by itself on the moveable actuated by the velo- 
city It IS evident, as in No 116, that the circumstance 
of the forces acting simultaneously wdl, in no lespcct, in- 
fluence eithei the magnitudes or directions of the velocities, 
which are actually produced, consequently, if we still denote by 
p 5 < 2 ^, r , the mfinitely small quantities by which /», r, the 
velocities of the projections of the point, aie increased m the 
instant dt, these quantities will be the sums of the components 

oi%u , &c., in the directions of these thiee axes , so that 
we shall have 
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p* n ti COS a + ?/cos cos + &c , 

y' = w cos J 4- cos y 4- cos 4 - &c., 

; ^ =i cos c 4- w' cos & 4- cos 4- &C 

Now, since it appears from No. 118, that the^measure of 
any force is the velocity which it is capable of producing, it is 
evident that 

u n vdti v! = 2 ^" n &c , 

hence, if the values of p', q\ 7 be compared to those of x, Y, z, 
there results 

p* zz xdtf g' = Ydty r' zz zdt , 

which shews that the increment of the component of the ve- 
locity in the direction of each axis, m the instant dty is the 
velocity produced during this instant, by the entire compo- 
nent, in the diiection of this same axis, of the given forces, 
which act on this material point. 

It IS because the forces are proportional to the velocities 
which they impress on the moveable in an infinitely small 
poition of time, (which infinitely small velocities are the same, 
whether these forces act separately, or simultaneously,) that 
this result obtains It likewise follows, that if three foices 
not comprised m the same plane are applied to the moveable, 
and that if, on the directions of these three foices u, u^, u^', 
there be taken, reckoning from their point of application, 
right lines of a finite magnitude, which are to each other as 
the corresponding velocities Uyu'y the lesultant of these 
forces will be lepresented in magnitude and dnection by the 
diagonal of a parallelopiped of which these three lines are the 
adjacent sides, and its magnitude will be to that of each of 
these foices as the diagonal is to the corresponding side 

148 If the forces which act on the moveable aie inde- 
pendent of its velocity and of its position in space, the motions 
of its three projections on the axes of the coordinates will be 
independent of each other, so that its pi ejection on each axis 
* 2f 
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at tlie end of any time whatever will be found at tlie same 
pomt, and it will have the same velocity as if the forces and 
the velocitieb parallel to the other two axes were cypher. In 
general, this will not be the case when the given forces vary 
in magnitude oi direction, either with the position of the 
moveable, or with its acquired velocity , its velocity and po- 
sition can, however, be always determined at each instant, in 
the following manner Since all the forces which act on the 
moveable are reducible always to one, let u, which is ca- 
pable of producing the velocity be this unique force, and 
let c he the space which it causes the moveable to clesciibe in 
the instant in its diiection, independently of v, the velocity 
of this material point at the end of the time t. By what has 
been stated in No 114, we shall have 

c zr ^ ndt 

But, in viitue oi this acquned velocity and of the action 
oi the foice u, oi of its components, the spaces traversed by 
the piojections oi the moveable on the axes of a, z, during 
the instant d£, will he 

pdt -b lp'd£, qdt + \ q‘dt^ 7dt 'dt , 

theiefoie, because(c) 

zzu cos 05, q' znuco^ by zzu cos c, 

and m consequence of equations (1) and the value of c, we 
shall have 

— a zz (t) cos a + € cos a, 

2/' — y = <!> cos j3 + £ cos S, 
z' — z zz (if cos 7 + c cos c ; 

(if being the space which the moveable describes in the instant 
dt in virtue oi the velocity v solely, and its tin ee co- 

ordinates at the end of the time t q- dt, which weie lu, y, z, at 
the end of the time t 

This hemg established, let m (fig. 37) be the point of the 
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tiAjCctoiy ol which i, f/^ 3, arc the thioe cooiduiatets, and Mr 
the diiechon oi the velocity v Likewise let m\ be that of 
the force u If on mt, theie be taken the lines mii and 
MK equal to fc and w, and if the paiallelogiam mhpi'k, of 
which these lines aie adjacent sides, be completed, the cxtie- 
inity m' of this diagonal will be, in viitue of the pieceding 
equations, the point of which the coordinates aie x\ y\ z\ oi 
the position of the moveable at the end of the time t-\-dt{d) 
Naming y' the velocity of the moveable at the point m', 
which velocity will be diiected along mt' the pi eduction of 
the line mm', its value will be the component of v in the di- 
lection oi mm', inci eased by the velocity pi educed m this di- 
lection, by the action of the foice u duiing the instant tU As 
the space c is inhnitely small, lelativcly to to, it follows that 
the angle tmm' is also infinitely small, theiefoie if we neglect 
quantities inhiutely small of the second ordei(c), the compo- 
nent of V will be the velocity v itself Moreovei, if S denote 
the angle amm', which the diiectioii of the foice u makes with 
the side mm' of the tiajectory, ii cos 8 will be the inclement ol 
the velocity which will be pioduced by the action of this foice, 
hence thcie wnll lesult 

y' = y + cob 8 

It vdl w', and if on m'i' we take a pait m'k' equal to w', 
and it m'a' be the dnection of the force which acts on the 
moveable when it ai lives at m', liy taking on this line a part 
m'h' equal to the space that this foice causes the moveable to 
dcsciibe m an instant (U^ and completing the paiallelogiam 
m'ii'm"k', m" the exticmity of the diagonal will he a thud 
point of the tiajcctoiy lly commencing this senes of con- 
stiuctions at the point of dcpaitmc of the moveable, where it 
is nccossaiy to know its velocity in magnitude and dnection, 
it IS evident tlnit all the points of its tiajectoiy can be suc- 
cessively dctci mined, whcthei it be a plane ciiivc, oi one of 
double cuivatiiie , and also, at the same time, the velocity 
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With which it IS a.ctu.d.t6d Rt ea,ch of those points* If the inter- 
vals of tune which have been supposed infinitely small and 
denoted by dt, aie only extremely small, a seiies of points 
will be obtained, which will be the summits of a polygon, and 
these will diffei so much the less fiom the trajectory as its 
sides are smaller If the velocity on each side be reg aided 
as constant, and if lor its value theie be assumed the semi-suiu 
of the velocities with which the body is actuated at the two 
extrenuties, the time employed in describing any portion of 
the polygon may be computed , consequently we can in this 
manner deteimine, to any requned degiee of accuiacy, the 
curves described by the moveable, and also its velocity and 
position at any given instant on this curve. But it is pre- 
ferable to make the values of the coordinates of the moveable 
m functions of the time, depend on differential equations, 
which can be afterwai ds integiated, in these cases in which it 
is possible, 

149 These differential equations of ciuvilineai motion are 
an immediate result of the pnnciples established in No 147 

In fact, the components of the velocity of the moveable, 

paiallel to the axes of the cooidinatcs x, ?/, sr, beine* ^ ^ ^ 

at the end of any time t, their increments, during the instant 

dt^ will be d and as each of them aiises 

from the component of the force, which acts at this instant on 
the moveable, parallel to the corresponding axis, it is evident 
that if X, Y, z, denote the components of this force parallel to 
the axes of the coordinates ss^ we shall have 


d. 


dx 

dt 


zr xdjf, 



01 , what is the same thing. 


d 



d'y cPz 


( 2 ) 
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The problem in each case will depend on the mtegiation 
of these three equations of motion , and the process of the 
preceding number may be consideied as a general method of 
appioximation, in ordei to this integration Their integrals 
will contain six constant arbitraries, which can be determined 
by means of the three coordinates of the moveable at the com- 
mencement of the motion, and of the three components of the 
imtial velocity, that is to say, by means of the values of the 

SIX quantities a?, , which will be given m the 

case of ^ 0. These integrals, and their first difierentials, 

will then make known the position of the moveable at any in- 
stant whatever, and also its velocity in magnitude and di- 
rection. If the time t be eliminated between them, the two 
equations of the trajectory will be obtained If it is known 
beforehand, that this curve is plane, its plane may be assumed 
for that of the axes of x and 2 / for example, which will i educe 
the three preceding equations to the two fiist. 

150 At the end of the time let a, &, c, be the coordi- 
nates of a second mateiial point, whose position it is pioposed 
to compare with that of the first The axes of the cooidmates 
being those of a;, y, z, let 

a: = a + a;', y zzh ^ zzic 

the variables x\ y\ will make known at each instant the 
position of the fiibt point lelatively to the second, and by 
equations (2), we shall have 

ePa;' ^y^ ^ (Pb ^ ^ <Pc 

IF IF 

by means of which they can be determined in functions of the 
time. 

When the motion of the second point is not known, but 
there aie only given a,b, c, the components of the foicc which 
solicits it, paiallcl to the axes of the coordinates, we shall have 
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(Pa __ d^h _ (Pc _ 

1 ^-^’ 

and theie will result 

(Py' Pz* 

-nz-C, 

for the equations of the relative motion of the fiist point 
If the force of which a, b, c, aie the components, acts at 
the same time on the two moveables, these components will 
also occur m the value of x,y, z, and will disappeai horn these 
last equations. This will be the case, foi example, with 
lespect to bodies moving ajt the surface of the earth, the po- 
sitions of which are refeiied to deteiminate points of this sur- 
face. the forces relative to these points, which aiisc fiom the 
diurnal motion of the earth, do not occur in the equations of 
the diffeient motions which are consideied on its surface , and 
they should not at all be taken into account in the foimation 
of these equations 

Hovevei, it is not to be understood by this, that the mo- 
tions which aie observed aie altogether independent of tlie 
velocity of lotation of the earth, foi it influences in a sm<ill 
dcgiee the intensity ofgiavity, and, consequently, the veitical 
motions. Moreovei, when a body falls fiom a considerable 
height, the velocity of rotation with which it is actuated at 
the point of departure, is somewhat greater than that of the 
velocity at the foot of the vertical drawn thiough this j)oint , 
hence it is easy to perceive, that the moveable must deviate a 
little from this hne, and meet the earth at a small distance fiom 
its lower extiemity This deviation, which has been actually 
obseived, pioves by diiect experiment the motion of tlie eaith 
about its axis(jQ, The motions which aie independent of this 
rotation are those which aie produced by the shock of two 
bodies, and also those which aiise fiom the muscular action of 
men and othei animals 

151. Equations (2) aie those of the motion of a mateiial 
point entnely fiee , but it is easy to extend them to a material 
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point constrained to move on a given surface Foi this pur- 
pose, it IS only necessary, as in the case of equilibrium 
(No 36), to join to the given forces which act on the move- 
able, a foice of unLiiown magnitude representing the resist- 
ance of the surface. This force will be normal to the given 
surface If n denotes this foicc, and X, ]u, v, the angles which 
it makes with the productions of the coordinates Vj the 
equations of motion will then become 


d^x , . 

■^ = X 4- N cos X, 

= Y + N COSjU, 
(Pz 

^^^=Z+NC0SV 


(3) 


It the equation of the given surface be L =: 0, and, if for 
conciscnobs, we make 

di? . di?\~^ 


7 = ±f"+^4.S 

\dx^ ^ ' dz^J 

we shall have (No 21), at the same time 


cosX=: 




cos V =z 



It aftci having substituted these values m equations (3), 
the product NV be eliminated between them, the two equations 
which result, combined with L = o, will enable us to determme' 
r, y, Zy 111 functions of t. Then from one of equations (3), or 
fiom any combination of these equations, the value of NV 
may he deduced, and as n must be always a positive quantity, 
tlic sign of this value will indicate that of v, by means of 
which the noimal force and the direction in which it acts can 
be completely dctei mined 

If the moveable is constiained to move on two given sur- 
faces, 01 on then cuivc of intersection, it may likewise be 
considered as entiiely fiee, it with the given foices there be 
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combined two unknown forces n, n', normal to these surfaces ; 
let A, ju, vy be the angles which determine the direction of the 
first with respect to the axes of x, y, and X', ju', v', those 
which refei to the second, then there will result 


If 


X + N cos X + n' cos \\ 


df 


z: Y + NCOS^ H- N^coSju', 


dPz 

IF 


= Z -4- N cos V + n' cos v', 


( 4 ) 


for the equations of the motion. If l. = 0 is the equation of 
the surface of which n expresses the resistance, and if l' = 0, 
be that of the surface to which n' refeis, the values of cos A, 
cos ju, and cos v will be the same as m the preceding case, 
and those of cos A^ cos ju^, cos v\ may be deduced fiom them 
by changing v and l into v' and l'. When both the one and 
the other are substituted in equations (4), the products nv, 
n'v' can be ehmmated, and the equation which results fiom 
this ehnunation, combined with the given equations l z: 0, 
l' = 0, wiU enable us to determine the values of oi, y, in 
functions of t. This being done, we can deduce from any two 
of equations (4) the values of nv and n'v'', the signs of which 
will make known those of v and v' , and by this means, the 
normal forces n and n' can be determined, and also the di- 
rections in which they act , their resultant will be expressed 
in magnitude and direction, by the resistance of the curve on 
which the moveahle is constrained to move. 

152 A more simple form can be assigned to equations 
(^4) m the following manner, let m be the mass of the move- 
able, and mp the pressure, which in its state of motion it ex- 
ercises on the curve it is constrained to describe, if to, w', 
be the angles which the direction of this force makes with the 
productions, on the positive side, of a?, y, 0 , the coordinates of 
this point, the resistance which the curve opposes to the mo- 
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tion of the moveable, considered as an accelerating force, wil 
be equal and contiaiy to r , by joining it to the given foiccs 
X, Y, z, ivliich act on the moveable, we shall have, m place of 
equations (4), 


— - A— P cos (0, 
^ = . -P.COS<.', 


<r-z 

-Z-—Z — V cos w" 
dt‘ 


( 5 ) 


The (Inecbov of the foicc p is not given d pii07i^ it is 
only hno^\ll that it is noimal to the given curve, from which 
it follows that the cosine of the angle compiised between this 
diioction and the tangent to the trajectoiy must be equal to 
zeio , this gives 

cos 0 ) + ^ cos Co' + ^ cos zz 0. (6) 

ih ^ ds ds 


Morcovei, the angles w, w" aie connected togethei by the 
equation 

COS^ CJ + COS^ -h COS^ (jJ' = 1 


p, ci>, (u', w" can be eliminated between these equations, for 
l)y adding togethei equations (5), after having first multiplied 

them by ^ respectively, and then taking into account 

equation (C), and making, in Older to abiidge, 


dx , dy . dz 


wc shall have 


dx<fx + dydJ^y + dzdPz _ 


di>dt^ 


= <p. 


li the identical equation 

dx^ + dy^ +dz^ _ ^ 
dt^ ~dt^’ 
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le differentiated, and then divided by 2ds, it will appear that the 
first memher of the piecedmg equation is the same thing as 

therelore we shall have simply 
dv 



( 7 ) 


The foice ^ is the sum of the components of the given 
foices acting along the tangent to the tiajectoiy, which com- 
ponents can he regarded as positive or negative, accoiding as 
they tend to increase or dimmish 5 , the aic dcsciihed by the 
moyeahle. Consequently, equation (T ) indicates, that in cui vi- 
Imear, equally as in rectilinear motion, the foice which acts on 
the moveable m the direction of its motion, is equal to the second 
differential coefficient of the space desciibcd , and because 
ds 

t' = we may also state, that it is equal to the fiist diffeicntial 

coefficient of the acquired velocity This equation beiii^it 
independent of the resistance of the cuive, obtains equally 
m a motion entiiely free, and in that of a raatoiial point 
constiained to exist on a given cuive, but it is piuicipally 
in the case of a material pomt which moves on a given 
curve, that this equation can he useful. The values of 
in functions of 5 , may be deduced from the equations of this 
curve, and aftei having substituted them in equation (7), it 
only remains to integrate this equation of the second oidci be- 
tween s and t. The two constant aibitiaiies which aie intro- 
duced m this integration, can be deteimiucd by means of the 
ds 

values of s and ~ when if z: 0, that is to say, by means of the 

, initial position and velocity of the moveable When the thice 
coordinates a:, y, shall have been determined in functions of 
^5 by means of the integral of equation (7), combined with 
the two given equations of the tiajectoiy; equations (5) will 
enable us to determine at any instant whatovci, tlie tluoe 
components of the pressuie p, to which the ciuvo, on wlncli 
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the moveable is constrained to move, is subjected. In the fol- 
lowing chapter there will be given a simpler determination of 
this foice both in magnitude and direction 


II. Pnncipal Consequences of the pi eceding Formulcc* 


153 When the moveable is solicited by a force diiccted 
towaids a fixed centre, the thice fiist integrals of equations 
(2) can be obtained at once Foi this purpose, let the oiigin 
of the cooidinates be placed at tins point, lot the ladius vcctoi 
leprescnt, in magnitude and direction, the foice which solicits 
the moveable, and let the paiallellopiped, of which this ladius 
is the diagonal, and the axes its three adjacent sides, 

be constiuctcd The thicc cooidinates a?, of tlie move- 
able, will be equal to these three sides respectively, and will 
lepiesent the three components of the given foiee, bO that we 
shall have 


X y z .oo.y.z, ^ 

hence wc deduce 


xy = Yo?, zx — xsr, yz zy. 

On the other hand, equations (2) can be icplaced by the 

loilowing ^ ^ 

yPx — x(Vy = {\y - Yx) (U-, 

xd^z - Z(Px =: {zx — x-3) r/^^ ^ (a) 

Z(py - yepz zz {yz — zy) dPy 

but, 111 vntuc of the pieccdiug equations, then second mcm- 
beis vanish, and as then fiibt mcmbeib are the dilToientials of 
yd^^xdy, xdz--zdi, zdy^-ydz, wc shall obtain by inte- 
grating 

ydx — xdy = cdty 

xdz — zdx — c'dty ‘ (b) 

zdy — ydz zz c'Uit, 1 

being thiee constant aibitiaiios. 

154. The theoiem contained in these hist integials ol the 
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equations of the motion, implies, that the area described duung 
each instant dt^ by the radius vector of m, the projection of 
the moveable on the plane of y, is constant and equal to J edt^ 
and the same is likewise the case for the pi ejections of the move- 
able on the planes x^zi for at the end of the timo^, let 
AMB (fig 38) be the pi ejection of the trajectory of the move- 
able on the plane of the axes of the cooi dinates a: and op and 
MP, the abscissa a;, and the oidinate c being the point wheie 
this cuive in tei sects the axis oy, let xc denote the sector com, 
p the aiea copm, q the tiiangle opm, we shall have 

q = ^a:y. 

If m' is the projection of the moveable at the end of the 
time dt^ mom' will be the area dcsciibcd by the radius 
vectoi of this projection during the instant dt , likewise this 
will he the diJFciential of oi of p — , and because 

dp = ydx, dq = -f* ^x/dx^ 

we shall have 

du = l(xjdx — xdy ) , 

hence it appears that the first equation (b) indicates, that the 
area described during the instant dt^ by the radius vector of m, 
the piojection of the moveable, is constant and equal to \ cdt^ 
therefore, also, the area described duung t any time whatever, 
IS pioportional to this variable and equal to The aieas 

desenbed m this same time, by the ladii vcctoies of the pro- 
jections of the moveable, on the planes of x and or, and of y 
and z^ will be likewise equal to \&'t 

It may be theiefoie inferred, that when a material point is 
subjected to the action of a force constantly directed towards a 
fixed centre, the aieas described ahout this point by the radius 
vector of its projection on any plane whatever, passing tin ougli 
this same point, are propoitional to the time employed to de- 
scribe them. 

^ when tins piopeity obtains With lespect to 

» three rectangular planes drawn thiough the centie of the 
areas, it may be inferied that the force, oi the resultant of the 
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forces which solicit the moveable, is constantly directed 
towards this fixed centie 

In fact, if equations (b) aie given, we shall obtain by dif- 
feientiating them, 

yd?x — x<Py — 0, xiPz — zdrx zz 0, zdPy — ytPz zi 0 , 

consequently, in vntuc of equations (a), which are those of any 
motion w hate vei, we shall also have 

Xy — YT, z^ rr xzzzzy , 

therefore, the foiccs x, y, z, will be to each other as x, y, Zy 
the cooidinates of the moveable , which is all that is required 
in oidci foi us to be assuied that then resultant must be con- 
stantly diiccted tow aids the origin of the coordinates In fine, 
this foicc may be either attractive or lepulsive, that is to say, 
it may act along cither the ladius vector of the moveable, or 
along its pi eduction 

155 When a material point is subjected to the action of 
a foice dll ected towards a fixed centre, it is evident that its 
tiajectoiy is a plane curve, since there is no reason why it 
should deviate towards one side rather than the other of a 
plane passing thiough the diiection of its initial velocity and 
thioui>h the fixed centre This may likewise be inferred jfrom 
equations (b), loi it we multiply them by Zy yy x respectively, 
and then divide them by there arises fiom their addition 

cz + <!y -f zz 0 

As this plane may be assumed for that of x and?/, it fol- 
lows, that thcaioa described by the radius vector itself of the 
moveable, in the plane of its tiajectory, will be propoitional 
to the time , and moi cover, the preceding theoiem is leduciblc 
to this piopoitionality. In fact, if it obtains for the area 
dcsciibed on the plane of the trajectoiy, it will equally obtain 
loi the aiea desciibed by the lachus vectoi of the piojection 
of the moveable on cveiy other plane, foi this other aiea is 
no othei than the piojection of the fiist on this plane , and 
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we know (No 10) that the projection of a plane bcais a con- 
stant proportion to the projected area 

156. The infinitely small area mom' may be also expressed 
in polar coordinates. For this purpose, let i denote the ladius 
vector OM, 6 the angle More which it makes with the axis of x. 
With the point o as centre, let theie be described the arc of 
the circle omn, which cuts at the point n the radius vectoi om^ 
corresponding to the angle 6 — the length of which aic 
will be rd6 The circular sector mon will be equal to ^ r^dO^ 
and may be assumed for the area mom', by neglecting the in- 
finitely small area mnm' of the second order. Consequently, wc 
should have 

ydx — xdy zz 

an equation, which may in fact be verified, by means ot the 
values 

a? = r cos 0, yzzr sin 0, 
and of their differentials, 

dx zz cos 6di + r sin 0rf0, dy zz sin Od) — r cos OcZ0, 

because that of the angle 0 is in this case — d0. In this man- 
ner, the first equation (b) will assume the form 

zz edt^ 

which is that under which it is usually employed. 

The element of the curve may be also expressed in polar 
coordinates. Denotmg the are cm by or, and this element by 
£?or, we shall have at the same time 

mm' = d(T, MN = rdOy nm'= d/ , 

by considering mnm' as a rectilineal triangle, right angled at 
N, we may therefore conclude 

which we might also deduce from the formula 
dct^zzd9(?^\^dy“y 

by means of the preceding values of dx and dy. 



PRINCIPAL CONSEQUENCES OF PRECEDING FORMULiE. 231 


It may be observed on this occasion, that in a plane tra- 
jcctoiy, the components of the velocity of the moveable in 
the diiection of mo' the production of the rachus vectoi mo, 
and in the direction of the perpendicular to this radius, are 
respectively expressed by 

dr idB 
'dt^ 

for the angle o'mt which this production makes with the tan- 
gent MT, IS the complement of the angle m of the tiiangle 
m'mn j by this triangle therefoie we have 

, d) , rdO 

cob 0 MT z: sin o'mt = -j — , 

eta eta 


and by multiplying this cosine and this sine by the velocity 
^ directed along mt, we shall have the components in ques- 
tion It IS frequently convenient to employ them. They 
differ fiom ^ the components of the same velocity in this, 

that the directions of these last are fixed, while those of the 
preceding vaiy with the position of the moveable 
dO 

The velocity with which the radius vector OM describes 


the angle com leckoncd from a fixed right line, is teimed the 
angula\ velocity of the moveable It may be obtained, as is 

evident, fiom its velocity peipcndicular to OM, by di- 


viding! t by the length of tins ladius 

Let us now revert to the differential equations of 
motion If equations (5) of No. 152 be multiphod by dcc^ di/, 
dz, lespcctively, and then added together, theie will be ob- 
tained by taking into account equation (6) of the same niimbci, 
and obesviing that 

duH + difd^ij + dzd^z , , i , > 

» »-> 

\(l v’zzL xdi -f ydtj -k Adz, 
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If the expressions of the given forces x, y, z, do not involve 
the time t or the velocity u, explicitly? and if, i?? being 
regarded as independent vaiiablcs, this foimula is an exact 
differential, which consequently implies that 

+ + ’idz = , 

in which F denotes a given fnnction , then by intcgiating equa- 
tion (c) we obtain 

'ip'zz 2F(a;, y^z) + c, 

in which c expi esses a constant arbitral y. In older to elimi- 
nate it, let 6, c, h be the initial values of a, //, u , we shall 
have 

W'zz 2f {ciy bfC) + c, 

and by taking this equation horn the pieceding, tlicic lesults 
— ^2 2 r) — 2 F (a, &, c) (d) 

As this result is independent of N, the icsistancc of the 
curve, which lesistance is equal and contiary to the toico p, 
that occuis in the equations from which it has been obtainocl, 
it follows that it has place equally in the motion of a matciuil 
point entirely free, and in the motion on a given cuive oi 
surface 

The immediate consequence of this equation (d) that 
the velocity is constant and the motion unifoi m, as otton as 
the moveable is not solicited by any given foicc , fot then the 
function F is cypher, and we have vzzk^ whether the motion is 
performed on a given curve or suiface, or whether the mov oabl o 
is entirely free 

This equation shews us moreover, that in the hypothesis 
which has been made respecting the nature of the forces x, y , x:, 
the increment of the square of the velocity of the moveable, 
m passing from one point to another, is always the same', 
whatevei be the curve described, and depends solely on a, 

the coordinates of the two extreme points When tins 
curve IS given, or when the moveable is only constrained to 
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move on a given surface, k should be assumed as the velocity of 
the moveable, Tvhich is tangential to this curve or this surface. 
If the poicussion impressed on the moveable at the commence- 
ment of its motion has not this direction, it can be lesolved 
into two other foices, the one normal, the other tangential, 
the first will be destroyed by the resistance of the given curve 
or surface , so that it is the second which will produce the ve- 
locity A, and determine its direction. 

c denoting a constant arbitrary, the equation 

F {oc, y, z) = c, 

will be that of a surface which will be reached with equal velo- 
cities by all moveables subjected to the action of the same forces, 
which commence to move from a point of which 05, &, c are the 
coordinates, with the same velocity A, in different directions. 
When, for example, these moveables are only acted on by the 
force of gravity, this equation is that of a horizontal plane. 

In the case of a given curve, if the values of a?, y, be de- 
duced fiom Its equations in functions of the arc there will 

j 

result by substituting them in equation (d), and putting ^ in 

CLc 

place of v(g)i 

dt zz sds, 

where s is a given function of consequently, in this case, the 
deteimination of the time as a function of the space described, 
will be reduced to the integration of a given differential. But 
the supposition on which equation (d) is founded, and conse- 
quently, this equation, has not place when the moveable expe- 
riences any resistance in its motion through a medium, for this is 
a foice dependent on the velocity , neither will it obtain, when 
the question is respecting the motion of a mateiial point, which 
is attracted or repelled hy other points that are themselves m 
motion; a ciicumstance which will introduce the timeexph- 
citly in the values of x, t, z. In these two cases, if the tra- 
jectory he a given curve, equation (c) ought to be employed, 

2h 
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/7e 

in wMch ~ should be substituted in place of v, by which 
at 

means this equation will be changed into equation (7) of 
No. 152. 

158. The formula xdx + -Ydy + zdz will be an exact dif- 
ferential as often as the moveable being attracted or repelled 
by fi'^ed centres, the intensities of these forces are expressed 
by functions of the distance from the centres fiom which they 
emanate. 

In fact, let e^f^g be the three coordinates of one of the 
fixed centres, referred to the same axes as and 7 the 

distance of the moveable from this point, we shall have 

(e - aj)2+ (/- (g - zf; 

and the cosmes of the angles which this line r makes with the 
axes drawn through the moveable in the directions of the posi- 
tive xSi ys^ zs^ will be the ratios of e — a?, /*— y, (/ •— ;r, to r. 
If n denotes the attractive force directed from the moveable 
towards this fixed centre, the expressions of its thiee compo- 
nents will be 

R (e - R (/— y) R (y — g) 

r ’ r ^ r ^ 

and consequently, the part of xefe -j- Ydy + zds: which aiises 
from R, will be 

“ [(c ~x)dx-{- (/— y)dy {g — z)dz\. 

But by differentating the value of r® we obtain 

rdr= -{e~x)dx-.{f-y)dy — (g-z)dzi 

which reduces the preceding quantity to — lufo- If the force 
which emanates &obi the fixed centre was repulsive, it is only 
necessary to change the s^n of this quantity, which will then 
become Rdr, a hang regarded, in all cases, as a positive 
quantity. 
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It follows from this, that if the moveable is solicited by 
any number whatever of forces, such as r, r', &c., which 

emanate fiom fixed centres, and of which the distances from 
this material point, aie r, r', r'''. See., we shall have 

yidx-\-Ydy + zdz— q: Vidr q: R'<i/' q: ::ji &c, , 

the supeiior signs have place in the case of atti actions, and the 
inferior signs in the case of repulsions* Now, supposing that 
each of these forces is a given function of the corresponding 
distance, all the terms of this value of xdx + Ydy + zdz will 
he differentials depending on one sole variable, and, conse- 
quently, this formula will be an exact differential, which was 
to be proved. 

It appears from this and equation (d), that the increment 
of the square of the velocity arising from each ot the forces 
R, r', r", &c , will be the same as if it solely existed ; for ex- 
ample, with respect to the force R, this increment will be ex- 
pressed by qf:2SRrfr, the integral being taken in such a man- 
ner, that it may vanish for the initial value of r. 

159. In the case of a heavy material point, which moves 
on a given curve in a vacuo, and without any fiiction on tins 
curve, equation (d) will be reduced to 

{z — c), 

g denoting the gravity, and the direction of the axis of the 
positive zs being supposed to be that of this force, so that we 
may have 

X == 0, y =: 0, zzig. 

Let ADBc (fig, 39) be the given curve, b its lowest and a 
its most elevated point, which need not exist in the same vci- 
tical as b, and n the point fiom which moveable sets out. If 
the oiigin of the veitical coordinates z he placed m this last 
point, and if the initial velocity h be due to the height //, wo 
shall then have 
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c zz Oj k^zz 2gli^ 

and, coiisequently, 

v^zz2g{h+z). 

It follows from this, that when the moveable attains the 
point B, the maximum velocity will be the same as if it fell 
from the height A, increased by that of the point d, above the 
horizontal plane drawn through the point b. In viitue of 
this acquired velocity, the moveable will ascend along bca ; 
its velocity will diminish continually , and if A z: 0, it will be 
nothing at the point c situated in the same horizontal plane as 
!)• Having reached the point c, the moveable will redescend 
along CB, and it will thus oscillate from d towards c, and fiom 
c towards n. When the constant h does not vanish, the 
moveable will ascend above the point c. If the elevation of 
the point a above the horizontal plane, which comprises d and 
c, IS greater than A, the moveable will not reach the point a ; 
its velocity will be cypher at a certain point c' , and if thiougli 
c there be drawn a horizontal plane which intersects the cm ve 
in another point d^, the moveable will oscillate indefinitely 
from c" towards o', and from d' toward c'. The oscillations 
will be all isochronous, or of equal duration This is evident 
with respect to those which are performed in the same direc- 
j tion, and it appears also, that the duration of each oscillation 
j from c to D IS the same as that from n' to c', for any element 
^ whatever of the curve will be described with the same velo- 
city m the two cases. This common duration of each of the 
entire oscillations, will depend on the form of the curve and on 
the magnitude of h. 

When the elevation of a above the horizontal plane whicli 
passes through the point of departure is equal to A, the 
moveable will approach indefinitely to the point a, but will 
not attain to it until after the lapse of an infinite time. When 
this elevation is greater than A, the moveable will pass beyond 
the point a, and traverse the entire circumference of the given 
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curve. When it returns to the point d, its velocity will be the 
same as at the commencement of the motion , hence it follows, 
that it will perform an mfinite series of revolutions, the dura- 
tion of each of which will he equal, and dependent on the form 
of the cuive and on the magnitude of A, 

If the given cuive(A) is comprised in a vertical plane, 
which IS a tangent to a cyhnder of any base whatever, and if 
this plane is enveloped on the cylinder, so that the given cuive 
may become a line of double curvature, the motion of the 
moveable, whether it be oscillatory, or one of revolution, will 
not be at all changed, it being always however supposed, that 
the point of depaiture and initial velocity remain the same, 
for then the value of jf in a function of 5, dctei mined as has 
been already stated (No. 157), will only depend on that of jcr 
in a function of which will not be changed, whatever be the 
base of the vertical cylinder on which the given cuive is 
traced. 

160 In aU cases in which equation (d) obtains, and in 
which the moveable is not constrained to move on a given 
cuive, that which it describes in passing from one given point 
A to another given points, possesses the following rcmaikable 
property. If the moveable be entiicly free, the intcgial ^vds, 
taken from the point a unto the point b, is less than if it moved 
along any other curve, terminating at these two points , if it is 
constrained to move on a given suifaco, this piopcity of the 
tiajectory obtains only relatively to all cmves traced on this 
suiiacc, and which always terminate at the points a and B. In 
these two cases, ds is the diffeicntial element of any curve 
whatever, which coiresponds to the coordinates z, and o 
IS a function of these three variables and of a constant A, which 
IS given by equation (d). 

The demonstration of this theorem consists in proving that 
in virtue of the equations of motion, the variation of is 
nothing, (the limits of this intcgial being supposed to be 
fi\:ed). In consequence of this, ^vd6 will be eithci a maooimum 
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or minimum^ but it is evident that it must be a minimum in this 
case, in lyhich the moveable is entirely free , for the integral 
%vd$ increases indefinitely with the length of the curve, and, 
consequently, cannot be susceptible of having a maximum 
value. 

Now, by the rules of the calculus of variations, we have 

S.Juefer: S.vds = Svds + vSds, 

moreover, dt being the element of the time, we have ds = vdl) 
therefore, 

Svds = ^ dfS . v\ 

If equation (d) be dijfferentiated, and if the variations 
Sa:, Sy, 82^5 be substituted for the differentials da?, dy^ dz^ we 
shall have 

^ 8 . V® zr xSa? + vS?/ 4- zS;:^. 

By substituting for cos X, cos v, cos /i, their values given 
in No. 151, and observing that(^) 

equations (3) of same number will give 

xSo; 4 ygy + z 8 ;s = ^ 8 ai+ ^ S^r -- nvSl. 

Now if the moveable is entirely free, the term nvSl will 
not occur in this equation, and when it is constrained to move 
on a surface of which the equation is l m 0, this term is 
cypher, for as all the curves, which are compared to the tra- 
jectory of the moveable, must also be traced on this surface, 
we have 8 l r= 0, therefore, in all cases this term must be 
suppiessed , it follows from this that 

With respect to the second term of the vaiiation oi 

we have 
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zz dx^ + + ^^5 

and, consequently, 

^ds = ^ldx + ^ldy-\-^^ds, 
ds ds ds 

hence, because ds — vdt, by changing the ordei of the cha- 
ractenstics d and 8 in the second membei, we shall have(A) 

and by adding together these two paits of the value of S vds, 
there results, 

consequently we obtain, 

$S.vds = ^Sx + ^Sy + ^Sz + constant, 

for the indefinite integral of 8 vds But as the two extreme 
points A and b are supposed to be fixed, the variations 8x, 8y, 
Sz, which respect these points, must be nothing. Thciefoie, 
the definite integial $8 vds, taken from the point a to the 
point B, which IS equal to the variation 8 ^vds, will be le- 
duced to cypher , which it was lequucd to demonstrate 

161. When the moveable, being constrained to move on 
a cuived surface, is not solicited by a given force, its velocity 
IS constant (No. 157), and the integral ^vds is then the 
product vs Consequently, the aic s described by the move- 
able is, in gencial, the shoitcst hnc between the points a and 
B , and fiom the uniformity of the motion, it follows that, in 
this case, the moveable goes fiom one point to another, in a 
less time than it it was forced to desciibe on the given sur- 
face any othci curve than its trajectory However, if this 
surface is closed on all sides, as a sphere, for example, the 
points A and b will be the cxtiomitics of two arcs of a 
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great circle, one of which will be less and the other greater 
than all other arcs of lesser circles of the sphere, teiminating 
at the same points , and the moveable can desciibe cither the 
one or the other of these two portions of the same gi eat circle, 
according to the direction of the initial velocity /a, w Inch is 
tangential to the sphere. 

The differential equation of the trajectory may be picsented 
Tinder a form, in which the property of the shortest line on any 
surface whatever will be immediately appaient, which consists 
in this, that its osculating plane in each point is noimalto this 
surface. 

The forces x, y, z, being supposed to be cypher, equa- 
tions (3) of No. 151 are reduced to 

(Px ^ (Py (Pz 

^ = N.C0SA, -^gZZN.COSjU, -^rrN.COSv. 

Because v is constant, and that vt =: we have 

df-^ ds^’ d?’ dP~^d?’ 


the arc s being assumed as the independent vaiiablc , and this 
being the case, the preceding equations may be replaced by the 
following : 

dxPy — dy<Px _ n /dx 


ds'^ 


N /dx dy 


dzdPic—dxcPz s fdz ^ dx 
^ 

"s fdy dz \ 


'‘z — dzepy _ N 
~d? “ 


which may be deduced from them without any diflSculty. If 
they be multiphed by cos v, cos /z, cos A, lespectively, and 
then added together, the quantity ur disappears, and we have 
simply 


dxPy^dyPx 

ds^ 


cosv-f- 


dzdPx-^dxPz 
d? 


1 


dy(Pz^dz<Py 


cosA=:0 , 


(O 
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hence fiom the values of cos X, cos ju, cos v, cited in No. 151, 
we shall have 


dxcPy—dycPx du 
ds^ 




dztPx — dxtPz dh 


d6^ 


' dy 


dyd^z — dz^y di. 

d? 


(0 


for the second differential equation of the tiajectory. If in 
this, there be substituted the value of one of the thiee coor- 
dinates y, in a tunction of the two otheis, deduced from 
Lrz 0, the equation of the given surface on which the curve is 
supposed to be traced, and if the equation between the two 
variables, which results from it, be then mtcgiated, the two 
constant axbitraries which the integial will contain being de- 
tei mined, by subjecting the curve to pass through the two 
points A and b of the given surface, the equation which will 
be obtained m this manner will be independent, as is evident, 
of the magnitude and direction of the initial velocity A, and 
must be that of the shortest line between these two points 
Now if a, j3 , 7 be the angles which the normal to the oscu- 
lating plane of any curve whatever, at the point of which the 
coordinates aie £c, y, makes with their productions in the 
positive diicction, and if, m oidei to abiidge, we make 

we shall have by foimulse (3) of No. 19, in which these angles 
aie repiesented by X, /i, v, 

cos a zi ^ (dyd^z — dz(Py), 
cosjSz: ^ (dzd^jc — djbdrz), 
cos y z: ^ {dxd^y — dyd^x). 


consequently in viituo of equation (e), we shall have 

cos X cos a i- COSj3cOS^4-COSy COSi/S= 0, 
2 I 
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which shews that the normal to the osculating plane of the 
tiajectory, and the normal to the given suiface aic perpendi- 
cular, the one to the other, hence we infei, that eq[uation (f) 
which helongs(^) to the shortest line, is also that of the cuive 
which has every where its osculating plane noimal to the 
given surface, so that these two lines are one and the same 
curve traced on this surface, when both the one and the other 
are constrained to pass through the same extreme points 
A and B. 

It follows fiom this, that when these two points belong 
to one of the hues of curvature of the given surtac c, this line 
IS the shortest from one point to another , for its osculating 
plane in any pomt whatever, contains two consecutive iioi- 
mals to the given surface, and is, consequently, noimal to this 
surface. 


Ill Digiessron on the Motion of Lujkt 

162 The theorem of No 160 is known hy the denomma- 
tion of the pnncijple of least action^ which was given to it, 
fiom the metaphysical point of view in which it was fiist con- 
sidered, but this has been since propeily abandoned. How- 
ever it may be useful here, to give one of the first applications 
which was made of this principle, namely, that which is i dative 
to the reflexion and lefiaction of light in the system of 
emission 

As long as a lay of hght moves in a medium of unifoim 
density, its velocity and direction remain the same ; but when 
it passes fiom one medium to another, its diicction is inJflcctod, 
and its velocity changes At the instant of the transit, the light 
describes a curve of inapp ieciable extent, which consequently 
we may neglect without any sensible crroi. Theidoio, the 
trajectory of each luminous particle may be supposed to con- 
sist of two lines, each of which is des cubed with a utiifoim 
velocity Thus, if y, y' be the lengths of these lines, n flic 
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velocity of light in the first medium, and n' its velocity m the 
second, ny will he the value of the integral taken from 
the point of departure of the particle to its entrance into the 
second medium , andw'z/' the value foi the part of this integial ic- 
lative to the second medium, consequently, this integial taken 
in the entire extent of the tiajectory, will be expressed by 
ny + and it is this sum, which, by the piinciple of least 
action, should be a minimum 

Befoie we pioceed furthei, it is necessaiy to obseive, that if 
the second medium is a diaphanous and crystallized substance, 
the velocity of light m this substance will, in gcneial, depend 
on the direction of the luminous lay ; so that it will be con- 
stant foi the same ray, but vaiiable from one lay to anotliei 
The phenomenon of double iefi action which is obscivable in 
Iceland spar^ and the gi eater numbei of tianspaient crystals, 
arises fiom the difference of velocity of the diffeient luminous 
rays which traverse them. The velocity w' should then be ic- 
garded as a function of the angles which determine the dii cction 
of each lay , and the law of refraction depends on the foim of 
this function Laplace succeeded, by means of the foim winch 
he assigned to this function, in deducing fiom the piinciple of 
the least action, the law of double refiaction, which was 
oiigiiially discovered by Huyghens, and aftcrwauls confiimod 
by the expeiiments of Malus , but as this is not the place to 
enter into a detail of this theory, we shall lestiict oui selves 
to the consideration of the case in which all the lays move 
with the same velocity, whatever be then directions Theie- 
fore, in the following investigation the velocities n and w' will 
be considered as given quantities for each medium in p«uti- 
cular, and independent of the direction of the luminous lays 

163. Let now a and n (fig 40) be the two extreme points 
of the tiajectoiy, and thiough them let a plane pass, intei- 
secting the surface of separation of the two media, whicli is 
supposed to bo plane, in the light line cn Let the line alu, 
the paitb of which aic ae and lr, lepiesent the projection of the 
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trajectory on this plane, and through the points a^b^e, let 
AFjBG, HEEbe diawn perpendicular to the line cd. Since 
the position of the points a and b is given, the three lines 
aFjBg, EG are known, but the position of the point e, and 
the angles aeh, bek are unknown, and must be determined by 
the condition of the minimum^ Therefore, let af = 0 , bgzi&, 

FG = C, AEHZ: X, BEKIZ a?' 

From the right angled triangles afe andnoE, we obtain 
EF z= a tang Xy eg =: 6 tang a?', 
consequently, there results 

a tang a? + ^ tang c. (a) 


The luminous ray traverses the surface which separates 
the two media, in a point of which e is the projection on the 
plane of the figure. If z denotes the distance of this unknown 
point from the point e, z/ will be the hypothenuse of a right 
angled triangle, of which z and ae are the two lessci sides, 
and 2^' will be the hypothenuse of another triangle, of which 
z and BE are the two lesser sides, hut from the triangles aef, 
and BEG, we obtain 


a 

AE=: , 

COSO? 

hence we shall have 


BE = 


h 

COiyX'^ 


y 



a" 


cos^aj’ 



costal' ’ 


If these values be substituted in the expression ny + n'y*y 
there will result a function of Xy x' which should be a 
mum with respect to these three variables, the two last of 
which are connected together by equation (a) It is, therefore, 
in the first place necessaiy, that the diJfferential of this func- 
tion taken with respect to Zy should be equal to zero, hence 
we obtain 

ndy n^dy' _ wf , ^ 

dz^ dz 
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But this condition can only be satisfied by assuming 2: = 0 , 
which shews that the lummous ray traverses, at the point e, 
the surface that separates the two media, and consequently 
that it does not deviate from the plane drawn through the 
points A and b perpendicular to this surface* Therefore, 
makmg 2: zz 0 , we shall have simply, 

. , na ^ nb 

ny + ny'zz 

^ ^ cos ii? cos x' 


and by putting the complete differential of this quantity equal 
to cypher, there aiises 


na sin xdx 

X 


n‘b Anx^dx* 
cos-^ a?' 


= 0 , 


but by differentiating likewise equation (a), we have at the 
same time 

adx , bdx' __ ^ 

o — "T" 9^ U , 

cos^a; cos^aj' 
dx^ 

and if be eliminated between these two equations, there 

CLX 

results 

w sin a; = w' sin x\ (b) 

This and equation (a) will determine the values of x and 
x\ which answer to the minimum of ny + The value 

of X being obtained, the point e can be constructed, by taking 
EF = a tang x , then the lines ab and be can be determined , 
and the line aeb, the parts of which are ae and eb, will be the 
path of the luminous ray in passing fiom the point a to the 
point B. 

The angle abh contained between eh which is normal to 
the surface of separation of the two media, and the incident 
ray ae, is what is termed the angle of incidence , the angle 
BEK contained between ek, the pioduction of this normal and 
the refracted lay be, is the angle of 7 eft action. These two 
angles have been denoted by x and x* Hence equation (b) 
will make known the angle of refiaction when the angle of 
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incidence is given ^ and from this equation it appeals, that tlie 
sine of the angle of incidence is to the sine of the angle of le- 
fraction in a constant ratio. 

This IS, in fact, the known law ofordinaiyiefiaction, which 
was first discovered by Des Caites. The latio of the two sines 
depends on that of the velocities n and relative to the media 
which are considered; and for this reason, it vanes with the 
different descriptions of transparent media. 

164. If the luminous ray, instead of penctiating the second 
medium, is reflected at the surface of sepaiation, its velocity 
will be constant for the entire length of the tiajcctoiy, which 
then exists altogether in the same medium Ilcnce the inte- 
gral Ivds wdl be equal to the entiie length of the tiajectoiy, 
multiplied hy this constant velocity, consequently, in viitueof 
the principle of least action, this length should be a 

let us therefore suppose, that, as in the picccding num- 
ber, the surface of separation is a plane. Let a and n (fig 41) 
be the two extreme points of the trajectory, thiough those 
points let a plane be drawn perpendicular to tins suifacc, and 
intersectmg it in the line cn each particle of light will, in its 
passage from thepoint a to the points, desciibe the Iiiicaeb, the 
parts of which are ae and eb, and it will be the slioitcst of all 
those that are reflected from the surface of separation. Now 
it is immediately evident, that this line must exist in the plane 
perpendicular to this surface, for every othei trajectoiy is ne- 
cessarily longer than its projection on this plane. Moioovoi, 
it IS easy to show without the assistance of the calculus, that 
the shortest hne between a and b, which meets the surface of 
separation, is that which makes equal angles with the line ci>, 
that is to say, if 

AEG ZZ BED, 

the line aeb will he shorter than any other line such as ae^u, 
of which the point e^, like the point e, appertains to the lino 

CD. 
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In fact, from a let the perpendicular af be let fall on this 
line, and produce it so that af' may be equal to af, and let 
the hnes a'e, a'e' be drawn. The two angles aec, a'ec will be 
equal, hence the two angles a'ec, bed will be so likewise on 
account of the pi eceding equation; consequently a'eb will be 
a light line, and we shall have 

a'e 4- be Z a'e' + be' , 

and as 

a'e = AE and a'e' h ae' 

there will result 

AE + be Z ae' + be' ; 
which was to be proved. 

If at the point e, the perpendicular eh be erected to the 
line CD, AEH and beh will be the angles of incidence and re- 
flexion of the luminous ray which issues from the point a to 
the point B. These angles will be equal, because they are 
the complements of the equal angles aec and bed , hence re- 
sults the known law of the reflexion of light, which consists 
in this, that the angle of incidence is always equal to the an- 
gle of reflexion. 

165 If the theory of the emission of light be admitted, 
the laws of reflexion and refraction can be inferred from the 
expression of the square of the velocity of a point subjected 
to the action of attractive forces (l^o. 168), in a more di- 
lect manner, than by making use of the principle of least 
action As this question presents us with an example of the 
motion of a material point, which is interesting, as well from a 
consideration of the nature of the forces which operate, as 
from its physical application, we will give the solution of it in 
the oidinaiy case, in which the two media tiaversed by the 
hght arc not crystallized. 

In this theory, each luminous paiticle is supposed to be 
subjected to the attraction of all the mateiial points of the me- 
dium which it tiaverses, and this foice is legaided as an un- 
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known function of the distance, for all that is known lespecting 
it is, that it decreases with extreme rapidity when the dis- 
tance increases, so that when the distance is of a sensible mag- 
nitude, It becomes altogethei insensible Thus, foi example, 
if r denotes the distance of the attracted from the attracting* 
point, a_a line of a finite but insensible magnitude, and e the 
base of the Naperian system of logarithms, then a force of this 

— r 

nature may be represented (w) by a. a being the intensity 
relative to an infinitely small distance r ; when this distance is 
of a sensible magnitude, and is, consequently, a consideiable 
multiple of a, the value of this function will be no longer 
sensible. 

If the lummous ray moves in a homogeneous medium of a 
imiform density, the attractions which it experiences mutu- 
ally destioy each othei’s effect, and its motion becomes uni- 
form and rectilinear. But if it attains the point m (fig 42) 
situated at an insensible distance from the surface co, which 
sepal ates the two media, and which, for greater clearness, we 
will suppose to be horizontal let a perpendicular mp be 
drawn from this point on cd, and then in the uppei medium 
let there be diawn two planes c'd' and paiallel to cd, 
the mutual distance of which may be equal to mp, and let the 
first pass through the point m , it is evident that the attrac- 
tions exercised on the luminous rays at the point m, by the 
two strata of the uppei medium, which aie compiised, the one 
between cd and c'd', the other between c'd' and will be 
equal and contrary , therefore they will destroy each othei’s 
effects, and the moveable will only he solicited by the part of 
the medium it traverses, which is above and by the entire 
attraction of the inferior medium These two foices will be 
perpendicular to cd ; and they will vaiy with the distance mp, 
according to unknown laws, but such, that each of these forces 
will be insensible when mp is not so, and they will attain their 
waxiTKia when this distance vamshes , in which case the move- 
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able will have attained to tlie snilace which sepaiates the two 
media 

At the end of the time let z be the distance Mr, and 
z' the unknown functions ot which expiess the accelcia- 
ting forces aiising fiom the attraction of the infeiior medium, 
and horn the part of the othei medium above The cntiie 

accelerating foice tending to diminish c:, will be the difleience 
2— z', consequently, we shall have, in the supeiioi medium, 

~ + z-/' = 0, (1) 

foi the equation of the veitical motion of a luminous paiticle 
When the moveable, aftei travel smg the suiface cd in a 
point E, has penetrated into the lowci medium as fai as a point 
M', which IS such that m'p', the peipendiculai to cd, may be 
also lepiesented by it is easy to see that the accoleiating 
force, which will tend to dimmish this vaiiablo, will be then 
the diffeience z'— z, so that we shall have 

= ( 2 ) 

foi the equation of veitical motion m the iiifciioi medium 

As to the horizontal motion oi that paiallel to cd, it will 
1)6 uniform, and the horizontal velocity will undeigo no change 
in passing fiom one medium to the other, for the at ti active 
foices of each medium parallel to cd, will destioy each othci’s 
effect so that <i luminous ray is not subject to any accelerating 
force 111 this diiection Thus, it li be the velocity of light at 
A, a point of the supciior medium, situated at a ^emible dis- 
lance fiom cd, and a the acute angle that the diicction of this 
velocity makes with the veitical, k sin a will be the velo- 
city paiallel to cd at any instant whatevei If the luminous 
ray penetrates by a sensible quantity into the inlenoi me- 
dium, and if k' and d denote what k and a become at a\ any 
point of this medium, situated at a sensible distance fiom cd, 

2 K 
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we can likewise repiesent the hoiizontal velocity of the move- 
able by k* sm a ' , so that we should have 

A sin a zr k' sin a'. (»^) 

It appeals also^ a 2 ^^ lO) that the trajectoiy of the moveahle 
will be a plane and vertical cmve , therefoie it only lemams to 
deteiname its velocity perpendicular to cn, whether in the su- 
penor 01 infeiior medium, at z any distance whatever fi om this 
surface cn 

166. Let this velocity be denoted by u, so that we may 

have -^=u^ foi the two media By multiplying equation 
dr 

(1) by 2dz, then integrating and denoting the constant aibi- 
trary by c, we shall have in the supeiior medium 

2 ^^ zz c + 2 ^z^dz — 

^ Let these two integrals be supposed to vanish with z, and let 
their values at a sensible distance from cd be h and , these 
integrals h and h' can be extended from zero to infinity, foi 
by hypothesis beyond a sensible value, the functions z and 7 /, 
and consequently, the coi responding paits of Jzrfz and % 7 /dz 
vanish, or become insensible. 

Therefore, we may write if we please, 

nzo 

A = \ ^ zdz, fd i/dz, 

Moieovei, for any sensible value of we have 
v?‘ = W’ cos^ a , 

hence in that case we shall have 

cos^a z: c + 2/i' — 2 A; 

and by ehmmating c from the geneial value of theie will 
lesult at any pomt whatever, 

z: cos'^a + 2ft-2A' + %\ 7 Jdz - 2l7dz, 

Let ki be the velocity of the moveable at e any pomt of the 
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sulfdce CD, and let ai be the angle winch its diiectioii makes 
with the vertical At this point we shall have cos^ai , 

and as lu this case zz=:0^ the two last terms of the pieceding 
formula will vanish, and it will be reduced to 

cob^ai = cos^a + 2 A - 2h'. (4) 

In oidei, theieforc, that the luminous ray may leach the 
suiface which separates the two media, it is necessaiy that the 
second membei of this equation should be a positive quantity, 
and, consequently, that 

A'Z h 4 - yt^cos^a 

If this condition be not satisfied, in which case the atti ac- 
tion of the upper medium should surpass that ot the lufeiioi, 
the vertical velocity will be destioyed befoie it reaches the 
plane cd , therefoie thcie will bo a point ot the tiajoctoiy, at 
which the tangent will be hoiizontak Having attained this 
point, the moveable will retrogiade, the two blanches of this 
cuive, which teimmate in this same point, will be similai, 
since they aie described by the action of equal foices, for the 
same value of 2? , and when this distance 2; is ot a sensible 
magnitude, these two blanches will be changed into light lines, 
which make equal angles with the veitical, 01, 111 othei woids, 
the angles ot incidence and leflcxion will be ociuak It, on 
the contiaiy, the atti action of the mfeiior medium sui passes 
that of the supoiioi, and it the pieceding condition is satisfied, 
the luminous ray will penetrate into the 111 ten 01 medium with 
a velocity the diiection of which will be perpendiculai to cd, 
and which will be detcimined by equation ( 4 ) In this Iiypo- 
thesis we shall have, by equation ( 2 ), relative to this medium, 

u- = cos'^ai + 



the mtegials being always supposed to vanish when z zzO 
At a sensible distance tiom cd, cosV, ihoietoiewe 

shall have 

costt'^' =: ft,- cos a,^ + 2 ft - 2 // , 
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and eliminating cosai^ by means of equation ( 4 ), there will 
lesult 

cos a^' = k\ cosc |2 4- 4^ — Ah'. ( 5 ) 

Xheiefoie, in oidei that the luminous lay, af^ei having tia- 
versed the surface cd, may penetiate to a sensible depth into 
the infeiioi medium, it will be necessaiy that 

7/Z/i + cos^a, 

and this is the only condition that is necessaiy. 

It may happen that h'^ although less than h ^ \ k^ cos-a, 
sui passes A 4- 4 Pcos‘'^a3 m which case the moveable will not 
penetiate into the infeiior medium a sensible distance beyond 
CD 5 but it will return into the supeiior medium, and the two 
blanches of the tiajectoiy which it describes will be similai 
on each side of the point at which it commenced to retiogiade 
Consequently, the light will be leflected, as 111 the piecedmg 
case, making the angle of incidence equal to the angle of le- 
flexioii , so that tlieie are two distinct cases ofrejle^ion in the 
theory we are considenng 

167 . Let us now suppose that neithei the one 1101 the 
other of these two cases obtains, so that the luminous lay must 
be / ejr acted By equation (3) we have 

A'^sinV = A^sin^a , 

and by adchng the coriespondmg members of equation (5), and 
of this, there will lesult 

^"wliich shows that the increase of the square of the velocity of 
the moveable, in passing fiom the point a of the supeiior me- 
dium, to the point h! of the inferior medium, is (as it ought to 
be (No. 157 )) independent of the route along which it moves 
Likewise, from equations ( 3 ) and (6) there results 

sum' h 
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fiom tins formula it appeals, that the sine ot the angle ol in- 
cidence IS to the sine of the angle of lefraction in a constant 
latio, and it is evident that the value of this ratio is a function 
of /e, the vclocitjrof hght in one of these two media, and of h — 1i\ 
the diffeienec of their lefi active yowe) s li and h' 

If the inferioi medium is terminated by two paiallel planes, 
and if the medium below is the same as that above it, expcii- 
ment shows that the light, aftei having uiideigone two lefrac- 
tions, and tiaveised the two faces of the mtoimcdiate medium, 
lesumes a dnection parallel to that which it had in the supo- 
1101 medium This likewise lesults fiom equation (7) Foi 
if a be the angle which the luminous lay makes with the \oi- 
tical aftei it cmeigcs fiom the intei mediate medium, it is neces- 
sary, in 01 del to determine sin to intci change among 
themselves the quantities, A and h\ and to put a', in- 
stead of A, a, a' Consequently, wc shall have 

sin a' /Fqrf 

or, 111 consequence of equations (6) and (7), 

_ smn 

sin a / sin a' 

which gives in fact 

aJ' = a 

The phenomenon of dupeision which auses fiom a difle- 
lent value of the angle of lefiaction a, foi the diffciently 
coloured rays, of which the same incident lay i& composed, 
may be attubnted, agreeably to formula (7), eithci to an in- 
equality m then velocity A, oi to a diffeient action in each 
medium on these different rays, from which results unccpial 
values of A — A'. 

1C8 Evciy thing else being the same, it appeals horn equa- 
tion (7) that the latio of the smeofthe cuiglc of incidence to the 
sine of the angle of icfiaction, must change with the velocity of 
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the light. Now, loi a stai situated in the plane of the ecliptic, 
there is an epoch in the course of the year, in which the di- 
lection of the velocity of the earth is contiary to that of light, 
and anothei epoch in which the direction of the first mentioned 
velocity IS the same as that of the second , this lendeis the 
1 velocity of light, relatively to the medium in which it moves 
along with the earth, sensibly greater in the first case than in 
the second The ratio in question must consequently be dif- 
feient at these two epochs , but fiom extremely accuiate expe- 
riments instituted by M. Arago, it appears that this ratio 
does not vaiy in a sensible mannei, dunng the entiie couise of 
the year, and moreover, that its magnitude is the same toi the 
i&un and for the different stais, fiom which light on the theory 
'of emission emanates. 

Whatever theory of hght be adopted, it is a veiy lemaik- 
able fact, that the composition of its velocity with that of the 
eaith, which is indicated in the apparent motion of the st*irs, 
t&imei abet ration^ has, notwithstanding, no appieciahle in- 
fluence on the lefraction of the hght, which is tiansmitted to 
us from them on diflferent days of the yeai 

In a vacuo, the motion of hght, whethei diiect or reflected, 
is always uniform, and its velocity is independent of the source 
from whence it emanates This velocity is so great, that 
light traverses in 493,34 seconds, the mean distance of the sun 
fiom the earth from which it follows, that it describes 30950 
myriametres in a second. 

A luminous ray emitted from the sun or a star, should, 
hke any other projectile, experience a diminution in its velo- 
city, caused by its giavity towards this stai, that is to say, by 
the attiaction in the inverse ratio of the square of the distances 
from its centre, which the mass of the body exeits on each 
material paiticle of light, but this diminution is a veiy small 
fraction of the final velocity of light Thus, for example, as 
it will he shown heieafter, that the intensity of gravity at the 
suiface of the suu is twenty-seven times and a half gieatci 
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than the intensity oi the terrestiial giavity, and as the sun’s 
laclius IS 110 times the radius of the earth, it follows fiom what 
has been ohseived m No 143, that the velocity of light, in 
order to be 30950 mynameties pei second at a considciable 
distance from the sun, must, when issmng fiom the suifacc, 
he greater by a little less than(A) two millioneths only. 
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OF IHE CENTRIFUGAL FORCE 

169 The pressure of a material point on a curve which it 
is constiained to describe, is not the same as when it is m 
equilibiio on this cuive In consequence of the motion, a 
particuldi piessure anses, which is lei mod the centnfiigal 
jfoTce^ because it was first considered in the ciicle, where it is 
directed along the pioduction of the ladius, and continually’ 
tends to increase the distance of the moveable on which it acts 
from the centie It is this force which we now piocecd to 
consider m any cuive whatever 

Let Mjm: and mm' (fig. 43) be two equal and consecutive 
elements of the given curve, h and h' then niidtllc points, 
MT and m't' their productions Their plane, and the angle 
TMT , will be the osculating plane and angle of contact of the 
curve at the point m , and if in this plane the line mo be 
drawn, dividing the angle into two equal parts, its di- 

rection willcomcide with that of the radius of cuivatuic at this 
same point m, and consequently the centre of cuivatuie will 
exist m a ceitain point of this line such as o. Let ds denote 
MiM the element of the cuive, which will he also equal to 
hmh', moreovei, let 8 be the infinitely small angle tmt', and 
p the radius of cuivature mo, we shall have (No 18) 



This being established, let us first abstract fiom the conside- 
ration of the given forces which may act on the moveable, and 
let us suppose, that at the end of the time it i caches the 
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point M, with the velocity v If it was entiiely free it would 
continue to move on the line mt with the same velocity , but 
it IS by hypothesis forced to desciibe a given cmve, this pro- 
duces a change m the direction of its motion, which thus be- 
comes mt' Now it there be elected to mt' the perpendicular 
MK, such that it may exist in the osculating plane, and fall 
without the concavity of the cuive, we can substitute foi the 
velocity v, the direction of which is mt, two other velocities, 
of which one is equal to v cos S, and diiected along mt', and 
the other equal to v sin 8, and directed along mk, the effect of 
the curve will be to destroy the last of these two velocities, so 
that the first only remains, or m other woids, this effect will 
be the same thing as if there was impressed on the moveable 
a velocity equal and contraiy to v sm 8 Tlieiefoie if the 
given curve be replaced by an mfinitismal polygon, its lo- 
sistance consists in impressing on the moveable at each sum- 
mit of this polygon such as m, an infinitely small velocity 
V sin 8, in a direction opposite to that of mk 

In order that this resistance may be completely assimilated 
to ^ a motive force which acts incessantly on the moveable, 
the velocity v sm 8 may be supposed to be pioduced while this 
material point moves from h to h', and dt may be assumed as 
the time during which this action continues The change in 
the direction of this force may be also neglected in this inter- 
val, and It may be assumed, foi example, parallel to the line 
MO. Then the measure of the coiresponding accelerating 
force will be, like each of the forces u, u', u", &c. of No 147, 
the velocity v sm 8, which is produced in the instant dt^ di- 
vided by dt^ and if the mass of the moveable be denoted by 
there will result, for the value of/, 

. wzvsinS 

ds 

Consequently, if S be substituted lor sm S, and — lor 8, we 

p 

shall obtain, since ds =: vdt, 

2h 
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P ' 

The picssuie that the curve experiences, and which is solely 
due to the state of motion of the mateiial point that desciibes 
It, or the centnfugal force that acts on this moveable, is equal 
and contrary to this force f It follows therefoie, that, at any 
point whatever of the given cuive, such as m, the cenlidugal 
force exists in the osculating plane, and is diiected fiom the 
concavity ot this curve along mist, the pioductioii ol its ladms 
of curvatuie, and that its intensity is in the mveise latio ol 
this ladius, and m the duect ratio of the mass of the inovealile 
and of the square of its velocity 

170. As this velocity along the side MiM is /;, and as it be- 
comes V cos 8 along the following side mm^ it follows that its 
magnitude is not affected by the cmvc, foi the (juantity 
2 / (I — cos 8) may be neglected, being an infinitely small quan- 
tity of the second order, fiom which tlicie can only losult <in 
infinitely small diminution of velocity on a pait ol the cuive ot 
which the magnitude(a) is finite. Hence, then the niotiou 
on any curve whatever is finite, when the movcahle is not 
solicited by a given force. This has been alioady ohsci ved in 
No 157 5 hut moreover, the reason why this is the <.<ise, is 
because the angle of contact is infinitely small, foi in a point 
where two diSercnt cuives intersect at a finite angle, the 
moveable will experience a finite loss of velocity in jiassing 
from one curve to anothei, which loss will be equal to the pii- 
mitive velocity multiplied by the veised sine of this angle 
When the moveable is sohcited by one or inoio givtui 
foices, its velocity vanes with the components of those foi cos 
that are to the trajectory, and then uonned com- 

ponents exert, as in a state of rest, a piessuio on this cuivo, 
which must be combined with the centrifugal foice. 

In general, let mu be the resultant of the given forces whudi 
act on the moveable when it attains the point m If this in of i ve 
force be resolved into two others, the one, in the direction ot the 
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tangent, the other normal to the trajectory, and repicsentcd 
lespectively by mT and m(k , the fiist foice is that which causes 
the velocity to vaiy, and the second will pioduce the part ot 
the piessuie that is independent of the state of motion ot the 
moveable If by the rule for the composition of forces, the 

resultant of wiQ and of the centrifugal force/or be taken, 

the entile piessure exerted on the point m of the given cuivc 
will be obtained, both in magnitude and diicction This 
foice, divided by the mass of the moveable, or the lesultant of 

the acceleratmg forces q and ought to coincide with the 

foice p of No 152 It is in fact this, which we now pioceed to 
veiily 

171 We may substitute foi equations (5) of this numbci, 
the following, which can be immediately deduced horn them 


— PI “rcosco 


dxdhj — dyePx 
dsdt^ 

dx 

^Ts~ 

dy 

p 

ds 

fdx 

Wi 

dzdP-x — dxd^z 

dz 

dou 1 

(dz 

dsdt^ 

^ds 


<di. 

dyd^z — dzd?y 

dy 

dz 1 

(dy 

dsdt^ 

ds 


ids 




(I) 


wkchevei oi these is consuleicd as the independent vaiwblc, 
we have 


dxdhj — dyd^v _ dx^ « -IT 
dt^ - dt^~dr^’ 

we have also, at the same time, 

d % 

dt‘‘ ds^dt^’ dl ~ ds dt" 


and because n = — , theie will result(/;) 
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dxd!^y — dy^x 
dsdt^ 


_^d3?^'dx 
’ ds 


2 (dx<Py — dyd?x) 
’ d? 


In the same manner, there may be obtained, 

dz^x — dxd^z _ ^ 2 {dzd?x — dxd^z) 

1? ’ 

dyiPz — dzd^y _ ^ {dyd!^ss — 

““ ^ dP * 

If denote the angles that the force q maizes with 

the parallels to the axes of a?, we shall hkewise have, x, y, z 
being the components m the dnection of these parallels, of q 
and of the tangential force t, 

dx ^ dy ^ , dz ^ ,, 

X = T— + QCOS5', Y = T--^ + QCOS5', Z=T— + aC0S2"; 

CtS CtS CIS 


and by means of these, and of the pieceding values, equations 
(1) will become 






dzd^x — dx(Pz 


ds^ 


fdx , dy \ 

) = ,(: 


dx .A 


( dz dx 




dy(£^z — dz^i 


ds^ 




idy ,, dz \ 


'dy 

_ cos J”-- cos? 
dz 


')- 


( 2 ) 


Now, if 7, y', y" be the angles which the diiection of the 
centnfugal force, that is to say mn, the pioduction of the la- 
dius of curvature mo, makes with the paiallels to the axes of 
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*j yj z, drawn through the point m, and if s', he the co- 
oidinates of the centre of curvature o, we shall have 


p cosy, y — /=pCOS'y', « — s' s= p COS y", 

and by combinuig eq[uations (2) with the foimulae of No. 20, 
we may without difficulty deduce from them (c) 


- (f 1— ) -I - 1-“")]. 

dz \ dx fdx , dy \T 

II fdxfdz dx dytdy ,, dz AH 

-cosy''=QL_(_cos5~^oss''j-^ycos/-.^cosj'j] 

rdx (dz dx dy (du „ dz At 


But because the forces p and q aie perpendicular to the 
tangent of the trajectoiy, we have 


X I X dz ,, r. 

_cos2-+^cosg'+^cos?"=0, 


dx 

df> 


, dxj f dz „ r. 
cos(u + -rcostt> -h -r-cosw^'n 0; 
d$ ds 


this reduces the coefficients of 0,(6^ in the three preceding 
eq[uations to — cos y, — cos (f , — cos and those of — p to 
^ cos wj *— cos ct>', and — cos ; therefore we shall have 
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fiom which it appears, that the force p is the resultant in mag- 

. * « 7 )^ 

nitude and direction of the two forces — and q, as maybe easily 
verified. 

172 When the moveable is merely constrained to move 
on a given surface, it is necessary that the resultant of the 

97lV^ 

motive forces mo, and-—, which we Lnow alieady is peipen- 

dicular to its should be moieovei noimal to this 

surface Therefoie, denoting this resultant by and the 
angles, whether acute or obtuse, that its two components 
make with a determinate part of the normal to the suiface, at 
the point where the moveable exists, by ^ and we shall 
have 


N 


(q cos^H — cos^). 

p 


The foice n will act in the direction of this pait of the 
normal, oi in the direction of its production, accoidiiig as 
the quantity comprised between the crotchets is positive oi 
negative, and in older that n may he always a positive 
quantity, we should take the superior sign in the first case, 
and the inferioi sign in the second. This acceleiating foice 
N should he equal and contrary to that which occuis in equa- 
tions (3) of No, 151 , in fact, these last differ from equa- 
tions (5) of No 152 only in this, that they contain n, A, fi, v, 
in place of — p, w, w', w''', and by the pieceding analysis we 
can deduce from them the components of the foice n, which 
IV 111 he equal and contrary to those that have been found foi 
the force p 

In this same case of a given suiface, if tp', ip' denote the 

angles that the forces mo, and make with an axis, drawn 

P 


through the point where the moveable exists on the cuive, 
tangential to this surface, and perpendiculai to the^iajectoryp) 
so that we may have ^ 


cos^ ^ -|- cos® z; 1 , cos” Ip + cos® = 1 , 
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it is necessary that the sum of the components of these two 
foices acting in the direction of this tangential axis, should he 
equal to cyphci, because their resultant is normal to the same 
point of the suifcice , consequently we shall have 

^2 

QCOS COh\L'=0 , 

p 

by means of which equation, the inclination of the oscu- 
lating plane of the trajectoiy on the plane which touches the 
given suiface, can be determined. 

When the moveable is not subjected to the action of any given 
force, or, more generally, when it is only subjected to the action 
of a foi ce tangential to its trajoctoi y, we shall have q = 0 , hence 
there results cos 0 and xjj' =: 90"^ , so that the osculating 
plane of this cmve will be constantly peipcndieulai to the 
given suiface. As this is m general the piopeity ol the 
shoitest line between two given points on this suiface, it is 
this line that the moveable will desciibe, as has been alieady 
stated (No 161), but we see now besides, that a foicc which 
is tangential to a suiface, such as fiiction against the given 
surface, or the lesistance of a medium, will not cause the 
moveable to deviate horn the shoitest line between tlio two 
points, fiom the one to the othei of which it passes 

173 Finally, if the moveable be enUiely hce, it is necos- 
saiy that the component of the motive toicc mii, whieh is iioi- 
mal to the trajectoiy, should be in cquilibiio with its centii- 

fugal foice — , since iii this case, tlicie is notliiiijr m tlie 

cuive, 01 given surface, which can tlestioy the noimal result- 
ant of those two foices It is neccssaiy, theicloio, in the fiist 
place, that the osculating plane of the tnijoctoiy should be 
that which passes through the tangent and the given diicction 
of the foice wai, naming 0 the angle which tins diiection, at 
any point whatever, makes with the ladius of cnivatuic mo, 
this angle should be acute, in order that the noimal compo- 
nent of the foice ma may act in a direction opposite to the 
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centrifugal force which is directed along mn , and this being 
so, we should have 

R COS 0 =: — . (a) 

P 

When the accelerating foice r, to the action of which the 
moveable is subjected, is a central force directed to a known 
point, and when the curve described about this fixed centie 
IS known from observation, the radius of curvature p and the 
angle 0 that it makes with the direction of the force n maj be 
deduced fiom the equation of this curve , there may hkewise 
be obtained from this equation and the pioportionahty of the 
aieas to the times (No 155), the expiession of the velocity v 
at any point whatever of the trajectory, consequently, equa- 
tion (a) will determine the value of r, or the law of theccntial 
force, by the action of which the moveable is made to desciibe 
the given curve(y'). It is in this mannci that Newton dis- 
co veied the law of the force directed towards the centic of the 
sun, which causes each planet to describe an ellipse of which 
this point occupies one of the foci ; but it will be shown in the 
sequel, that proceeding fiom the same data, this determination 
can be effected by a much simpler piocess. 

174, Huyghens, to whom we are indebted for the measure 
of the centnfugal force, deduced it from the consideiation of 
ciiculai motion , and although this method is less diiect than 
the preceding, it may, notwithstanding, be useful bnefly to 
explain it here 

Let M (fig. 44) be a material point attached to a fixed 
point c, by an iii extensible thread cm , if by means of a per- 
cussion a velocity a be impressed on it in a direction perpen- 
diculai to the length of the thread , and if in order to simplify 
the question, no othci given motive foice be supposed to act 
on the moveable ; tins material point then dcsciibes a circle 
AMB, of which the centie and radius are the fixed point and 
the length of the thread During this motion, the thread 
which returns the moveable will expeiience, in the diicction 
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of its length, a certain tension winch is, in fact, the centii- 
fugal force By applying to the moveable a foice equal to 
this tension, and constantly chrected towaids the fiAecl centre, 
we may abstiact fiom the considei ation of the thiead, and 
considei the mateiial point as entirely fiee It is theiefore, in 
viitue of this cential foice, the magnitude of winch is un- 
known, combined with the velocity a, that the circle will be 
described. 

It follows immediately, that the circulai scctois tiaced by 
the ladius of the moveable, will be pioportional to the times 
(No 155) , this leqniies that the arcs of the ciicle whicli aie 
described should be so aUo Hence the circulai motion will 
be iinitoim, and if 5 denotes the aic desciibed 111 the time 
we shall have s = at. Let m be the mass of the moveable, 
ma the cential force, and consequently, a the accelerating 
force which is to be detei mined. Whalevei the natuie of this 
foice may be, we can consider it as constant in magnitude 
and diiection for an infinitely shoit intcival of time Thus, 
while the moveable desciibes mm^, an infinitely small aic of tlie 
ciicle, the foice a may be supposed to be constant and pa- 
lallel to CM, the ladius which is drawn to the oiigin of this 
aic, hence it follows, that if the moveable was not actuated 
by the velocity the cential ioice would cause it to desciibo, 
in an infinitely short inteival of tunc, the versed sme mn, 
01 the projection of the arc mm' which it actually desenbes, on 
CM. Now, the measuio of eveiy acccleiating foice is twice 
the infinitely small space, which it is capable of making the 
moveable desciibe m an infinitely short time, divided by the 
squaie of the time (No 118) , theicfoie if c denotes the veised 
sine MN, and r the time in which the arc mm' is desciibed, 
wc shall h<ive 

2c 

a = - , , 

T 

but if we denote this aio by o-, and the ladius vm 1>v r, we 
have 

2 M 
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the aic being taken for the chords hence j because o- = Me 
shall have 

” i 

This value of a is therefoie that of the centiifugal foice le- 
feired to the unit of mass, m a cncle dcsciibed with a unifoim 
motion It follows at once, that this foue in any cuive what- 
ever, will be equal to the squaie of the velocity divided by tlie 
radius of curvature ; foi since m the trajccioiy any two con- 
secutive elements aie common with its osculating cncle, we 
can suppose that, during an infinitely small poition of time, 
the moveable will move cireulaily about the cciitic of cuiva- 
ture, and that consequently it has the centiifugal foicc which 
corresponds to this motion. If this accelerating foice be mul- 
tiplied by w?, we shall obtain the same value as foi the foice 
denoted by f m No. 169. 

175 111 order to compare the centiifugal foi ce in the cncle 
with the gravity, \eta be the velocity acqmicd in falling tlnough 
the height /^, so that we may have = 2(/h (No 130), ^ de- 
noting the gravity , then there will result 


a 27/ 



which shews that the centrifugal foice is to tlie giavity, as 
twice the height through which the moveable should fall to 
acquiie the velocity «, to the radius 

If the moveable is a body of which the dimensions aie vciy 
small with lespect to its distance from the point c, the value 
of a may be consideied foi its entiie extent, as ncaily constant, 

and consequently we may assume - as the expiession of the 

latio of the centrifugal force arising horn circulai motion, to 
the weight of the body on which it acts 
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When the motion is not performed in a horizontal plane, 
the velocity of the moveable, the centnfugal foice and tension 
of the tlnead attached to the point c, will be variable. If the 
motion takes place in a veitical plane, and if 2gh denotes the 
square of the velocity when the moveable is in the hoiizontal 


plane passing through the point c, let z be its distance fiom 
this plane, at any instant whatever, which is considered as 
positive when the moveable is situated below, and as negative 
when it lies above this plane, 2g (1i^ z) will at this instant 
be the expiession foi the squaie of the velocity (No 159), and 
( h 2 *) 

2mg — - — 1 foi the centnfugal foice In oidei to obtain the 


entile tension, theie should be added to this foice the component 
of the weight acting in the diiection of the pioduction of its 

ladius, which component it is easy to shew is equal to 

Theiefoie, naming B the total tension of the thiead at any in- 
stant, w^e shall have 


This foice cxpi esses likewise the pressuie which the point 
c experiences at any instant in the diiection of the ladius tei- 
minatiiig at the moveable. It will attain its maiimum^ when 
the moveable is at the low^est point of the ciicle, i e when 
z rz 7 ^ and Its 7nuimimi^ when it is at the highest point, i. o , 

3> 

when z= — ; If A is less than — the tension will become 

negative, or will be convei ted into a contiaction(//) duimg a pai t 
of the motion. It is therefoie then necessaiy, that the thiead 
should be inflexible in ordei that the ciicular motion may have 
place. In this discussion, the weight and centnfugal foice of 
the thread are neglected, because its mass is considered as ex- 
tiemely small with lespect to that of the moveable. It will be 
shewn hereaftei, how this ought to be taken into account if it 
should be necessaiy to do so. 
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176, Let US now revert to the consideration of the uniform 
motion performed in a circle, and let t denote the time in which 
the moveable desciibes the entire circumference, we shall then 
have 

and, consequently, 

47r“> 

from which it appeals, that the centiifugal foice is m the di 
lect ratio of the radius of the circle, and in the iiivoise latio 
of the squaie of the time of an entire i evolution When a solid 
body revolves about a fixed axis, all its points clescnhe, in the 
same time, ciicles, the planes of which aie pcipeiuhculai to the 
exis , then centies lie in this axis, and then ladii aic the per- 
pcncliculais let fall fiom each point on this same axis , conse- 
quently, the centiifugal forces of their scvcial points aie to 
each other as these peipendiculais Thus, loi extimplc, the 
centiifugal force of bodies at the suilace of the eaith, and 
winch 1 evolve with it about its axis, is piopoitional to the radii 
of the parallels which they describe , and inoieovci, this force 
at each place acts in the direction of the pioductioii of the ra- 
dius of the paiallel drawn to this point 

177. The force which causes bodies to descend to the sui- 
fcice of the earth, and which is termed weight, is due piinci- 
pally to the attiaction of the terrestrial spheioul on these 
bodies But whatever be the cause of it, there can be no 
doubt, that the centrifugal force diminishes this tendency of 
heavy bodies, so that except at the pole, where the centii- 
fugal force is nothing, the weight is iii eveiy othei place less 
than if the eaith had no rotatory motion At the equator, the 
centrifugal force and weight act in opposite diiections the one 
to the other , therefore, the weight is equal to the excess of 
the attraction of the earth over the centiifugal force; conse- 
quently we have 
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(j being this weight, a the teiiestrial attraction, oi the weight 
which would have place if the eaith was immoveable, r the 
ladius of the equator, and t the time of the earth’s rotation 
As the second teim of the second membei of this expies- 
Sion IS veiy small i datively to the first, we have, very nearly. 



4 

111 01 del to find the numerical value of - , tlie radius of 

the mciidian may be assumed in place of r the ladius of the 
equatoi, horn which it diffeis but little , we shall then have 

2ir» =40000000"* 

Assuming the second foi the unit of time, and neglecting, 
111 this computation, the small variation of giavity at the suiface 
of the eaith, we have also (No 115 ) 

ff = 9“,80896 
Moieovei, by (No 111) 

T = 86104, 

hence, we obtain very nearly, 

, , 

Hence, at the equator, the weight is diminished by 5 Jt, , in con- 
sequence ol the motion of lotation of the eaith about its axis. 
It this motion should become more lapid, x would diminish, and 
the ccntiifugal force would differ less from gravity Since 289 
IS the squaie of 17 , it is evident that if the rotation was poi- 
foimed 111 the seventeenth part of a day, the coiitiilugal foice 
would be equal to that of gravity , m this ctisc the weight 
would be equal to cyphei, and bodies remitted to themselves 
would lemain in equilibno 
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In this computation, we have only consideied the centu- 
fugal force arising fiom the motion of heavy bodies about the 
axis of the earth, and in fact, it is easy to conceive, that the 
motion of tianslation about the sun, which is common to the 
eaith, to its axis, and to all these bodies, cannot influence 
then tendency to deviate flom this moveable line. For il we 
suppose, for example, a thiead paiallel to the equatoi at- 
tached to this axis, and terminating in a body situated at tlie 
surface, it is evident that its tension will not be in any icspcct 
changed by the effect of a motion which cariies along, at the 
same time, the axis, the thiead, and the body, without changing 
their relative positions. 

178 The centrifugal force diminishes the weight in all 
points ot the eaith’s surface, but by a grealei quantity at the 
equatoi than at any other point, both because the centulu- 
gal foice decreases m passing fiom the equator to the poles, 
and also because the angle which it makes with tlic veitical 
incieases Naming ? the radius of the equatoi, fx the latitude 
of any place on the surface of the eaith, and u the ladius of 
the coi responding parallel, we shall have 

W = / cos fUL , 

the non-spheiicity of the earth being neglected, the angle /t 
will be that which the production of u, or the diiection of tlic 
centrifugal force makes with the veitical , theicfore the vei tical 
component of the centrifugal foice will be obtained by multi- 

plying its intensity by cos n , this gives 
4irVcos®;n 

t2 

for the dimmution of the centrifugal foice aiising fiom the lo- 
tation of the earth, and, by what precedes, the actual value of 
this quantity will be 
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This would be all the diminution that the weight would ex- 
peuence, if the earth was a homogeneous sphere, and as it is 
piopoitional to the squaie of the cosine of latitude, the entire 
diminution from the pole wheic fi zz 90°, to the equator whcie 
ju = 0, amounts to ^ J-g. But the earth is a spheroid flattened 
at its poles , and for this leason, the atti action which it cxeits 
on bodies situated on its surface, diminishes fiom the poles to 
the equatoi , this diminution in each point of the surface is 
also propoitional to the squaie of the cosine of latitude, it 
should be added to that which is pioduced by the ceiitiifug’al 
force , and by this addition the coefficient becomes g 
veiy nearly Theiefoic it is this fi action J-g which will ex- 
pioss, as has been observed (No 117), the total mcicment of 
the w^cight of aliody tiaiisfeiied fiom the equatoi to the pole. 



CHAPTER V. 


EXAMPLES OP THE MOTION OF A MATERIAL POINT ON A 
CURVE OR ON A GIVEN SURFACE 


I. Oscillation of the simple Pendulum 


A j- 


179. A. pendulum is, in general, a solid heavy body, which 
oscillates about a fixed and horizontal axis But, in oiclci to 
facilitate the comparison of the durations ol the oscillations of 
different pendulums, and the coriesponding intensities ol gia- 
vity, geometeis have devised an ideal pendulum, that is teimed 
the simple pendulum^ and which consists ol a heavy inatoiial 
point, attached to a fixed point, by means oi an inflexible lu- 
extensible stung, that is supposed to be void of giavity and 
of uniform density, the length of this stung is that of the 
pendulum. 

In a subsequent chapter it will be shewn, that theie always 
exists a simple pendulum of which the oscillatioiib coincide, 
both as to their durations and amplitudes, wuth those of any 
other pendulum whatever It will also be shewn theie, how, 
when the form and dimensions of the second description of 
pendulum aie given, the length of the first can be deteimined, 
and in the discussion on this subject it will appear, that if this 
agreement obtains between the motions of two such pendu- 
lums in a vacuo, it will also subsist in a resisting medium, 
whatever be the function of the velocity which expresses the 
resistance Thus, it will be sufidcient to considei the motion 
ot the simple pendulum eithei m a vacuo, or in a lesistmg 
medium, which we piopose to do in this first section. 

Let c (fig. 45) be the point of suspension, cb the veiiical 
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passing thiough this fixed point, and ca the initial position of 
the pendulum If the matenal point at the extremity of ca, 
moves fiom the point a m a direction perpendiculai to ca, 
and m the plane of the lines ca and cb, with a velocity repre- 
sented by A, it is evident that it will not deviate fiom this ver- 
tical plane, and that it will describe arcs of acircle, of which 
the centre is a and radius ca. 

Aftei any time such as t, let m be the position of the 
moveable, from m and a, let the perpendiculars mp and ad be 
let fall on the veitical cb, and let us make 


CP =: CD = C 

Then, if g denote the gravity, and v the velocity of the 
moveable at the point m, we shall have, when the motion is 
peifoimed in a vacuum, (No, 159), 

v^:=:k^+2g{z - c), 

and if s denotes the aic desciibed by the moveable, we have 
(is 

consequently there rosults(o) 

If 6 denotes the angle mcb, which will be positive when the 
pendulum exists to the loft of cb, and negative when the 
pendulum lies to the nght of the vcitical, likewise if a be the 
angle \cb, oi the initial value of d, we shall have 


5 = a (a — fl), v: 


(is ^ dO 
' dt^ ^ dt^ 


a lepiesenting cm oi ca the length of the pendulum. We shall 
have also 

3 : = a . cos 0, czza cos a , 
by means of these values, that of dt will become 


\/k^ ^2ga (cos 0 — cos a)’ 
2 N 
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This is the expression which it is proposed to integrate either 
exactly or by approximation. 

181. There is only one casein which the integration can be 
effected in a finite form, and that is when(i) 


¥ = 2ga (1 + cos a ) ; 

this equation obtains, when the moveable depaits fiom the 
point A with a velocity acquired in falling through a height 
equal to ed , e being the most elevated point of the ciicle in 
which the pendulum moves Making 0=2^, and observing that 

1 + cos2;/< z: 2cos®i/^, 

we then have(c) 

g Ip 

If this expression be integrated, and the constant arbitiary 
determined, so that xpzz^a when ^ 0 , it becomes, by sub- 

stituting ^ in place of t//, 


» 


sm ^ 9) (1 + an \ a) 

+ 0)(1 - sill lay 


If the point A coincides with the point E, wc shall have 
a z: IT , and this will render the preceding value of £ infinite, 
whatever may be the magnitude of the angle 6 This indi- 
cates that the moveable does not leave the point e , in fact, in 
this case, its initial velocity will be nothing, and as the tangent 
at the point e is horizontal, it will reniain at rest. 

At the point b, 0 z: 0, therefoie in every other case, 



1 + sm ^ a 
1 — sin I a 


expresses the time that the moveable takes to describe the aic 
AB. It will ascend on the semi-circumference ba'e with the 
velocity acquired at this point , but it is evident from what has 
been stated in No. 169, that it would require an infinite time 
to leach the point b ; and this is in fact evident from the pro- 
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ceding expression, in wMch when 0 — ir, t = x> , What- 

ever be the initial velocity k and the angle a, formula (1) 
may be integrated by elliptic functions ; so that the times of 
oscillations, oi of involutions of a pendulum, may be always 
deteimined by means of the numerical tables of these functions, 
but as 111 practice, it is only necessaiy to know the durations of 
very small oscillations, we shall here lestnct ourselves to the 
consideration of such 

182 In order that the pendulum may make only umpll 
Oscillations on each side of the vertical cb, it is necessary that 
the angle a and the velocity k should b inconsiderable , as 
this velocity may be rendered entirely evanescent(d), by making 
the moveable depart from a pomt a little more elevated than a, 
that IS to say, by a suitable increase of the angle a, the gene- 
rality of the question will not therefore be affected by sup- 
posing A =: 0 , this supposition reduces equation (1) to 

dt=~\A / 2 ) 

9 l/2cos0— 2cosa 

By known foimulae, we have 


oo,e=i-?4 «• 


1.2. 3.4 


— &c , 


cos a =1-^-1- 


1.2. 3. 4 


&c. 


And since by hypothesis, the angles a and 0 aie very small, 
their fourth poweis may be neglected, therefore we shall have 


dt 


= - 


de 


9 


By integiatmg and observing that ^ 0 when 0 = a, there 

results 


^ \ a/ 


honce wc can deduce 
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0=acos#l/|. ^ = 


a 



. sin^ 



These formulae indicate, agreeably to what has been already 
pointed out (No 159), that the pendulum will make an inde- 
finite senes of equal and isochronous oscillations on each side 
of the vertical cb ; the velocity vanishes, and the moveable 


will return to the point a, wheie Ozza, whenever 


a 


will 


be a multiple of 27 r, and to the point a' equally elevated as a, 
and where d = — a, as often as 9 will be an odd multiple of tt 
I f T denotes the time employed m passing fiom one of these 
extieme points to the other, that is to say, the time of an cntiie 
oscillation, we have(e) 

T=x\/^. 


The durations of the two semi-oscillations, the one descend- 
ing, and the other ascending, will be lespectively equal to each 

T 

other and expiessed by 

In general, at two instants separated by an intcival of 
time equal to t, the pendulum will exist on opposite sides of 
the vertical cb, in points which are equally distant fiom this 
.line, and will be actuated by equal and opposite velocities, for 

dS 

if in the values of 9 and — , ^ + t be substituted in place of 

it is evident that the only change which they undergo is a 
change of sign(/) 

The pendulum coincides with the vertical when 0 = 0, in 

T 

which case t is an odd multiple of - , hence it follows, that 

A 




and, consequently, 
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expi esses the velocity of the moveable at the point b. Naminj^ 
b the height db of its point of departure above b, we shall 
have 

hzz a (1 — cos a) = 

because the fourth and higher powers of a aie neglected. 
Consequently, absti acting from the consideiation of the sign, 
the velocity acquired at the lowest point will be(^) 

v= 

which expi esses, as it ought to do, the velocity acqmied in 
falhng through the height b 

183 The value of i is, as we have seen, independent of 
the angle a , it will even subsist, and beiigoiously exact, when 
this amphtude a is infinitely small Therefore, if the pen- 
dulum deviates by an infinitely small quantity horn the ver- 
tical, it w^ill take a finite time equal to tt to return to it 

In this movement, the moveable will describe an infinitely 
small space in a finite time, this aiises fiom the ciicumstance 
of the intensity of its accelerating force being infinitely small. 
In fact, this foice IS that of gravity resolved in the dnection 
of a tangent to the trajectory , now in the extent of the in- 
finitely small arc that is terminated at the lowest point of 
this curve, the tangent makes with the vertical an angle 
which diffcis horn a light angle, by an infinitely small 
quantity, consequently the cosine of this angle, by which the 
gravity must be multiplied m ordei to obtain its component, 
IS infinitely small, therefore, this component must be also infi-‘ 
mtcly small 

This result may be extended to the oscillations of a heavy 
mateiial point on any curve whatever, of which the osculating 
plane at the lowest point is vertical , foi within an injinitdif 
small extent, the cuive coincides with its osculating ciiclc, 
and in an extent which is only veiy small, it deviates fiom it 
very little , hence it follows, that if c be the centie of this 
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circle, the duration of the very small oscillations on the curve 
on each side of its point b, is the same as foi a simple pendu- 
dulum whose point of suspension is c, and of which the length 
will be CB, the radius of curvature conesponding to this point 
B. Therefore, the duration of very small oscillations on all 
vertical curves, which have the same curvature at their lowest 
point, IS the same and independent of their amplitude. When 
the osculating plane m this point is not vertical, wc must sub- 
stitute in the expiession foi t, in place of the gravity its 
component in this plane, which is equal to y sin ^ denoting 
the inclination of the given plane on the horizontal plane. 

184 When the angle a is of a finite magnitude, but very 
small, then the preceding value ot t is only an approximate 
one In fact, if the fourth powers of a and 0 are retained m 
the values of cos a, cos 0, and if they aie substituted in foimula 
(2), we shall have(A) 

dt=- a/® ^ 

At this degree of approximation, we must assume 

(1-* (a* + e^)r* = i+iEV 

theiefoie we shall have 

= _ A/i , (HELP'S 

which formula may be integrated by the known rules. By in- 
tegrating from 0 zz a to 0 = — a, in ordei to obtain T the du- 
ration of an entlre(^) oscillation, we find 



from which it appears, that this duration is a little inci eased 
by the magnitude of the amphtude. 

It follows from this expression, that if n denotes the num- 
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ber of infinitely small oscillations of any pendulum in a given 
time, and n' the number of oscillations of the same pendulum 
and in the same time, when their amphtude a is onlytJe;!/ 
small, we shall have(ft) 

for this number n' must diminish in the same ratio as the du- 
ration of each oscillation is increased by the magnitude of this 
amplitude 

185. Although, in the dijQEerent applications of the pendu- 
lum, philosophers always take piccautions that the amphtude 
of the oscillations should be very small, by which means the 
cnrection lelative to the magnitude of a, which has been de- 
termined above, will be always sufficiently accurate, it may, 
neveitheless, be useful to know the converging series, by means 
of which the duration of an oscillation may be expiessed, 
whatevei be its amphtude 

Foi this purpose, let x and j3 be the versed sines of the 
angles B and a, so that 


1 — cos 0 z: a?, 1 — cos a z: /3 , 

and also, at same time, 

ddzz 


dx 


\/ 2 T — 73“^ 


The foimula (2) will become 

L 


and, in ordei to deduce fiom these the duration of a semi- 
oscillation, we must integrate from a? z: jS, (which answers to 
0 = a,) to a; z: 0, (which answers to 0 z: 0 )(/) 

Now, developing by the foimula for expanding a binomial, 
we obtain 


dt 


= -iV^ 


dx 


9 V ISx—a^]/!— lx 




^ 1 3 a® 

^2 ■’'Fi'T 


1 3 5 x> 





280 OSCILLATION or THE SIMPLE PENDULUM IN A VACUUM. 


in this series^ the general term is 

13 5 . 1 fxY 


2 4 6 


2n 




and it always converges, because x is constantly less than 2. 
If, therefore, the order of integration be reversed, which we aie 
permitted to do, by changing at the same time the sign of dt^ 
and if we make 

pj3 

io v/ jSa;— 

(n being either cypher or any number whatever) theie will 
result 

T = -* ^Ao+*|.^Ai+2-j.|a2+ J A3+ &c y 

T being the duration of an entire oscillation. 

The values of the definite mtegials Aq, Ai, A2> A3, aie con- 
nected together in such a manner, that one of them being 
known, it is easy to deduce successively all the otheis In 
fact, we have(m) 

C xHx __ C{x — ^0) x^'^dx , i3 f d% 
^\/l3x—x^ ^ V^|3aj — ^ — 

_a^-Vp5^+(n- 

C , C ^^^dx c x^^dx 

hence we infer 

- -- ' — = — ^ Qx—s^—in—V) \ — 

, (2w— 1)^^ af^^dx 
2 

and, consequently, 
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x^dx 

)/ 




n 


4 


(2y^— 1) ^ ^ 3(^-''^dx 


At the two limits a;=: 0 and xz:l3,we have ]/ (5x^x^:=:0 ^ 
and, therefore, by taking the definite integrals we shall have, 
by means of this last equation, 


A^; 


(2m — 1)^ 
2m 


An— 1* 


If in this foimula we make w=:l,w = 2, w=3, &c., suc- 
cessively, we obtain from it 

Ai zi ^ /3A0, 

— 5/3ai = 

^3 = |/ 3 a 2 = 2 4.'6 
SiC* , 


consequently, we shall have, generally, 


An 


1.3 

2 


5 . . .. . 2^— 1 
4.6 ... 2n 


^'‘Ao; 


and as to the value of Aq, it is, when talccn between x=: o and 

CP dx 

Aq = \ ZI TT. 

By substituting these values of Aq, Ai, A2, &c., in that of 
T, there will result 



foi the lequired value of t, and which necessarily converges, 
since J j3 is always less than unity. 

If the fouith power of a be neglected, we shall obtain 
= hence this seiies will be reduced to Us two first 
terms, and the value of t will coincide with that of the pre- ' 
ceding number, 

2 o 
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186. Let US now proceed to consider the motion of a simple 
pendulum in a resisting' medium. If the preceding notations 
be retamed, the force of gravity resolved in the direction of the 
tangent mt wiU be g . sin 0, because the angle which this line 
mates with the vertical mn is the complement of the angle 
MCB or 0. As the accelerating foice arising from the resist- 
ance which we denote by v, acts in a direction contrary to 
g . sin 0, the equation of the motion will be (No. 162) 

V. (3) 


(in which s denotes the arc am). We may mate diffeient 
hypotheses as to the value of v, consideied as a function of 
the velocity of the moveable ; the simplest is that m which it 
is supposed to be proportional to this velocity, in which case, 
we have 


k denoting a given constant velocity. We have also 
s = u(a— 0), sin 0 = 0 - -f- &c. , 


if, therefore, 0 be considered, as heretofore, a very small angle, 
and if its third power be neglected, equation (3) will become 


^.9 
df’ k * dt' a 


.0 = 


0 , 


of which the complete integral is(«) 



c'siniy 


v1) 


—gi 
- 3 * 


in which Cj c', denote two constant arbitiaiies, e the base of 
the Naperian system of logarithms, and also, for the sake of 
abridging, 


4/: 


ga 
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cand c'aie determined by the conditions 6 — a 8 ®*^^ ~ when 
t =. 0, which gives 


c ~ a, 

consequently, we shall have 


aVffa 

2yk ’ 


* = + 1 )« ”, 

and, by differentiating, (o) 





for the expressions, by means of which we can dcteimine at 
any instant whatevei, the position of the pendulum and its 
angular velocity 

At the end of each oscillation, we have ^ = 0 5 this is the 

case as often as ty f ^ multiple of tt. It follows, there- 

foie, that the oscillations are isochronous, as in a vacuum, and 
that we have(/)) 

TT 

^7 



for the duiation of an ciitiie oscillation, so that it is increased 
by the lesistance ol the medium, in the ratio of unity to the 
fi action y- As to the amplitudes ot the oscillations, it is evi- 

dent fiom the form of the exponential e -i*, that they continu- 
ally (hminibh. Naming a» the amphtude of the w®* oscillation, 
that IS to say, suppobing that 0 = (-- when t =z «t, 
there will icsult( 5 ') 

— 

«„ = ae ST* , 

which shews, that the successive amplitudes constitute a 
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decreasing geometrical progression, of which the latio is 

e . 

This oscillatoiy motion supposes that t is a leal quantity; 
and, in fact, this is the case in all expeiiments of the pendulum, 
in which the length is never very considerable, its density 
bemg at the same time always veiy gieat, compared with that 
of the air in which it moves , and as the velocity k is pio- 
portional to the ratio of the first density to the second, it is 
very considerable compared with J \/ ga^ and, consequently, y 
is a real quantity, that differs very httle from unity How- 
ever, if 2fe was less than ga^ y would be imaginary, and of 
the form j3 1, ]3 denoting a real quantity , by the known 
formulae, the sines and cosines which occur in the expiession 
for 0, will then be tiansformed into exponentials, and when 
this transformation is effected, it is evident from inspection, 
that the time required to lapse, before 6 vanishes, is mfinite(? ), 
so that the pendulum will approach mdefinitely near the vei- 
tical CB, without evei passing or even attaining to it. 

187 It appears fiom experiment, that accoiding as the 
amplitudes of the oscillations performed in the an diminish, 
they tend more and more to decrease m a geometiic piogies- 
sion, for example, they deviate little from this progres- 
sion, when the angle a is the third of a degree, or somewhat 
less. Expenment hkewise proves, that this decicasc is vciy 
slow , thus, in the experiments of Borda, in which the ampli- 
tudes of the oscillations constitute, as to sense, a geometiic 
progression, the amplitude was reduced to about two-thiids, 
aftei 1800 oscillations. Theiefore, if to this example, the ex- 
pression for an 9 given above,, be applied, we shall obtain 

•— 1800ff‘|/gg 

e St* 

and, consequently, 

= 7 log I = y (0,40546) , 
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but we have 


hence there results 



7^ 


(1800)^2(1 - y^) =r y'^ (0,40546)S 

from which we obtain 


y = 1,00000000257 

or 7 = \^q j? we are theiefoie permitted to neglect the con- 
sideration of the resistance of the an in computing the value of t. 
It follows from this, that when the oscillations are veiy small, 
the resistance of the an may be assumed to be pioportional to 
the velocity, as has been supposed, and also that this resist- 
ance does not sensibly influence then duration. But when the 
amplitudes are of some magnitude, it appeals fiom obseiva- 
tion, that they do not deciease in a geometiic progression, so 
that it becomes necessary to make some other hypothesis on 
the law of resistance 

188. Let it be assumed that this force is propoitional to 
the square of the velocity, and let 

g ds^ 


k being a given constant velocity, which will always be vciy 
gicat, so that if we make 

^qa 


II will be a veiy small fi action. Since (fo = — ad9t equation 
(3) will become 

(Pd n ^ , dO^ 

multiplying tlus equation by 2d9, integrating and making 

CdO\.^ dO^ drj 
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|_^CO8«-W = 0, 

this being a lineai equation of the first ordei, its complete in- 
tegral is(«) 

. , _ (sm 0 — ju cos 0) 

c being a constant arbitrary, and e the base of the Naperian 
system , differentiating with respect to 0, and substituting 

in place of ^ , there results 

' which is a first integral of equation (4) given in a finite foim. 
In order to deteimine c, let us assume, as has been done 
dQ 

above, that = 0, when 0 = a ; then there will result 
* (cos a + ju sm a) 

consequently, we shall have, at any instant whatevei, 

^ j a sin 0 (cos a + ja sin a) e~^Ca-g)] . (5) 

Theiefore, at the lowest point, where 0 zz 0, wc shall have 
= 1:^2 [ 1 - (cos a + ^ sin a) , 


for the expression for the squaie of the acquiicd velocity, 
which IS evidently less than m a vacuum. In virtue of this 
velocity, the moveable will ascend on the aic to a point Ai 

dQ 

less elevated than a', and for which we shall have -7-zr 0. 

dt 

If the corresponding value of 0 be denoted by — ai, thcie 
will lesult 
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(cos ai — ju sin ai) = (cos a + ju sin a) 

and if the exponentials be developed according to the powers 
oi fly the square of ju, which is a very small fraction, being 
neglected, we shall obtain(jf) 

cos tti— ju (sin tti — ai • cos ai) zz cos a + fi (sin a — a cos a) . 

The value of ai which can be deduced fiom this equation, 
differs very httle from a , therefore, by making ai = a — 8, and 
neglecting the square of S and the pioduct ]u8, theie results 


Ssinan 2ju (sin a — a cosa) , 
so that we shall have(«/) 

tti =: a ^ (sin a — a cos a), 

sma^ ' 


as an expiession, abstiacting from the sign, for the magnitude 
of 9 at the end of the first oscillation 

This lesult does not imply that the oscillations are veiy 
small , however, if they are so small, that the fourth power of 
a may be neglected in the expiession for ai it will bccome(v) 


After the moveable attains the point Ai, it will descend 
again, and will thus continue to oscillate from one side to the 
other of the point b, until the amplitudes of these oscillations 
to all appearance vanish. If aa denotes the amplitude of the 
second ascending domi-oscillalion, it is evident that it can be 
deduced from ai, as ni has been deduced from a? so that wc 
shall have 

_ 2juai^ 

(l2 — . Oi *> ' 


and in like mannei, if «), ai, &c., be the successive amplitudes 
of the other ascending demi-oscillations, we shall have 
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O4 = “3 ~ 


2 / 103 ° 

3 ’ 


&c. , 


•wWch shevs that they no longei deciease m geometric pro- 
gression, as in the case of a resistance proportional to the 
Telocity. 

189 In order to detemdne the time in which the angle 9 
is described, the value oidt deduced from equation ( 5 ) must 
he mtegrated, and this can he always effected hy the method 
of quadratures, when the numerical values of a, /c, 9 , are 
known. But when the oscillations are small, the value of 9 
consideied as a function of t, may he obtained in a converging 
seiies, and vice versa. 

The initial velocity of the moveable is always assumed 
equal to cyphei > and the value of 9 at any instant whatever 
will be a function of a and t, which should become cypher 
when 0=0; therefore it can be represented hy 

9 — nOi d” 2 d“ o'* d* , 


9i> 02 > Os, &c , being coeflScients independent of a. By sub- 
stituting this series in equation ( 4 ), and then developing the 
two members according to the powers of a, we shall obtain by 
putting the coefficients of the same poweis respectively equal 
to each other, a senes of differential equations of the second 
order, by means of which the unknown quantities O3, 

&c., can he determined. Moreover, in order that we should 

have0= a and$=: 0, when t=0, whatever may be the 
at 

magnitude of a, it is necessary that the initial values of 62, 63, 

&c , &c., should all vanish, and that those of fl, and 

dt dt 

^ should be unity and cypher ; it is by means of these con- 

dt 

ditions that the constant arbitraries wliicli ate contained in the 
complete integrals of these series of equations, can be deter- 
mined. In tHs manner, we may compute as many ternas as we 
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please, of the preceding senes. If the approximation be limited 
to the square of a, in which case the cube and higher powers 
of this quantity should be neglected, we obtain 

( P 0 __ a ( P 6 i 2^*02 


sm 0 = 001+ a* 02 


and if these values be substituted in equation (4), there results, 
by equdlhng the coefficients of a and of a® in its two members, 


- 0 

-^2- + -0.- 0, 


, g a d9^ 


df 


+ -^2—ig 


df 


11 the fiist of these two equations be integrated, and if the 
two constant aibitraiics be determined in such a manner that 
dO 

01 = 0 and = 0, when < = 0, we shall have 
0) = cost ^ 

cc 

Hence theie lesults 

" sin- ( l/i = 1 " ( I - CO, a V^) , 
dr a a ^ a\ a) 

consequently the second equation will become(<) 




and then 


01 = - ^ cos t + hfi + t'®/* cos2f V^, 
will be its complete integral subject to the conditions 02 

and ^ = 0, when t = 0. 
dt 

2p 


=: 0 
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By means of these expressions for 6 i and that foi 0 
becomes 

« = („- =i) MS , 

and because v = — ^^5 we shall, at the same time, have 




these formulse make known the position and velocity of the 
moveable at any instant whatever, 

190 . If m the last equation, we substitute in place of 


sin 2 1 its value 2 sin ^ cos t V^j the equation 

which obtains at the end of each oscillation, will assume the 
form 


V o o a' a 


As the angle a is very small, the first factoi cannot vanish , 
the second is cypher as often as t *s / 1 is a multiple oi tt It 

follows, therefoie, that the interval of time which lapses be- 
tween two consecutive velocities, respectively equal to eyphei, 
or T the duiation of an entire oscillation, is(w) 


T=:ir 



hence it appears, that when the resistance of the air is pio- 
portional to the square of the velocity, the duiation of the 
oscillation is not affected by it. However, it incicasos the 
time which the moveable takes to attam the pomt B. In fact, 
if we denote it by i', and make 0 = 0, we have 






V ^=0 
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The least value of t‘ "k which satisfies this equation, 
a 

diffeis little from , let therefoie, 

f\/ ^zzirr + B, 

neglecting the square of 8 and the product aS, we obtain(v) 

S = |a/u, 

and, consequently, 

hence it appears that the lesistance of the ah inci eases the 
duiation of the fiist descending semi-oscillation in the ratio of 

1 + ^ to unity, and since it does not influence the duration 

of an entile oscillation, it must diminish in the same ratio, the 
duiation of the ascending semi-oscillation. 

By substituting this value of f in that of and neglecting 
the cube of a, we obtain(a) 

v=(l-^)aV7a 

hence we infei, that the velocity acquired at the lowest point 

is diminished by the resistance oi the air, in the latio of 1 — ^ 
to unity 

If — ai denotes the value of 0 at the end ol the fiist entiic 
oscillation, which answers to that of t ^ = tt, we shall ob- 

(Z 

tain as bcfore(y) 

^fXC? 

= a 

These diffcicnt icsults arc independent of the magnitude 
ol jit, the coefficient of the lesistance, and only suppose that the 
angle a is veiy small , they apply equally to the motion of a 
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pendulum in an aeriform fluid and in a liquid, piovided that 
the coefiScient p. be determined for each medium in particular. 
When a is veiy small, it is unnecessary to consider the case of 
a lesistance proportional to the cube or any higher power of 
the velocity, because in the values of 6 and u, theie can only 
result terms depending on powers of a higher than the square, 
which we have shewn in the preceding calculations ought to 
be neglected. Therefore, if what has been stated in No. 187 
be considered, it will be manifest, that the resistance of the air 
does not influence the duration of very small oscillations of the 
pendulum, for which the correction relative to the magnitude 
of the amphtude is neglected (No 184) When this cor- 
rection, however, is taken into account, the lesistance has a 
small influence, because it causes the amplitudes to vaiy duiing 
the continuance of the motion 

191 It does not follow from this, that the duration of the 
oscillations of a heavy body, however small they may be sup- 
posed to be, is the same m the air and in a vacuum , foi this 
fluid, by the pressure which it exercises on the moveable, in- 
creases this duration, by diminishing the gravity. It c<xn be 
shewn by experiment, and it will be heicaftei demonstrated 
when we come to treat of Hyd/ oslatics^ that a body at rest, 
when plunged in a fluid, loses a pait of its \veight equal to 
the weight of that portion of the fluid which it displaces 
Thus, p being the weight of this body in a vacuum, p' its weight 
m air, n the weight of a volume of air equal to that of the 
body, we have 

p'=: p — n 

Naming p the ratio of the density of the an to that of the 
body, g the gravity m a vacuum, g' what this foice becomes in 
air, and m the mass of the body, we have 

n = Pp, p — mg^ p'= mg ^ , 
consequently there results 
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Now, if t,t' represent the durations of the small oscilla- 
tions of the same pendulum, when the accelerating forces aie 


respectively g and g\ 
and, consequently, 


we shall have t =: tt 



t' 




Likewise if a' he the length of the pendulum which, actu- 
ated by the gravity^', makes oscillations isochionous with the 
pendulum actuated by the force of gravity and of which the 
length is a, we must have 


and, consequently, 



a'zz a (I — p). 


Thciefore, if the loss of weight which a body sustains in a 
state of lepose be solely taken into account, the durations of 
oscillations made in the air will be increased in the ratio of 
unity to \/ 1 — p when the length of the pendulum is sup- 
posed to be the same, and if the duiation be the same in the 
ail and in the vacuum, the length will be dimmished m the 
ratio of 1 — p to unity. Moi cover, M. Bessel has shown by 
experiment, that the loss of weight which any body sustains 
in the an, is not the same when the body is at rest, and when 
it has an oscillatory motion The loss is grcatei in the second 
case, it IS theiefoie necessary, in the preceding formulae, to 
multiply p by a factor greater than unity, and depending on 
the form of the moveable The same lesult was also obtained 
by M Poisson in a memoir, published in the eleventh volume 
of the Tiansactions of the Academy, On the simultaneous Mo- 
tions oj- a Fendulum and oj the ambient Air , by his analyjiis he 
found when the pendulum consists, like that of Boida, 
ot a spheic attached to the exticmity of a voiy slender thicad, 
ils length being vciy considciablc compaicd with the diametei 
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of this sphere , so that the coriection relative to the density 
of the aiTj which j previously to the observation of M Bessel, 
was applied to the duration of small oscillations and length of 
the simple pendulum, must be mcreased by one-half. In all 
cases, the coefficient y* is independent of the density of the pen- 
dulum, and also of the density and nature of the fluid in 
which it vibrates, so that we may always deteimine it by ex- 
periment, by comparing the durations of the oscillations of 
two pendulums of the same form and of different densities, in 
the same fluid, or even of the same pendulum in two dif- 
ferent fluids, such, for instance, as an and water. 

192 Now let be the number of infinitely small oscilla- 
lations that any pendulum makes in a vacuum dining a given 
time T. In order to deduce this number, by the rule of No 
184, ifrom that of very small oscillations, which is given by 
observation, and at the same time to take into account the 
variation of the amplitudes during this time r, wc must assume 
for the angle a the mean of the exticme amplitudes which aic 
also furnished b} observation This being piomised, t the 
duration of an infinitely small oscillation of this pendulum 
will be 


T 



and the error mto which we may fall, in measuiing the time 
r, will have so much less influence on the value of t, as the 
number ?^wlll be moie considerable. If the foim and di- 
mensions of the vibrating body be known, wc can doteimnic, 
by means of a formula that will be given in a subsecpicnt 
chapter, the length of the simple pendulum, of which the 
motion is the same as that of this body , and then this length 
( can be reduced to what it would be in a vacuum, in the way just 

now explamed. Hence, if a denotes what it becomes aftei 
this reduction, we shall have 
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(wheie g denotes the foice of giavity in a vacuum) fiom which 
we obtain 


It IS by means of this foimula, that the measure of the gia 
vity, or the velocity which heavy bodies acquiie m falling 
veitically in a vacuum, dm mg a unit of time, is determined. 
From experiments made by Borda at the Observatoiy of Paris, 
with a pendulum, the length of which was about two meties, 
there results 

a = 0^993855, 

(the unit of time being assumed equal to a second,) hence we 
deduce, 

g = 9”*, 80896, 

in the latitude of Pans, which is equal to 48° 50' 14^'. M. 
Bessel having made bodies of every species of mattci to vi- 
biate, such as metals, ivory, maible, meteoiic stones, &c., 
invariably found that the values of g were sensibly equal , the 
greatest diffeienccs, on one side or the othei of the mean value, 
seal cely amounting to the hundicdth thousandth pait of this 
value, and even this may be attiibutcd to tlic inevitable eiiois 
ot obseivalion There (an llioefoie exist no doubt as to the 
2 )erpct eqmlitij of the atU action eve/med by the eaith on all 
bodies, ivhatvvo maybe theu nnliitc^ which ate situated at 
the same jdare oj lU siujace, Joj this ccjvalitij 'Results fom 
that oj the milter of the (pamiyg, sinee tins Joice is the excess 
of the tenestna! a tti action ove? that pait oj the centnfugal 
foiee (ommon to all bodies, which is i evolved m theduection 
of the oeitaal 

193 It IS demonstiated in the Mechanique Celeste^ that 
if the suilacc of the eaith is the same as that of the level sur- 
face of the sea when at rest, the vaiiation, at this surface, of 
the length of the simple pendulum, which vibiatcs m a unit 
of time, IS propoitional to the cosine of double the latitude, 
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SO that if X denote this length, in a place of which the latitude 
IS \p, we should have( 2 r) 

X =: /(I — a> cos 2^) , (b) 

I and (jj being constant quantities which must be determined 
by obseivation It is likewise shewn, that the coefficient w is 
connected with the compression of the teirestrial spheroid by 
the equation 

2(0 + 8 zz 

in which 8 is this compression, (so that the ladius of the 
equator and that of the pole are to each other in the ratio of 
1 + 8 to unity,) and r denotes the ratio of the centrifugal 
foice to the force of gravity at the equator, the numerical 
value of this last is (No. 177) 

The foimula (b) is, in fact, confirmed by experiment, when 
we abstiact from the consideiation of all those local circum- 
stances, which, as we shall see in the sequel, may influence 
the attraction of the earth and the length of the pendulum 
From a compaiison of a gieat numbei of observations, made 
at different latitudes, we obtain 

(o zz 0,002588 , 

from this it follows, that 8 is veiy neaily equal to 7 . The 
constant I is the value of X corresponding to = 46°, it dif- 
fers but little from that value of X, which coi responds to the 
latitude of Paris ; and by this last, we have 

0,993855 = / [1 + 0,002588 . sin (7° 40' 28")] , 
hence we obtain 

Zzz 0^993512 

If in formula (a) we make w zz 1 and r = 1 , and then sub- 
stitute successively I and X in place of we shall have, if 
p and denote the corresponding values of 
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JP = p' ZZ TT^X 5 

consequently, we shall have 


p = 9^80557, 


and for any latitude whatever, 

p'njp (1^ 0,002588 cos 2^) 

Since 


cos 2\pzz2 co^^ip — 1, 


it is evident that the diminution of gravity, as we go from the 
pole to the equatoi, is piopoitional to the square of the cosine 
of latitude, confoimably to what is stated in No 178 

It the same pendulum be tidiisleiied to dilTeient places ou 
the eaith, it is evident fiom equation (a), that n the numbei 
of Its oscillations, m the same tune r, will vary piopoiiionably 
to the squaie loot of the giavity Thus, for example, a clock 
regulated at Pans, by the diuinal motion of the caith, and 
then tiansfeiied to the equatoi, will lose 

Naming 7? and the nuinbei of oscillations winch this pen- 
dulum peifoimsin a sideieal day, in these two places icspcc- 
tivcly, we shall have 


71 = 80104, 7 ^'= 7 ? 

and, consequently, 



1 — 0,00*2588 

I + 0,002588 bin (7"^40^^’ 


77'= 80037, 


so that a clock, when tiansfeiied to the equatoi, loses 'about 
127 seconds in 24 liouis. It was fiom ohsciving that a clock 
lost when c«uiiod to the equator, that philosophois fust esta- 
blished the vaiiatioii of giavity on the surface of the caith. 


II Motion on a Cifdoid. 


194 Lot Auc (lig 40) be the tiajectoiy of a heavy mate- 
rial point, llie plane of which is veitical. Let us suppose that 
this moveable depaits liom any point i) without initial velo- 
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It y , and at the end of the time let it be at m , from d and m 
lot iall the perpendiculars de and mp on the vertical passing 
thron<i;h the point b, which is the lowest point on the curve , 
t lion by making eb = and denoting the velocity acquired at 
the point jvi by v, and the gravity by ^5 we shall have (No 159) 

VZZ 

provided that the gravity is the sole force which acts on the 
moveable. Likewise let s denote the arc bm , since it decreases 
as (he time inci eases, we shall have 

ds 

arid it we make 

EB z: A, PB z: ^ = A — 

tln^rc will lesult 

^rgdt=--^^, ( 1 ) 

w hatovci be the natme of the given curve. This cuive being 
by hypothesis a cycloid, we shall have (No. 73) 

ft tlenoting the diameter bf of its generating circle. Hence 
wo obtain 



and, by integrating, 

tV - = aro(^c»! = — 

a constant arbitrary is not added, because we have if z= 0, at 
the origin of the motion, or when a? = A. 

If t' denotes the time that the moveable takes to reach the 
point B which corresponds to a; z: 0, we shall have 

^ = aic (cos = — 1) z: TT, 
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and, consequently, 

Hence it appeals, that this time is independent of A the height 
of the point D, (from whence the moveable commenced its mo- 
tion,) above the lowest point b. So that this propeity that 
obtains only approximately, for all curves of which the height 
A IS veiy small, is rigorously tiue for the cycloid, whatever this 
height, within the hmit a or bv, may be Hence it follows, 
that all moveables which commence to move simultaneously 
fiom diflfeient points of the cycloid, will arrive at the lowest 
point in the same time 

It appeals, theiefore, that tr ^ ^expresses the time of an 

entiio oscillation from one side to another of the point b , now, it 
IS evident, that this is the time in which very small oscillations 
of a pendulum, whose length 2 a is the radius of curvatuie of 
the cycloid at this point, are performed (No. 72). And it thus 
accoids with the result of No. 185, lelative to the duration of 
very small oscillations on any cm ve whatever, which duration, 
m the case of the cycloid, is the same as those of oscillations 
of any amplitude whatever. 

195 The time of desciibing the aic db of the cycloid is 
hkewise independent of the length of this aic, when the mo- 
tion IS peifoimed in a lesisting medium, piovided that the 
resistance is piopoitional to the first power of the velocity 

In fact, if we denote this force by as in No. 186 , the 

force of gravity resolved in the direction of the tangent mt is 

because -r* is the cosine of the angle tmn that this line 
^ (Is (is ° 

makes with the vertical mn, therefore the force which acts at 

the point M, and which tends to dimmish the aic mn oi .s, is 

(IjC 7) 

the (lifteicncc q —. — 97 , consequently, we fehdll have for the 
(Is th 

equation of the motion, 
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dt^'~~^\Ts~kr 

or, -what is the same thing, 

because 

__ ds ^ 

^ df d8~~‘ 

If at the commencement of the motion, i c , when i? r; 0, 
the velocity is nothing, and if then ^zz a, by do tci mining the 
two constant arbitraries by means of these conditions ; and 
making, for the sake of abridging. 



the integral of the preceding equation will become (No. 18G) 

^ = a. (cosiy + ^sinfy \/ e~^ 

Therefore, if denotes the time when the point b, at which 
£ zzi 0, is attained, we shall have 


Ct - v/^ + = 0 . 


by means of which equation we can deduce a value of inde- 
pendent of a, which was required to be done. If the icsist- 
ance be very small, or the velocity k veiy great, we shall 


have yzz: 1, very nearly, and the 
give(a') 




preceding equation will 
2A"^ 


which shews that the time if is somewhat increased by this le- 
sistance. 
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196. If the line df be continued to o, so that of may be 
equal to bf , this point o will be the centre of the circle which 
osculates the cycloid at the point b , and if two equal semi- 
cycloids OA and oc be described, touching the lines ob and ac, 
and having* the diameter of then generating circle equal to 
OF, OA will be the evolute of ab, and oc that of bc (No 72) , 
consequently, if a thread of a constant length, equal to ob, oi 
2« be attached to the point o, and be then made to envelope 
the two cuives o\ and oc successively, its other extremity will 
tiace the cycloid abc 

This suggests a means of constiucting a cycloidal pendulum. 
Foi this puipose, let the curves OAand oc be tiaced in relief, 
and let ob bc an mextensible and peilectly flexible thread 
attached to the fixed point o , if we also attach a heavy body 
to Its other extiemity b, and cause this thread to deviate from 
the vcitical position in such a manner, that it may envelope 
entnely, oi in part, eithei of the curves oa or oc, and that 
the pait which is not enveloped may be a tangent to this 
cuive, then when the moveable is remitted to itself, the infe- 
noi cxtiemity of the tluead will descube the curve abc, and 
fiom No. 194 It follows, that the duiation of the oscillations 
of this pendulum, in a vacuum, will be rigorously independent 
of then amplitude But in piactice this method is not suscep- 
tible of much piecision, and besides, when the body oscillates 
in tlio an, the duiations of the oscillations will not be equal 
when the amplitudes aie considerable, foi the resistance of 
tins fluid IS not then pioportional to the first powei of the 
velocity 

197 Those cuives are tcimed tautoch onous^ on which 
if a material point moves, it will always aiiive at the lowest 
point at tlic same time, fiom whatever point of the curve it 
may have commenced to move. Thus in a vacuum, the cycloid 
IS a tautocinonous curve, and moi cover, it is the only curve 
to which this pi operty belongs in a vacuum, as wenowpiocced 
to demonsti ate. If denotes the time, which the moveable takes 
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to gOj Without any initial velocity, from the point d to the loW" 
est point B, on adb any curve whatever, the value of t' Ig 
Will be given by the integral of formula (1), taken from 
to a; zi: 0, or, which is the same thing, from a; z= 0 to a; = /?, 
the sign of this formula being changed , consequently, we shall 
have 



and in older that the curve should be tautochionous, it is ne- 
cessary to deteimine s as a function of a?, such that tins cxpics- 
sion for V uiay be independent of li Now, if we suppose 
that this unknown function is developed accoidmg to the 
ascending powers of a?, so that we may have 

s zz Aa)“ + naj^ + + &c , 

A, B, c, &c , a, /3, 7 , &C .5 being indeteimmatc coefficients and 
exponents, then as the abcissa x and the aic ^ have then oiigm 
at the same point n, we must have oj = 0 and .s z: 0 at the 
same time, it is theiefore necessary that all the exponents 
a, j3,7, &c., should be positive, and that none of them should 
be cypher. It is likewise evident, d p non ^ that the least of 
them should be less than umty, for as, by hypothesis, the 
pomt of B is the lowest point of the given curve, the tangent 
there is horizontal or peipendiculai to the axis of this re- 

ds 

quires that we should have ^ z: x when x z: 0(//). If the 

differential of this senes be taken, and then substituted for ds in 
the precedmg formula, there results 


— Ch dx 




\/h- 


■X 


Jo Vh—x 


Ch ag—'dx . „ 
•Cy\ — T==+&c. 

'Jo ^h-x 


And if we assume x = hx' and dx = hdv', the limits of the 
integrals relative to this new variable x' will be zeio and 
unity , foi example, we shall have(c') 
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Ch dx _ ^ 

a; Oo y/ 1— iK' ’ 

and if, foi the sake of abridging, we make, 

, C\x'^-^dx' , , 

Vl-^x' a;' ^ 

there will lesult 

t' V2g=: aAA'A““i + j3bb'A^ + ycc'A'y“i + &c. , 


it IS important to observe, that none of these integrals a'jB'jC^, 
&c. can become equal to cypher, for the values of the dif- 
feientials, of which they constitute the sums (No 13), do not 
change their signs between the hmits of the integrations, 
theiefore, as these values aie all positive, the values of the 
integrals will be so likewise. Now, it is evident, that the 
value of f cannot be independent of A, unless all the terms 
of the preceding series vanish, with the exception of that in 
which the exponent of h is zeio, or which conesponds to that 
one of the exponents a, j3, &c , which is equal to Let 
us suppose, that this teim is the first, and that we have azz^. 
In order that the second term may disappear, it is necessary 
that the product [3bb' should be cypher, this imphes that 
B should be zero, because neither j3 nor b' do vanish. In 
like mannei it may be shewn, that the other coefficients c, d, 
&c., aie also equal to zero, so that the equation of the tauto- 
chionous curve is reduced to the following, 

s = or =; A^ar, 

this indicates that it is a cycloid, whose base is horizontal, and 
whose summit is at the point b which the moveable always 
attains in the same time. 

If a denotes the diameter of the generating circle, we shall 
have A* = 4 o 5, and, consequently, 

f = A' t/a 
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Besides, as a 

= i> (^0 have, 


, fl dx' 


•^0 Y ^ 

hence we obtain 




as in No. 194. 



198. It IS also the equation of the cycloid that we arrive 
at when we wish to determine the hracliystocliro'i\e cuivc m a 
vacuum, that is to say, the curve amb (fig 47), which a heavy 
material point must desciibe, in older to pass in the least 
time, and without any mitial velocity, from a given point 
A to another given point b 

In Older to determine this curve, let a,?/, sr, be the thiee 
rectangulai coordinates of the point M, wheie the moveable 
exists at the end of the time t , likewise let s denote the arc 
AM which it has traversed If the axis of x be veitical, and 
in the diiection of gravity, and if a denote the value of x at 


ds 

the point A, the velocity ^ acquiied at the point m, will be 


equal to the velocity acquired in falling thiough the height 
£C — a , therefore, if g lepiesents the giavity, we shall have 


ds 


dt= 

and if in order to abridge, we make 


^ dx^~ ’ 
in which case ds zz udxy theie will result 


\^2g dt z=: 


udx 

l/o? — a 


Theiefore, if (3 denotes the value of x at the point n, and 
i' the time which the moveable takes to pass fiom the point a 
to the point b, we shall have 
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iidyi 

V 


Consequently, the question is leduccd to the deteimination 
ol the cuivc, foi which this mtegial is a nunimum, but, foi 
grcdtei geneiality, let the integral 


u 



yiudx 


be considcied, in which x is a given function of a?, foi this 
will be useful m the sequel, in the icsolution ol another pro- 
blem of the same kind , in the one we arc now concerned with, 
we shall assume (c — a)""' foi x. 

199 Let ^ denote a constant quantity infinitely small, and 
let hj and Sxr denote two aihitiaiy functions of a?, subject 
solely to the condition of vanishing when a? = a and rc = j3, 
and of not becoming infinite foi the intcimediate values of a?. 
Let u' and i(/ be what u and u become when y + ihj and 
aic substituted in place of y and so that we shall 

have 

an intcgial which will coiiespond to anothei cuivc am'b, 
passing, in like maiiriei <is the lequired cuivc amb, thiough 
the points a and b, and deviating almost insensibly fiom this 
last. We shall have by this means 

ij' — u X (w' — u) dx , 


and, fiom the piopeity which the curve amb is supposed to 
possess, tins diftoience u'— u must be positive, whatever may 
be the values ot hj and of §Zy and whatever may be the sign 
of / Now, il the diffoiencc — w be developed accoiding to 
the poweis ol and il /Sfr bo the fiist tcim of its development, 


the lust term ol that ol ii'— v will lie t 
lollows, that we must have 



, henoc it 


2 u 
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xSudos ZZ O5 (a) 

Ja 

otheiwise the difference u' — u would change its sign at the 
same time as t 

This condition must be satisfied, both when u is a maxi^ 
mum and a minimum When it is fulfilled, the difference 
xj/—. u will be, in general, an mfinitesmal of the second oidci, 
and it will have the same sign as the coeflSicient of in its de- 
velopment, consequently, it will be a maximum or a minimum 
according as this coefficient is negative or positive. But, it is 
evident fiom the nature of the question, that the time f is not 
susceptible of having a maximum value, consequently this co- 
efficient will be positive in the problem of the h) achybtoclu one^ 
and it will be only necessaiy that the condition expressed by 
equation (a) be satisfied 

The quantity iSu is in fact the diffeicntial of u^ taken with 
lespect to y and to and in which the incicmcnts of these quan- 
tities arc represented by liy and ^8^ If the factoi which is 
common to ?8w and its value, be suppressed, we shall have 

dy dly ^ 

"" a dx dx udx dx ^ 


so that equation (a) will become 

Ja u dx dx Ja u dx dx 


If we integrate this equation by paits, wc shall ol)tainj 
because by hypothesis and By aic cypliQj. at the two linuts 
X z: a, xz: |3(^0 


C^x^^y 
Ja u dx dx 


dx = — 



By dji, 


udx dx dx 

hence the pieceding equation will b(^ changed into 
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But, as Sz and aie aibitiary functions oi Xy this integral 
cannot bo equal to cyphei, unless that the quantity contained 
undei 5 the sign of the integiation, be ofitselfequal to cypher, 
we shall consequently have 



^ 1 / 4 





8x=:0y 


(b) 


200 If the sought cuive amb, and any othei curve am'b, 
WQiQ lequircd to be traced on a given suifacc, the equation 
of which was l =: 0, then the values of // and -c: considered as 
tunctions of a, which it is lequncd to cletcimine, and these 
values lespectivoly incioased by i8(/ and ?8c', must successively 
satisfy this equation , hence we infoi 

by means ot which, one of the two quantities S/y and Sz may 
be eliminated horn equation (b), and as the othei will disappcai 
at the same time, we sliall have 


(fz (h (Uf (i,v 

In this case tlie two equations ot the icquiicd cuivo will 
bo I. = 0 and this last equation, by means ot which we can t 
detcimme the cuive of quickest descent on a given surface 
If, on the contiaiy, tlic question was to detcimme the^7^^;^^- 
miwi ol among all the curves which aio teimiiiated at the 
points A and n, without icstiicting it to exist on any particu- 
lar suiface, then the quantities 8//and8£:win beaibitiaiy and in- 
dependent ol each otliei- Then coefficients must consequently 
be sopaiatcly equal to cyphci in the pieccding equation (b), 
and thus it will be decomposed into two otheis, namely, 
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= 0 , 


we shall restrict ourselves to the consideration of this last 
case. 

If we integrate and denote by a and d the two constant 
aibitraries, which are introduced by the integiation, wc obtain 


and, consequently, 


'^dy ^ 

udx^ ^ udx 



dz 


(C) 


integrating again, and denoting by 7 a thiid arbitraiy quan- 
tity, there results 

dy ^ az 'Tzy , 

which shews that the required curve is one of single cmvatuie, 
and comprised in a plane perpendicular to that of the axes of y 
and z. Foi greater simphcity, let the plane of this cuive be 
assumed to be that of the axes of x and y, wc shall have then 



and it will be only necessary to considei the hist equation (c), 
which will become(^') 

zza^/ dx^ + dy^y 

hence we obtain 


dyzz 


ctdx 

V x^-~ d 


(d) 


It only now remains for us to integrate this formula, which 
will depend on the form of the function x, and then to de- 
termine a and the new constant arbitraiy intioduccd by this 
integration, from the condition that the lequircd curve passes 
through the g^ven points a and b. 

201. Before we proceed farther, let us suppose that c is 
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any constant whatevci, and that x + c is substituted in place 
of X in the picceding formulae. The integral u will become 

aiul the value of ^5 which renders this function a rmnimum^ will 
be fuinibhed by the equation 


j WL\Ai 

Now, as this sum of the mtegials that u lepicscnts, is a 
niinmim^ foi all the cuives which aie teimmated at the points 
A. and B, it is evident that the hist integial 



will be a minimum^ if we only consider, among all these 
cuives, those which answer to the same value of the second 
intogitil 

This simple rcmaik enables us to extend immechately to 
pioblems ol iclative mm\mam\\nmwnay the solutions ofpio- 
bloms of absolute maxima and mmma , in the sequel, anothci 
instance of the ajiplieation of this piinciple will occui. As in 
the piesent case, the second integial contained in u is the 
length ol the loquiied cuive, it follows that by means of equa- 
tion (e) we can detcimino, among all isopciimotiical cuives, 
that foi which the first integial is a maximum or a minimum 
If Z denotes the given length, common to all these curves, wc 
shall have 





which condition will be satisfied by means ol the indeterminate 
constant r, that has been intioduced into the foimula (e)* 
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202, Let US now apply formula (d) to the cuive oi quickest 
descent. 

Since 


X 


1 




we shall have 


^i/ = 


(x — a) dx 


l/a (a; ^ a) — ■ (n? — 


being substituted in place of a.{g') Now, this diffeiential 
V a 

equation is that of a cycloid (No 72) passing through a, (the 
point from which the moveable commences its motion,) the 
base being honzontal and the diameter of the gcneiating cuive 
being equal to a, which establishes what was pioposed to be 
pioved m No 198. 

By integiating, we obtain(A') 


y- 



^ — V (OJ— a)^> 


a/ being what y becomes when xzza If denotes the value 
of y when a? = j3, we shall have 


a'njcxarc^cos =: - — ^ cc(l3 — a) -- (jS'—ay 

As the coordinates a and a', j3 and jS', of the points a and b, 
aie given, the constant a can be determined by this last equa- 
tion , and then the preceding value of y will not contain any 
unknown quantity 

By means of the value of dy^ we obtaln(^') 


dx ^ x^a 
theiefore we shall have (No. 198) 

C/3 V~adx 


Va(x — a) — (x — a)®’ 
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and, consequently, (A') 

\/ ^ ( a — 2j3 + 2a\ 

2g \ a J 

expi esses the shortest time in which the moveable can pass 
from the point a to the point b 

li these two points exist m the same vertical, we shall have 
j3'= a' I a condition which can he satisfied hy assuming a = x , 
foi we have(/^) 

[ « — 2|3-l-2a\ / — a)— ()3— ay\ 

aic l^cos = j = arc^sm=:2 ^ 

and, when a zz x , we can [substitute this aic for its smc, 
whicln educes the pieccdiiig value of (3' — a' to cyphei , and as 
at the same time, the value of ?/ becomes equal to it follows 
that the moveable will not deviate fiom the veitical direction 
The value of will likewise be in this case 



which IS in fact the time that the moveable takes to tiaveise the 
height /3 — a, m descending liom the point a situated above 
the point n 

As the dcteiminatiou ot the line ol quickest descent is a 
pioblcm of puic cuiiosity, we liave ic-»tiicted ouisclvcs to the 
considoiation ol the sunplost case, namely, Uiat in which the 
motion is peiloinied in a vacuum, the oxtieme points being 
given It these points a and n aio not lixed and given, but 
only subjected to exist on the given cuivcs d ve and fbo, oi 
on sui faces that aic given, the hiachystochrone, when the 
motion IS poifoimed m a vacuum, will still l)c a cycloid, and, 
by miMus ol the ml os of the calculus ol vaiialions, we c<in do- 
tcunine, mall these cases, thocooidinales ol those f wo points 
In a icsxstmg medium, llus lino will bo a dilloieiit cuivo, the 
ditleiontial e(jua<ion ol wliicli may be ol>laine(l hy the lulcs ot^ 
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this calculus , and as this equation depends on the law of the 
lesistance with lespect to the velocity of the moveable, it lol- 
lows that the cmve must be diflfeient for each law* 

III. Motion on a given Surface 

203. The simple pendulum treated of in No. 179, will fui- 
msh us with an example of the motion of a matciial point on a 
given surface, provided we suppose, that aftci it is diawn out 
of the vertical cb, and transfen ed to ca (fig. 45), theie is im- 
pressed on it a velocity, the direction of which docs not exist 
in the vertical plane acd. The pendulum will then deviate 
from this plane, and the material point by which it is termi- 
nated will move on the surface of a sphere dcsciibed fiom 
the point c as a centre, and with a ladius equal to a the length 
of this pendulum. The percussion that the moveable will 
experience at the commencement ot the motion, may be ic- 
solved into two forces, the one acting in the direction of ac, or 
of its production, and which will be destioyed by the losistancc 
of the fixed point c, the other will be perpendicular to ac, 
and will produce the initial velocity of the pendulum, which we 
shall denote by k. As the motion is supposed to be perfoimed 
in a vacuum, the gravity is the only given accelerating foiec 
that acts on the moveable. 

This being estabhshed, let cm be the position of the pendu- 
lum at the end of the time and let a?, y, denote theiectan- 
gular coordmates of the point m. Likewise, lot in denote the 
mass of the moveable, and w^N the unknown tension of the 
thread cm, acting in the direction of its pioduction II the 
origin of the cooidmates y, z, be at c, the components oi 
the acceleiatmg foice n in the dnection of then pi eductions, 
will be 


No\\, if to the moveable a foice equal and contrary to n, 
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be applied, we may abstract altogether from the consideration 
of the thiead cm, and considei the moveable as entuely free, 
theiefoic, if we suppose that the axis of the positive zs is ver- 
tical, and its direction to be that of giavity, the three equa- 
tions of the motion will be 


(Px 

dP 


+ -»=0, 


dt^ 


+ 



0 , 


<Pz 

1? 



(0 


which accord with equations (3) of No. 151 By elimmatmg 
the unknown n, they will be leduccd to two , and these com- 
bined with the equation of the spheie, namely, 


will finnish us with thiec equations, by moans of which ar, 
may be detci mined in functions of t* 

204 Multiplying equations (1) by .r, ?/, lespectivcly, and 
then adding them togethoi, theic losults 


x(Pi ^ ijd^if -\ ztPz 

7i? 


N</ — <7^= 0 


The fiist diffeiential of the equation ol the spheic will give us 
x(i i -I- y<^y + * (^) 

and the second 


xd^x + ydhj + + dx^ + dy^ -f- = 0 

Hence, if v denotes the velocity of the moveable, at the end 
of the time /, so that we may have 

dx^ + dif" + dz^ ^ o 
_ )>-, 


Nz: 


<JZ 

2 s 


thcio will reHult(?/?') 
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and) in fact, the tension /wn must be the sum ot the centiifugal 

force — and of the component of the weight which acts 
a a 

m the direction of the radius cm 

Likewise, if equations (1) be multiplied by dy^ dz, 
respectively, and then added together, the unknown quantity 
N will disappear, in viitue of equation (2), and wo shall have 

dx cPx + dy d^y + dz d}z _ . 

— z. 


If this be integrated, we obtain 


( 3 ) 


b denoting a constant arbitral y As the initial value of the 
fiist member of this equation is if y denotes that of xr, we 
shall have 

= i, 

and, at any instant whatevei, 
as we know already 

Finally, if the first equation (1) be multiplied by //, and 
then subtracted from the second multiphed by a;, we obtain 

xd'^y yePx _ 

hence, by integiating, there results 

xdy -- ydx zz edt^ (4 ) 

c denotmg a constant arbitrary. 

In this manner, the solution of the problem will only depend 
on the three differential equations (2);, (3), (4), which are all ot 
the first order, and with respect to the fiist ot these, we know 
already, that its integral is the equation ot the sphere 

We can separate the vanablcs and i educe the question to 
quadratuies by means of the following calculus 
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205 Fiom equation (2) we obtain 

'vdx + ydy = — zdz , 

it the two mcmhers of this equation^ and also those of equation 
(4), be laised to the square, we obtain, by adding the lesulting 
equations together, 

{p? + if) (dx^ +• df) = z^dz^ 4 - c^di^ 

If be substituted instead of y% and if dx^>^dif 

be eliminated by means of equation (3), we shall have 

\(2(jz +*) = sW+ rW, 

hence we obtain 

dt “ — ■ - - (5) 

V{a^-z^)(2gz~\^h)^c^ 


Let r denote the radius vectoi of the piojection of the move- 
able on the hoiizontal plane of the axes of x and y, and;// the 
angle that this ladius makes with the axis of a?, we shall have 

X zz J cos y i sin ;//, xdy — i/th zz / Vi/ , 
and, because — equation (4) will become 


{a* — z*^') zz edi, 

by substituting for dt its pieceding value, we deduce 

(adz 


d^p = 


(d^ — z^) (rr — z-) (2(/z^ b) — 


(«) 


The integrals of those expressions of dt and dijj will make 
known the values of i and Tp in functions of cr, they may bo 
always reduced to elliptic functions, and cannot bo obtained 
uiulei a finite foim, unless the quantity of the tliiul dogioe p 
with icspcci to Zy contained under the ladical, has a double 
lactou The value of and the equation of the splioie, will de- 
teiinme the tiajecLo) y of the moveable, <ind the value of ^ as a 
function of z, oi of 2 : as a function ol will tben make known 
the posdioif ol the inovcMble on this cuive, at each instant. 
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The constant i may be known from the given quantities A andy 
The constant aibitianes which aie introduced by the iiitegia- 
tions of dt andrf;//, aie deteimined by the conditions ^ :iz 0 and 
zzO, when zzzy^ the second of these conditions, supposes 
that the axis of x exists in the veitical plane acjj, iiom which 
the pendulum commences its motion Thcio lomains, tlicnc- 
foie, only the constant quantity c to determine Now, as 
the direction of the velocity of the moveable, is pei])en- 
dicular to cm, the radius of the spheie on which the body 
moves, if it be resolved mto two, one peipcndiculai 1o the 
vertical plane mcb, and the other compiised in this p]*ine, the 
fiist component will be the velocity of the hoiizontiil pio- 
jection of the moveable, perpendicular to its ladms vectoi > , con- 
sequently, if It be lepresented byw, we shall have (No iBG) 


we have also in virtue of equation (4)(;i') 


u zz 



therefoie, if c denotes the angle that the imtml volocU } A inak . 
with the peipendicular to the plane Acn, so that we iiuxy h«i\e 

u=zk cos B at the commencement of the molioii, theie will 
lesult 

c = A — y-2 cos c 


When the velocity k is cyphei, we shall Inivc f - 0, 

A = — 2gy, and, consequently, 

, adss 

dt=:’ 




this expression coincides with the value o( gm-n in No. Is"), 

, because a - z and a - ^ aic what have been dciionuu.ite(l a> 
and aj3 in that value. 

206. Let us considei the case in which tho jxuidiilmn Ji.is 
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icceivcd a very small initial velocity, and, theielore, deviates 
very little fiom the vertical cu If the diiectioii of this ve- 
locity be horizontal, it will be pcipendicular to the piano acb, 
and, consequently, we shall have e 0 Let denote a very 
small fi action, and let 

k = ^\/ga 

Likewise let a and 0 lepresent the angles acb and Mon, if 
their fourth poweis be neglected, we shall have 

yzza— \aa\ z=. a — 
bzz (a- + p^), z: ga , 

and foimulie (5) and (6) will become(o^) 

. 

# = 

The angle will make known the position ol the vcitical 
plane mcb, m which the pendulum exists at eacli instant, it 
evidently may mciease indefinitely The angle 0 will detei- 
mine also at each instant, the position ol the pendulum m this 
vaiiable plane , it is consideied as a positive quantity, <irKl the 
positions of the pendulum, which aie equidistant liom the 
vcitical CB on opposite sides, couespond to tlie same angle 0, 
and to values of \fj which diftci fiom each othei by 180°, 

Fiom tlic value of deduced fiom the lust equation (r/), 

it appeals that the angle 0 will be always compnsed between 
the limits a and p. It p zz a, we sliall have 0 always zz a , 
it equations (a) he dudded the one by the othci, theic lesults, 
in all cases, (//) 

(i)) 

thoieloie, wlieii 0 zi n zz p, wo sliall Im\o 
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a 

consequently, the pendulum will then descnbe uinfoimly the 
surface of a right cone with a ciiculai base, and the time 

of an entire revolution will be 2r to say, tlie 

same as the time of a double oscillation in the vcitical piano 
ACB. Thus, two pendulums having the same length <7, <aKl 
which depart together from the same line ca, the one without 
any initial velocity, the other with a velocity peipeudieular 
to the plane acb and equal to a v/ will icturn altei tlie 
lapse of the same time, to this line ca. 

207 The value of dt may be expicssed undei the follow mg 
form, 

qd6 

and if, for greater simphcity, we make 



the radical becomes ± (a^— /3^) i/l — and theie icsults 




dx 


gVl — x^ 

Since 6 — a, and (b =: 1, when < r: 0, we ohtaiii fiom this 


t=±^ 


and conversely. 


ly - arc (cos =:a), 
9 


X = cos 

a 

Theiefore, at any mstant whatever, we shall have 

^(a’‘ + /3®) + j3*)cos2i d/ £ 

a ' 
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■which shews that the oscillations of the pendulum, of which 
the two extremities conespond to 0 = a and 6= {3, in the va- 
iiable plane mob, will be isochronous, and their duration will 

be -J ir 5 which IS equal to half the tune of an oscillation 

in the fixed(/0 plane acb. Substituting this value of 0^ in 
equation (b), and obseiving that 

cos 2 1 'v/^ = cos* t \/\ — sin* t , 
a CL d 


theie results 




= A/i 


afidt 


c? COS“ t 




and, because Tp — 0 when t _ 0, we infer(t') 


a 


tang. ^// = ^ tang « 



This being the case, the motion of the plane mcb will be 
no longer unifoim as when o = ^ , but it is evident that this 
plane will pciform successively the four quarters of its entire 
1 evolution, in times respectively equal to each other and to 


which is half the time in which an oscillation is 

■ </ 

pcifoimed in this vaiiablo plane 

Viom this last equation we deduce 


cos* Tp ; 


sin* ■p = 


a* cos* t 




a* cos* t f * 


coh^t 


/I 


+ /3*sin®f 




we hiive also 
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zi (a^ — z^) cos^ Ip :::! cos^ ip9 

zn {c? — z^) sm^ \p zz sin® ip^ 

by substituting for ss its appioximate value , theiefoie, since 


Tve obtain 


9 ^ =r cos® ^ £4-/3^ sin® t 

a (I 

^ zz G®a® cos® ;//, = a® j3® sm® ip. 


and, consequently, 


X- 


^ / 3 ® ^ ’ 


hence it appears, that the trajectoiy of the piojcction of the 
moveable on the horizontal plane passing thiough the point c, 
is an elhpse which has its centic in this point, and 0110 of its 
axes m the plane acb, fiom which the pendulum commences 
its motion with a velocity, the diiection of which is pcipendi- 
cular to this plane 
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examples of the motion of \body altogether free. 

1. Motion of Pi oje( tiles 

208 liiE tlieoiy of piojectilcs, wliicli aio discluiged Ly 
artilleiy with gicat velocity, and aic at the same time sub- 
jected to the action of giavity, and also to the lesistancc of 
the an, will constitute the subject mattci of this hcclioiu 
In the fiisl place, let us abstiact liom the consi delation of 
this lesistance, and let us considoi the motion of a heavy ma- 
teiial pond which moves fiom the point o (fig 48), with a 
velocity a in the dncction of the line oa It is evident, that 
the mo\ cable wull not deviate fioni the veitical plane jnissing 
thiougli(o') this line Let omd be its tiajoetoiy m this plane, 
to whieh OA will be a tangent 11 in this same plane, two axes 
be diawn, the one boii/oiital and the othei veitictil and di- 
locted iioin the liouzon, these a"»es may be taken toi those 
of the cooidinates, and at the end ot any time, such as let 
M be the position ol tlie moveable, a. its alisdss oi>, and y its 
oidinate pm, then if a denotes the acute angle AOf, winch 
the diiection of the initial velocity a makes with the axis or, 
its components will he, r^cosa in the dncction ol this axis, 
and (( sin a in the dncction of the axis oy, the angle a will 
be negative, if the nglit hue oa falls below or. 

bhom what li<is been established in No 148, it is evident 
that the molionsol the piojcctions of the moveable on the two 
axes Ol and oy will be indejimlent of each othei , the mo- 
tion of ifs hon/ontal piopntioii will be tlieiefoie unifoim, and 

2 i 
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equal to the velocity a cos a, and as that of its veitical pio- 
jecbon arises from the initial velocity a sin a, and from gr the 
constant force of gravity acting m an opposite diicction to this 
velocity, we shall consequently have 

x—ta> cos a, y—ta sin a — J > 

ehminating t between these equations, and substituting v/2yA 
for a, (A being the height through which the moveable must 
fall to acquire the velocity a) theie will losult 

a.® 

2^= ® tang «- 47^2-. 

for tlie equation of the trajectory 

Therefore, this curve is a parabola, of which the a\is is 

vertical, its summit detei mined by the equation ^=0,has foi 

coordinates(^) 

X 2 h cos a sin a, y h siu^ a , 

and it meets the axis ox in a second point b, which is obt*uned 
by making y izi 0 in the equation of the cuivc, hcncc, if h 
denotes the distance ob, we obtain 

b =: 4Asinacosa=: 2A sin2a. 

This distance 6 IS called the amplitude of the piojectwn 
If the motion is performed in a vacuum, it is a when 

ct = 45® , in this case it is equal to 2 A, oi to twice the height 
through which the body must fall to acquiie the initial ve- 
locity 

Naming v the velocity of the moveable at the end of the 
time we shall obtain, by substituting the diiferentiah ot the 
preceding values of x and y in the equation(c) 

._ dx^+dy^ 

^ - dF^^ 

zz «f®— 2agt sin a + y " /“• 
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As ^5 the time which the moveable employs to leach the 
point B, while desciibing the cuive ocb, is the same as it takes 
to desciibe the line ob with the velocity a cos a, we must 
consequently have 

b 4Asina 


tzz 


a cos a d 

and since A zz — , there lesults at 2 a sin « , hence wc have 
2 ^ 

therefore the velocity ot the moveable in this point 
B, is the the same as at the pomt o, its direction is along the 
tangent BEj and EB'r, the angle which the direction of the 
moveable makes in its descent with ob, is the same as aoi, 
the angle of pi ejection If the moveable, instead of being a 
matciial pouit, be a solid body of any form and dimensions 
whatever, it will be shewn in a subsequent chapter, that these 
equations of parabohe motion ought to be refen ed to its centic 
of giavity 

209 The velocity a being given, if it weie required to de- 
termine the angle a such, that the moveable may reach a de- 
terminate point, ot which the cooidmates are n = /3, 2^ = 7 , 
these values should be substituted in the equation ot the tia- 
]cctoiy, and wc shall have by this means, 

7 = /3tanga-|^|r 

to deteuniiic a. By making, 

tang a = z, cos^ a = 
tins equation becomes 

4 Ay -k — 4 


cos'^a’ 


1 


I + 




0, 


hence we obtain 

As theic aic two values ot z or tang a furnished bj? this, 
equation, it tollows that when 4A®i& gieatei than 4 Ay + 
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the pioposed object will be struck, if the elevation of the pro- 
jectile be either of the two angles which aic deduced from 
this equation , if the ladical pait of this equation vanishes, the 
two values of z are equal, and these two diiections coincide; 
and when the radical pait is impossible, in which case is 
less than the maik cannot be leachcd undci any 

dnection whatevei 

Hence, if in the veitical plane which passes thiough the 
initial dnection of the moveable(cf), apaiabola be dosciibed of 
which the equation is 

4Iiy+(5^zz4/i^, 

this cuive ^\ill divide the plane into two paits such, that no 
mark without this cmveand in the vcitical plane can be stiuck 
by a body piojected with the given velocity, wliile ioi all 
points which he within this cuive, thcic aic two diffeicnt di- 
rections, along eithei of which, if the body be piojected, it will 
leach the inaik, and if the object to be stiuck e\ist on this 
paiabola itself, theie is only one elevation at which the pio- 
jectile can be dischaiged to leach the maik. 

210 It appeals fioin what has been stated in the two pie- 
ceding numbeis, that the theoiy of the motion of inojectiles 
would be extiemely simple, li the lesistaiicc which the air 
opposes to theii motion could be neglected , l)Ut \v hen the ve- 
locity IS very gieat, as in the cases which we aic p<iiticulaily 
concerned with, this foice is too consideiable not to be taken 
into account, in fact, as we shall piesently see, it changes 
altogether both the form of the tiajectory, and the law of its 
motion on this curve. 

It will be pioved in a subsequent chaptei, that whatever 
be the foim and dimensions of the piojectile, its ccntie of 
giavity will have the same motion, as a heavy matciial point 
whose mass is equal to that of the moveable, the dnection and 
magmtude of the initial velocity being the same in both, and to 
which besides are applied, paiallel to the directions in which 
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they act, the toices, which, aiismg from the friction and the 
lesistancc of the air, act on the surface of this sohd body. It 
will likewise be shewn, that the motive force which results 
from these lesistanccs, when tiansferred to the centie of gra- 
vity, may sometimes cause this point to deviate from the ver- 
tical plane passing thiough the duection of the initial velocity , 
but heie wc suppose that this is not the case, and that the motive 
force in question acts always in the direction of a tangent to 
the trajectoiy described by the centie of gravity 

This being established, m Older to obtain the equations of 
its motion, let the preceding notations be retained, and let them 
be supposed to ictei to figuie49, in which the trajectory omd 
IS no long Cl to be consideicd a parabola Let 6 be the arc om 
desciibed by the moveable at the end of the time and let r 
denote the motive force arising from the resistance of the air, 
and which acts in the direction of the part mt of the tangent 
tit M The cosmos of the angles which this line mt makes 
with the axis diawn thiough the pomt m in the diiections of the 

dx dv 

positive vs milt/s, will be — ~, theiefoie, ifw^ denotes 

the mass of the piojcctilc and g the gravity, 

d^\ _ n (lx 
(U“ ^ m (/s’ 


dt^ 


R dy 
m d6^ 


will be the equations of the motion of its centie of gravity 
Let this piojoctile be an homogeneous splieic, oi one com- 
l)Osed ol concentiical stiata each of which will be homogeneous, 
then if its mean density be denoted by n, and its ladius by r, 
we shall have 

47rD; 


Likewuse li we suppose, agreeably to the hypotheses which 
aio gcneially admitted, that the force r is piopoitional to the 
squaic of the velocity of the centre of gravity, to the surface of 
the piojcctile, and to the density of the an, thcic lesults(c) 


320 


MOTION OF PROJECTILLb 


R _ Hp ds^ 

w d; ^ df ^ 

p being tins density, and w a numerical factoi to be detei mined 
by experiment This expression satisfies the condition of the 

R d^ 

homogeneity of the quantities, for ~ and the latio to ?, 

are two quantities of the same nature as g the giavity, and the 

factoiswand- are abstiact numbeis Foi gieatei conve- 
nience, lot 

Dr 

so that i may be a line of a given length, which, when we do 

not take into account the change of density of the mass of an, 
tiavcised by the projectile, may be consideied as constant. 

211 By substituting in place of ^ , its value r ^ , the two 
equations of motion become(/) 


d^x ^ ^ 


d^y 

le 


ds du , 


dt dt 

The integral of the fiist is 


( 1 ) 


dx 

dt 


z= a cos 


d% 


for — = a cos a, at the point o where 5 = 0 , and e is the base 
dt 

of the Napenan system of logaiithms As the foim of the 
second equation differs from the first only in its last term, we 
may assume, in order to integiate(^), 

dy dx 


dt 


dt^ 


p being a new unknown. If we substitute this value of 
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^ in the second equation ( 1 ), we obtain, by taking into 
account the fiist(/?), 

dx dp ^ 

If the membeis of this equation be respectively divided by 
dx 

the squaie of and its value given above, there will i esult 

dp dx q 

JL. « ^ g2c? 

dt dt COS'* a 

If If and;> be legarded as functions of a., we shall have 

_^dy dp dx _ dp 

^ dt dt^ dx* dt dt'^ dx* 


theiefore, it we substitute 2gh for the pieceding equation 
will become 


dx 2 Acos^a ^ 


( 2 ) 


and this will be the difteiential equation of the tiajectoiy 
Since 

a/ 1 4- dxz=. dSf 

if each memliei of the preceding equation be multiplied by 
these quantities lospcctively, we shall obtain 


l/ 1 dp zn 


dh 


2/icob^a 


p2c9 


hence, if we integrate and denote the constant aibitiaiy by y, 
there results 

+ (3) 


In Older to deteimine 7 , let 9 = 0 and p = tang a at the same 
time , this gives 
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"^“2cAco? ^ -|- tangle* +log(taiig a + V l+tang'^a) 

liowevei it IS bettei to retain y in place of this value, as it is 
a more concise expression. 

From the piecedmg equations, \ve obtain(/) 

— 2A cos^ a dp^ dy zzp dx, gdC^ = — dx dp 


Hence, if the exponential be ehmmated by means of equa- 
tion (3), theie will result 

<^P 1 


ede = 
cdy = 
V eg .dt zz 


p\/l+p=^4-log (pH- /i+i^O—y 

P(^P 

p v/i+p^+ log (p + V i+;>0"“7’ 
—•dp 


[-y -pV 1 




( 4 ) 


foimul^B which cannot be integrated undci a finite form , in 
the last, the ladical should be consideied as a positive quan- 
tity, because the angle of which p is the tangent, diminishes 
when the time increases. 

212 Naming cu this angle, that is to say, the inclination 
MTa; of the tangent to the trajectory, on the hoiizontcd axis o t, 
we shall have 

, , dio 

p = tans (t)y dp zz — 

^ 1 cos- iO 


The values of r,p, deduced fiom equations (4), will be 
of the foim 5£2dctj; the integial being taken, so that it may 
vanish at the point o wheie w rz a, and Q denoting a given 
function of w These thiee values should be calculated foi 
each point m, by the method of quadiatuics (No 15) In this 
manner, the trajectory can be constructed by points, and t the 
time that the moveable takes to describe each aic cm, of 
which the length s is given by equation (3), will be known 
To deteimine the velocity of the moveable at the point m, 
we have(^) 
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iUid, consequently, 

<7(1 +P’) 

y—pV 1 +p^ - log ( 7 ) + ]/l +p^~j 


( 5 ) 


It these nUegitils l)c extended to w = 0 , the abscissa and 
ouhnatc of c, the most elevated point of the trajectory, can be 
obtained Then by assigning to w negative values, the points 
ot the descending biancli cbd of the tiajectoiy can be detei- 
inined When we anive at a value, such as ~ a\ ot w, foi which 
1 / the oidiiiale ot the tiajectoiy vanibhes, the corresponding 
\ alue ol ^ will be eqind to on the amplitude of the pi ejection , 
whicli will be no longei, as in the case of a vacuum, double of 
the oidiuate ot the point c when it is a maximum , m fact a is 
then oqinil to an angle less than 45®, and depending on the 
magnitude ot the initial velocity The angle 01 ebo?, and 
the velocity at the point u will likewise differ from a and a 
Thus it <ippeais, that all the ciicumstances of the motion 
will be known, and the problem completely lesolvcd, when 
tlu‘ values ot the thiec constant quantities //, a, c, contained 
in the pieceding foiinula', aie given, howcvei the numciical 
oak Illations winch must be pciloiined in each paiticular case, 
aie extiemely tedious 

1213 The motion of the jiiojectile on the descending bianch 
ol the tiajectoiy, coutiiuially tends to become veitical and 
uiufoim, m fact, il wc tiansfoi the oiigin of the cooidinates 
to ( <he summit of the cuive (fig 60) by making 

i=:/ri + a', f/=: 9/1^9/, + 


tlieii i/, are the abscissa and oidinate of any point of the 
descending liianch, lefeiiedto the hoiizontal axis c^', and to 
the axis (v/, which is diawn in the diiection of giavity, and f 
denotes the time employed in desciibing the aic cm^ Like- 
wise if 7 / lepiesontb the tangent of the angle which the 

2 u 
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tangent to the curve at m', makes with the axis cr', 
have(Z) 


^ _ 

dx'~ 


we shall 


and because 


log (V^l + p'^ —p') = — log (/»' f- V^l + P'% 
the first equation (4) will become 


cd^ = 4', 

p 


in which p' denotes, for conciseness, 

Y +/ /I + + log (p' + / 1 +-P"‘ 

As the acute angle mVo?' continually approximates to a 
right angle, the variable will increase indefinitely , but this 
will not be the case with respect to a?' When p' is veiy gieat, 
we can substitute p‘ in place of v^l and then if y + log 2 

be neglected with respect to we shall have (r/i) 

Jlogp^ 


or simply p' = p^^ since the logarithm of a very great quan- 
tity and, dfortioriy is very small with respect 

to this quantity, therefore, for these values of //, we shall 
have 


/ _ <ip' 


d'€' = 


cp 




If this equation be integrated there vvill result 



c being an aibitraiy constant, and hom this intcgial it ap- 
V pears, that the values of x' do not increase indchnilcly with 
those of p' This being the case, if 
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q Will be a line of finite magnitude, which can be calculated 
by the method of quadratuies , and if we take on cx' a pait ca 
equal to this line, the vertical ab drawn through this point 
will be an asymptote of the pait cd of the trajectory, so that 
the motion ot the piojeetile on this descending bianch ap- 
pioaches indefinitely the vertical direction It may also be 
obseived, that when the values of jj' are very great, the two 
last equations (4) become 

consequciitly, there results 



hence it appeals, that when the final and vcitical motion of 
the piojectile becomes unifoim, the velocity of this motion will 
be that which a heavy body acqmies in falling through a height 

equal in a vacuum, this is also evident horn formula 

(5), by substituting — p' in place of p, and then considering 
// as a veiy gioat quantity (?^) 

If in the fiibt equation (4) we make 

a,nd, for conciseness, 

[7 — Unwy'l + tango) + V'l +tan“a))]co&®<«)= 

12 

WO shall obtain 

tr, = i Qdc, 

tor the abscissa of the point c If, theiefoie, we take on ox 
(hg 49 ) a point i, such that 

oi = r, + q, 

the vcilkal k., diawn thiough this point i', will be the asyi](ip- 
tole ot the descending bianch ol the tiajectory 
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214. Let ON be the production of the tiajcctoiy oc’o , o 
being the point from which the piojectile commences to moves 
the motion of the projectile will not take place in this pait ot 
thecuive, but, notwithstanding, we may wish to know Us 
foim Now, if it be constructed by points by means oi tlio 
t^?vo fiist formulae (4), taking caie that the values of p <iie po- 
sitive and greater than tang a, it is easy to be assuied that it 
also has an asymptote, which however is not voitical, tis in the 
case of the descending bianch 

For thispuipose, we may observe that it appeals iiom tlie 
value of 7 of No 211, there is always given an acute angle* 
greater than a, which is such, that /> z= tang /3 loiuleis the 
common denominator of these two foimulse cyphei, that is to 
say, an angle j3 which satisfies the equation 

y—tmgfiV 1 + tang -p— log( tang j3+v/ l + = 0 (6) 

This being so, it appeals fiom the value of <fp deduced fioin 
either of the two fiist equations (4), that though the .d)scissa 
X and ordinate y inciease indefinitely (abstiacting fiom tlic 
sign), in this pait on of the curve, the quantity ceases h) in- 
ciease, when the difference between it and tang /3 is mhnilcdy 
small, so that JO can never pass, noi even iigoiously attain to 
the value ^ = tang jS, this indicates, that the bianch of the 
curve ON has an asymptote, which inteisects the axis when 
pioduced, in an angle equal to jS, and its distance fioni the 
point o may be determined m the following mannoi , lei <in 
axis be drawn thiough the point o, which may make with the 
production of ot, an angle equal to the complement of /J, and 
which IS, consequently, perpendiculai to the asymptote of on 
Let ii denote the abscissa of any point of the cuive, leckoning 
from the point o on this axis, as the coordinates of this point 
with respect to the axes oa? and oy sue always x and //, we 
shall have 

uzziij cos j3 — icsinjS. 

By taking the difterential of this expiession, and by sub- 
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stituting foi (lx and dy their values furnished by the two equa- 
tions ( 4)5 we shall obtain 

(du = -P) 3 > dp 

(y—pV 1 4 -^) log(/? + /i + p^) ’ 

in this foimula, values should bo assigned to jo gieater or less 
than tang a, accoiding as the point m question is on the part 
ON, 01 on the pait om of the cuivc If from its denominator 
the fust member of equation (G) be taken, and if, moreovei, 
we make 

p = tang w, dp = — _ , 

COS^ (jt) 

and, loi conciseness, 


tang/3/1 4. + log (tang /3 + /l + tang-*^ 

— tang w / l 4 - taiig^w — log (tang oi + V' I + taug‘“(u) = 
thoie will icsult 

dn — — tang fa) ) co^jSdco 

(U COb^ <0 ’ 


Now, it we assume 
_ cos/3 


C/3 (tang/3 

Ja U 


— tangw)^(t> 


COS *'(0 




( will be a lino ol a finite m<ignitude, which can be calculated 
by the method of qu<uliatiues, and it will expiess the value ol 
/( witli u‘spi‘ct to the asymptote ot on, that is to say, the 
length ot the peipendiculai let tall hoin the point o on this 
line, which was lequuod to be detcimmed The equation ot 
this asymptotic line W'lll be 

fr cos j3 — a? sin /3 = ; , 

so that d on the pioduction ot ot a point ii be so taken, that 
wo may luive 

r 

on zi: — -T , 
sin p 

the asymptote ot the bianch on will he the line iiK, drawn 
thiough the point u, and making with 01 ; pioduccd, an angle 
Kiio the supplement ot /-J The two asymptotes 10 and hk, 
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produced above the axis ox^ will meet in a point l, so that the 
entire curve will be comprised within the angle klg, the com- 
plement of (3, the angle that was determined by equation (0) 
21o. When oax or a the angle of projection is veiy small 
^ r (fig. 51), the height of the projectile above the horizontal axis 
ox^ drawn through the point from whence it was discliaiged, 
IS inconsiderable. Now, in this case, we can obtain by *in 
approximation that is suflSciently accurate, the equation in a. 
and ^ of the part ocb of the trajectory, that is situated above 
02 , and we can even extend this equation to a point u, the 
distance of which from this axis is not very great In fact, in 
all this part ocb, or even ocd of the trajectoiy, the tangent to 
this cuive will be very nearly horizontal, and the quantity /> 
will be very small, theiefore, it the square of p be neglected, 
we shall have 

ds =z dx^ s = Xy 
and equation (g) will become 



dx dx^ 2Aco&‘^a 


By integrating twice successively, and deteimining the aibi- 

trary constants, so that we may have ^ = tang a and y — 0, 
■when a: = 0, we obtain (/?) 

2 “ - 1 ). 

for the approximate equation of the trajectory , which was pi o- 
posed to be determined It the exponential that it contains 
be developed, this equation becomes by reducing and then 
making c= 0, the exact equation of this cuive in a vacuum 
From the equation gdt^ =: — dxdp of No 212, counpaied 
with the preceding value of we can infei (q) 



and, consequently, 
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t 


— = 1 ) , 

<^V 2£//i cos a 


by means of which, the time t that the moveable takes to tia- 
verse om, any poition of the cuive ocd, can be determined 
216 If we suppose that the piojcctile falls on the ground 
at a point d, and if X denotes the depiessioii of this point below 
the horizontal plane diawn through the point o, oi dq the pei- 
pendicular to the axis or , also, if I be the distance oq, and r 
the time employed to go from the point o to the point d, we 
shall have, at the same time, 


^ K y — — X, t — T, 

and, for greater simplicity, by substituting unity foi cos^a, 
in the pieccding foimulse, there will result 

8cVi(X + Aanga) =: 2cZ— 1, ] 

TcV^h = 1 I 

When, therefore, the two constants h and c are given, and 
the angle a, and X the elevation of the point o above the 
giound, aic measured, these equations will make known the 
hoiizontal laiige /, and r the tune in which the projectile de- 
sciibes tins lange Conveisely, when a, X, /, r, aie known by 
diiect measuiemcnt, those equations will emiblc us to dctei- 
mine c the coedieient of the lesistance, and h the height due to 
the initial velocity. If 1\ be eliminated, we obtain 


4 (X 4- /tang a) (c‘'— 1)® =z 2cZ— 1) , 

an equation from which the value of c may be deduced, and 
then one of the two preceding will immediately give the value 
of/? 

There still exists some uncertainty lespecting the magni- 
tudes of the langos and of the initial velocities According to 
Lomhaid, for a twenty-four pounder, of which the chaigc is a 
thud of tlic weight of the bullet, the initial velocity is about 
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463 metres for each second , and foi a twelvc-poundei, ol 
which the charge is also a third of the weight of the piojoctilc, 
this velocity amounts to 494 metres Accoiding to the same 
author, the coi responding ranges relative to X = 0, aic 700 
meties in the fiist case, a being supposed zz 1° 15' 6'', and 
660 metres in the second case, in which we suppose that 
a=l°5' 36" 

In place of the time r, we may employ foi llic detcimi- 
nation of h and c, a second range of the same cannon at a dii- 
ferent elevation above the point where the piojoctile leachos 
the ground Thus, if we suppose that the weight ol the pio- 
jectile, that of the charge, and the angle a leinain the same, 
the quantities h and c will likewise lemain unchanged, and if 
X and I become X' and Z', we shall have 

(X' + V tang a) = — 1 , 

hence there lesults 

(X + I tang a) 2 cl'-l) | 

= (X' + rtanga) j 

h being eliminated by means of the first equation (a) 

Those authors who have tieated of the Ballistic pendulum, 
are by no means agreed as to the magnitude ol the iiumbei w 
which occurs in the expression of the coefficient c, namely 
(No. 210), 

n/ 

It has been inferred from a very imperfect thcoiy of the 
resistance of fluids, that this numbei^w is but the lesult of 
all experiments that have been made, assign a less number 
than this, and Lombard made it equal to Equation (b) 
would furnish a means, the most susceptible of piocision of any, 
for determining c, if a the angle of projection was supposed to 
be known and invariable 
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II The Motion of the Planets 

2 IT, The laws of the motion of the planets about the sun, 
are geneially known by the denomination of the laws of Kep^ 
ler^ because they weie disco veied by that astronomer, who 
deduced them horn obseivation They aie three in number, 
and aie ex:pics&ed as follows 

1. The planets move m plane curves, and their radii 
vectored desciibe areas pioportional to the times, about the 
ccntie of the sun. 

2 Ihe 01 bits or trajectoiies of the planets are ellipses, of 
which the sun occupies one of the foci. 

3 Ihe squaics of the times ot the revolutions of the 
planets, aie to each othci as the cubes of the gi cater axes of 
thcii 01 bits 

Keplei docs not appear to have been awaie of the great 
iinporttinco of these laws , it was Newton who applied them 
to doterminc the foice which retains each planet in its orbit, 
tlhit IS to say, the diicction of this force, and the vaiiations of 
Its intensity, from one position to another ol the same planet, 
and also liom one planet to another. In fact, it will be proved 
m this section, that each of these tliiee ciicumstanccs is a ne- 
cessary consequence of the three laws of planetary motion 
which have been just stated. 

• As these laws lefci to the motion of the centre of gravity 
of each planet, it is the motion of this point which we proceed « 
to considei, and in every question respecting the position or 
velocity of a planet, it is the position and velocity of this 
centre that is always lefeired to. 

218 Let ARin d (hg . 52) be the ellipse described by a planet, 
AB its greater axis, c its centre, o and o' its two foci, o that 
which the centre of the sun occupies, b the perihelion^ or the 
point of the orbit nearest to the sun, a the aphelion^ or the 
point which IS most i emote fiom the sun. After the lapse of 

2x 
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time t which isj reckoned from the moment that the planet 
passes through the perihelion, let m be the position of the 
moveable. Let r denote its radius vector, 6 the angle mob, 
which IS termed in astronomy the true anomaly. The sector 
desenbed by the radius during the instant will be J (No. 
156), therefore, in consequence of Kepler’s first law, we have 

r’^dB-cdt, (0 

c being a constant arbitrary equal to twice the area dosciibed 
in the unit of time, and ct twice the area mob desenbed in t 
any tune whatever Likewise, let o^m iz cb iz ca 
CO zz c&zzae. By a propeity of the ellipse we have 

r 4-r'= 2a, 

we have likewise, in the triangle o^mo, 

/•^ + 4/aecos 0 + 4a^e^, 

and if T* be ehminated between these two ecjuations, there 
results 

( 2 ) 

1 + e cos 0 

for the equation of the trajectory. 

For all the planets which were known pieviously to the 
present century, the excentricity e is a veiy small fi action, 
with the exception of Mercury, the excentiicity of which is 
more than a filth , in the case of the orbit of the earth 

ezi 0,01685318, 

or, very nearly, a sixtieth The greatest was that of Mars, 
which exceeds nine hundredths, it was consequently foi this 
planet that the elliptic motion ought to diSei most from the 
motion of a planet in an excentric(a) circle, in which the 
planets were supposed to move pi e viously to the time of Kep- 
ler; and in fact, it was from the observations of Ticho-Biahe 
on this planet, that Kepler first recognized the difference be- 
tween these two motions. If the values r and 9 be developed 
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into senes arranged according to the powers of e, by means of 
the equation of areas proportional to the tunes, combined with 
that of the elliptic trajectory, or with that of the trajectory of the 
e\centiic ciicle, we shall find that when the time t is the same, 
tlic coiiesponding expansions of these two curves difiFer only 
in terms, that depend on the square or higher powers of e , 
liom which It IS evident, that in Kepler’s time it was extremely 
difficult, m consequence of the imperfection of the observa- 
tions, to discover the difference between these two motions 
219 If T denotes the time of the revolution of a planet, 
and if we assume 



this constant quantity n will be the mean angular velocity, 
and nt the mean motion of the planet 

If we conceive a fictitious star whose motion is uniform, to 
set out fiom peiilielion, and to complete its revolution in the 
b<iine lime as this planet, then its radius vector will describe 
nU while that of the planet desenbes the angle 6, and the 
anyle 0 nt contained at any epoch between these radii, is 
what astionomeis teini the equation of the centre ^ it is posi- 
tive, and the planet precedes the fictitious stax m going from 
poiiholion to apholion(6), llie contiary takes place in re- 
tuiniiig fiom the second point to the fiist The maximum of ^ 
the equation of the con tic depends on the magnitude of the 
excentiicity If we assume the mean day for the unit of 
time, we shall obtain in the case of the earth’s orbit, by sub- 
stituting 360 foi 27r, 

T = 365^^ 256374, n = 0,59', 8". 

Tins value of t is the duiation of the sidereal year, or 
tlio Intel val of time which lapses between two consecutive 
lotuins oi the sun to the same fixed star, in its apparent motion 
about the caith. The mteival of time between two conse- 
cutive returns to the same equinox^ is shoiter, because the equi- 
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noctial points have a retrograde motion on the ecliptic^ that is, 
a motion the direction of \vhich is contraiy to that of the 
sun. If we suppose that the annual precess'ton m 1800 was 
60'^23427, then since the radius vector of the sun describes 
this small angle in 014158, there lesults 3(55'^, 24221 G, for 
the length of the equinoctial year at the commencement of 
the present century. The sidereal year is constant, but as 
the precession of the equinoxes vanes a little, the equinoctial 
r year must participate in this inequality, its length diminishes 
very nearly half a second in a centuiy 

220 The value of the constant quantity c will be equal 
to twice the area of the ellipse divided by t, theicfoie, as 
the semi-axis minor is a i/l— and the area of the ellipse 
Tra* 1 


27raVl-c® 

€ z: ■■ ■ , 

T 

By means of this value and of that of equation (1) becomes 
T^dO zz nd^y/ \*^^dt 

equation (2) gives(c) 

e = arc(cos=2Xiri^), 

aV\=T\dr 

r V aV— (/ — d)^ ’ 


therefore, we shall have 
nadt : 


rdr 


V (r— 

In order to integrate these formulse, let 

? =: a (1 — € cos w) ; (/ * 

and, consequently, 

dr = ae sm udu, ndtz=i{\^e cos u) du , 


(a) 
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because at the point b, r = a (1 — e), it is necessary that u 
should be equal to cypher at this point, "where we have also 
^ =z 0 , therefore, by integrating we obtain 

ntzzu — e sm w. (b) 

By substituting in the expiession of dff, for r its value, 
and observing that cos u = cos^ u — sin^ ^ w, there results 




v/ 1 — dtt 


1 — ccos^;Jw 4- esin^^w ’ 


and if we assume 


tang> = 2. 


this value becomes 


de 


2 \/ \ — e^dz 
l-e+ (l + c) 2 "* 


If we integrate and observe also that 0 and u vanish at 
the same timCj that is, at the point B, we shall have 


lOzz aic (tang = 0 , 

and hence we can deduce, by substituting for z its value. 


tang 1 0 


-\/L±1 


tang J zi. 


(C) 


These three equations (a) (b) (c) express in a finite form, 
the values of ?, n^, 0, by means of the variable auxihaiy u, 
which is called the excentnc anomaly. By eliminating u 
between them, we shall obtain the polar coordinates t and 0 of 
the planet in functions of the time, under the form of seucs 
aiianged accoiding to the powers of the excentricity, which 
will, consequently, convcige veiy rapidly in the case of the 
planets known previously to the present century. 

In the series which will thus arise, the poweis of cos nt, 
which occur m the development ot and those of sin nty 
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which are contained in the development of 0 — nt, can be re- 
placed by the cosines and sines of multiples of nt If we sup- 

pose that these developments of the ladius vector and of the 
equation of the centre, are then arranged according to the sines 
or cosines of the increasing multiples of the values ol the 
coefficients of these two series in functions of the excentiicity, 
may be determined directly by the following analysis 
221 Let 

r zz Ai cos + ^2 cos 2 + -h a* cos ?nt -f- &c , 

0^ z: BiSin 71^ + B 2 sin 2 4* b, sin int &c ; 

Ao) Ai, Aa, &c , Bi, B25 &c. and generally, a^, b^, being the co- 
efficients which it IS required to determine. 

If ^ and z' be any two positive integral numbers different 
from each other, we shall have, by performing the integia- 
tions(c?) 

^^cosm^ cos2^wM wf = 0, 

sin zni sin i?itd ? 2 t =z 0 , 
and w hen 7 z: 2 , v e shall find, 




COS^ d 7ltzz 


intd ntzz^TT 


These last forinulse cannot be applied when e zr 0, in 
this case, the fii&t integral is equal to tt, and the second to 
zero. This bexxig agreed on, if the development of / be mul- 
tiplied by cos int d nt and that of 0 - 7 it by sm tnt d 7it , and 
if the results be respectively integrated from z= 0 to ntzz tt, 
then all the terms vanish, except those of which the coeffi- 
cients are a^ and Bi respectively , hence we infer. 


IT Jo 


t CO'S tilt d nt. 
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2 

BfcZ: - \ (0 — nt 

TT JO 

In the case of e = 0, we shall have, in this particulai case, 

Ao=: 

TT JO 

that IS to say, the general value of is reduced to the half 
If we integrate by parts, and at the same time observe, that 
0 — zz 0, at the two limits nt:=z 0, and nt = tt, the integial 
of may be replaced by the following expiession(6) 

n p cos int d(0 n(). 

Since, from what precedes, it is evident that 

d nt 


de 




du I — c cos U* du 


jz: 1 — c.cos w, 


It follows, that if in place of 7, nt^ 0, their values m functions 
of w, deduced fiom the equations (a), (b), (c), be substituted, 
we shall have(/) 

Ai zi — (1 — e cos ?<)- cos (lu — ie siii li) duy 

TT JO ^ ' 


2 fTTr r /, cos(?M — 7esin 7^) , 

B, zz — \ [\/ 1 - e-i — (I — e cos iiyi — ^ ^ du , 

/TT JO ^ ^ 1 — e COS7« 


because « zi 0 and w = tt correspond to z: 0 and nt^i: ^ 
these foimultC will make known the numerical values of the co- 
ofticients a* and u,, either by the method of quadratures, or by 
reducing them into senes In ordei to cfiect this leduction, we 
shall have by Tayloi’s theorem / - / 

^ 1^4 

cob(7W--’7e.sin w)z:(l — &in®7« -f- Q » ^ 

£k A O 4 


?V^ 

+ {ie bin u — — - sm’’ w + &c ) sin lu , 
Jd o 


344 


MOTION OI 'lin- n VM 'IK 


and hence there will result toi \44uul sei les w hirh are til >1(‘ 

with respect to Wjthccxact values otwlnelii tin la* « ula‘i 

immediately, oi by means nl known ionuukis so that \\v lu i\ 
continue these devolojnneiUs ol tind n tis lai tis \\t pKas,* 
We can even obtain then gonenil ttnins in luintions ot i aiul 
e, but we will not insist Iont>ei on tins subjet t lieu, tis U lu- 
longs especially to astionoinj-. 

In the case ol < z: 0, we h«ue(//) 

foi as -was observed above, only hall ol (iie i><'in‘ial talin ol 
IS taken, wlien t » 0 , tins is tbe onli oiu' ot iln* it*iifs 

Aq, Ai,A 2, &c, Bq, Bi, »_!, &e , IIk' \ ,ih)i' <(t « Im li i ui 
be obtained. 

222, If V denotes (bo vcloei(y of (he plaiicf at i!i<‘ ( ml nl 
the time t, and 8 the an^le wliidi Us dnetlion tn.iKes vmiIi the 
radius vector > or om pioduced, by \o lo(> \w sh dl h.n e 

„2 (to 

» = ,p , i sin d ; 

(it ,lt 

Eliminating dt by means of equation (I), (here lesults 



From equation (2), we likewise obfaiu 

1 _ 1 f cos Q _ (- sin i) 

r a (1 - cf ’ ,10 - ,7( , - ^5 • 

hence we have(j) 

o®(l-c’)V=: (l + 2ecosf> + 
and, consequently, 
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lienee it appeals that in case oi elliptic motion, the velocity 
ciiul cliieetion ol the moveable at each point may be dcter- 
miiiocl by means ol its ladms vectoi Substituting the value 
of c of No 220, that of may be wiitteu 


u-z= 


47r^a^ ^2a 
\~ 


- 1 


) 


T hose foi mulae, when combined with those of the preceding’ 
iuimboi, will completely deteimme the motion ol a planet in 
the plane ol its oibit, but when the motions ol two oi more 
planets aie considcied at the same time, then it is necessaiy 
to lelei the [>osition ol each of them to anothei plane, which 
IS goneially the plane of the ecltphc, oi of the earth’s mbit 

223 Let non' (fig 53) he the in tei section of the plane of 
?lu' mint of a planet with a plane passing tliiough o the 
uMitie ol the sun, on a light line diawn in this second plane, 
o\i' the [nojectioii of cm, the ladius vectoi ol the planet, on 
this same plane Let us denote by 7 the inclination of the 
two planes, by a the angle nol, hy<o the angle noN winch the 
ladius vectoi oh diawn to the peiihelion ol the planet makes 
with (he hue on These tluce angles a, w, 7, being given, they 
<le(cnmme the plane ol the oibit, and the position ol the ellipse 
m this })huie Also, let and xjj lepiosent the vauable angles 
MOM^ind jm'oe, which the ladius vectoi OM makes with its 
piojoetion om', and this piojection with the lino oe, these 
angles will detonnine, ,it each instant, the diicclion of OMthe 
ladius (hawn to the planet 

This being estahlislied, in the solid angle, whose veiiex is 
tit the point o, and which is contained by the thiee sides 
oivr, om', on, as the true anomaly, oi the angle mob is le- 
piesented always by 0, the thieo faces of this solid angle 
will he 

9 T, 


4 


t 
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nroN zr MOB 4“ :=z 0 

m'on = m'oe — NOE zr t// — a , 
mom'zz: <P 9 

the first IS opposite to a light angle, and the third to the angle 
y By the rules of spherical tngonometiy we have 

sin ^ zz sin Y sin (0 + 

tang (-ip a) =: cos y tang (0 + w) , 

and, as by what piecedes the angle 6 is known m a function 
of each of the angles <p and \P will be also given by means 
of these foimulae 

When the given plane, on which the angle \p is icckoned, 
IS the ecliptic, then if the hne oe, from which this angle is 
measuied in the direction of the eaith’s motion, is the hue 
dra^vTi fiom the sun to tlm vernal equinox, the angles \fj and (/> 
aie called the longitude oxiAlatitude of the planet in question 
The line non' is the line of the nodes ot its oibit , il it passes 
into the northern hemispheie, when it travel scs the plane of 
the echptic at the pomt n, this point is the ascending node, 
and n' is the descending node Accoiding as the planet 
exists in the noithern or southern hemispheie, the latitude </> 
IS said to he positive or negative, and the angle mon, oi 
0 + w is less 01 gieater than 180(/i) The angle 0 extends 
fiom •— 90° to 90°, and the angle mon, and also the longi- 
tude m'oe, from zero up to 360° 

If the point 0 be leplaced by the centie of the eaith, and 
it the pl^e of the equator be that on which the angle ip is 
measuied, then when this angle is counted fiom the lino 
drawn fiom this centie to the fiist pomt of Aiics, the angles 
■p and (j> will denote respectively the ru/ht ascension and de- 
clination of the planet When these formula) are applied lo 
the appaient motion of the sun about the earth, we have «=(), 
7 ^ill expiess the obliquity of the ecliptic, and 0 + w will bo 
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the longitude of this stai, hence, denoting it hj A, ^\e bliall 
hcivc 

sin ^ = sin Y sin A, tang ip = cos 7 tang A, 
and, consequently(/), 

smy tanff^Z/ 

Mil (j) ===~=Z==~- 

\/ cos^y + tang^ p 

The gicatest noithcrn and southern declinations cories- 
jjond to A := 90 and A zz 270°, and aie ± 7 This angle y 
lb also equal to the angle which the a\is ot rotation ot the 
eaith makes witlx,jfclie peipeiidiculai to the plane of the ecliptic, 
it IS subject to a slight inequality called the nutation^ the pciiod 
of which IS about eighteen ycais, and which at its maximum 
amounts only to 9 'M Its mean value, at the beginning of tins 
centuiy, was 

7 = 23%27',55'', 

It diminishes by 0^‘'45G92 loi each 3 ''cai 

224 In what piccedes, no lefeicnce has been made to the 
force which acts on each planet, in fact, all the ciicumstances 
ot its motion have been dcteimined by data furnished by ob- 
seivation, and without having any lecouise to the pnnciples of 
dynamics, it is now leqmsite to deteimine the laws of this 
foice as they h<ive been aheady stated in No 217 

It follows horn the fust law of Keplei, that the foicc which 
letains each planet in its 01 bit, is constantly diiected towaids 
the centie of the sun, although tins necessaiy consequence ot 
the piopoitionality of the aie<is to the times has been alicady 
deduced in No 1{55 liom the equations ot motion, it will not 
he deemed bupeifluous heic to give a synthetic demonstiation 
ot it 

Let MjM (fig 54) he tlie side of the liajoctoiy desciibed liy 
the moveable in an indefinitely small poition of time r. Wlieii 
it ai lives at the point m, if no foice acts on tins moveable, it 
will dosciibc in a ])oiUon ol time equal to r, a pait mn of mt, 
the pi eduction ofjM I M, and equal toMM^, but, m consequence of 
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the force winch acts on itj in this second instant, it is trans- 
feiied to anothei point m' Let mk be the diiection of tins 
foice at the point m, wc may suppose, that during the time 
r It lemains parallel to itself, hence, if we diaw the line 
it will be parallel to mk (No 148). Now, if c be the fixed 
centie about which the radius vectoi dcsciibes aieas piopoi- 
tional to the times, the tiiangles MiCM and mcm^, which aie 
the aieas desciibed in t'wo equal poitions of time, will be 
equal to each othci Bui the tiiangles and Mcwi aie 

also equal to each othei, since then vertices aic at the same 
point c, and their bases MjM, Mm, aie equal and exist on the 
same line, consequently, the tiiangles Mtri and mcm' aic 
equivalent, and as they exist on the same base mc, the line 
which joins their vertices must be ppiallel to this base, 
hence the line mk, parallel to mM % coincides with mc Theic- 
fore, in each point m of the trajectoiy, mk the direction ol the 
force, Will be that of the ladius vectoi mc 

Conveisely, if the foice which acts on the moveable at 
any point jm, is diiected along mc, tho uglit hue w/m' will be 
paiallel to this lachus vectoi, the two tiiangles m'c'm and jmc //i 
will be equal, and, consequently also, the two tiiangles m^cm 
and MiCM. The areas desciibed by the ladius vectoi about 
the point c, in two consecutive instants, being equal, and this 
being the case foi the entiie tiajectoiy, it follows, that il the 
force which acts on the moveable be constantly diicctcd to this 
point, the aieas described m equal times will be equal, and, iii 
any time whatevei, pi opoi tional to these times 

225. Let, as m No 218, m be the position of the planet 
at the end of the time t (fig 52), and let, as in pieceduig 
numbers, 7 denote the ladius vectoi om, and 0 the angle mob, 
moreovei, if x and y repiesent the two lectangulai eooidi- 
nates op and pm, refened to the axes ox and o?/, of which tho 
fiist passes thiough the peiihelion, we shall have 

a: = 2 cosO, y=:?smO, 
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Also, let E denote the accelerating foice, acting on the 
planet, the intensity of which is unknown. 

Wc have seen that this force acts along the ladius vector, 
and, because the concavity of the tiajectoiy is turned towaids 
the sun, it is chiectecl hom m to the point o , thciefore, the 
cobincs of the angles wluch it makes with t and y pio- 

duced, aie — - and — j, consequently, the equations of the mo- 
tion will be 

cPr nr (Py _ . 


V liciiig the velocity at the pomt m, we shall have 




and, by diffeientiating, 


d^x 


d^ij 




consequently, if equations (1) be multiplied by dx and dy 
respectively, and then added togcthei, wc shall obtain, by 
observing that %d\ ydy zz nh, 

d v^zzL — n(h 

But, when the motion is pciloimed m an ellipse, v»e have 
(No. 222) 


/t being made equal to - p - -- Consequently, we shall obtain, 


u 



hom which it appeals, that the force which acts on each 
planet, vanes in the invcise latio of the squaic ol the distance 
fiom the centre of the sun 
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The magnitude of thib foicc at the unit of distance is ju, 
if fi' be what it becomes for any othei planet, of which the 
scmi-axis major and time of levolution aie lepiesented by a* 
and t', we shall have 

But, by the third law of Kepler, we have 

r [,2 rj ,/2 

fiom which results 

ip — /i — f i j 

consequently, at the unit of distance, and, generally, at the 
same distance from the sun, the accelerating foice u is the 
same foi two diffeient planets 

The motive force of each planet is theiefoic independent 
of its paiticulai natuie, and, lilce the weight of a body at the 
suiface of the caith, is propoitional to its mass It vanes 
from one planet to anothei, according to the same law, as it 
does fiom one position to anothei of the same planet , and if 
two planets were situated at the same distance fiom the sun, 
and then lemitted to themselves, without any initial velocity, 
they would descend towaids this star with the same velocity, 
and leach it in the same interval of time 

Thus it appears, that the three laws of Keplei completely 
deteimine the foice which retains the planets in their oibits ; 
the law of the areas proportional to the times, shews that this 
force is constantly directed towaids the centre of the sun , that 
of the elliptic motion, or the expression foi the velocity, which 
IS deduced fiom this law, combmedwith the preceding, piovcs 
that Its intensity vaiies foi the same planet m the inverse latio of 
the squaie of the distances from the sun , finally, fiom the law 
of the squaies of the times of revolutions proportional to the 
cubes of the greatei axes, we infer that at equal distances from 
the centie of this star, the intensity of the motive force is pio- 



MOTION or 'I 111 PLANLTb 


351 


portional to the mas's of each planet, and independent ot its 
paiticulai natuie 

226 Newton extended to the motion of comets about the 
■^un, and of the satellites about their icspective primaiies, the 
laws of Keplei, and the consequences that follow from them, 
with 1 espcct to the force which acts on these moveables 

Comets in their motion differ only from planets in this, that 
they aic not constantly visible, in consequence of the great 
distance of their aphclia^ which rendeis the determination of 
then oibits extremely difficult Notwithstanding this, there 
aie tlnoe comets, of which the oibits and times of revolution 
aie known almost as accurately as those of the planets With 
respect to othei comets, astionomeis have computed then 
motion in an appioxnnatc manner, by assuming foi then tia- 
]ectoiy, in the small extent foi which they aie visible, a para- 
bola of which the focus exists in the centre of the sun, and 
su|)posinj> always that the aieas described by the radii vectores 
about this point, are piopoitional to the times for each comet. 
This case is embiaccd undei the preceding lormulse for elliptic 
motion, by making 

a zi X , cr (I — e) z: 5, 

h denoting the penhelion distance on, which is a finite quan- 
tity 

The masses ot the comets arc veiy small compared with 
those ol the planets, and they seem to be of an entirely different 
nat uie(>;/) By the thud law of Kepler, the motive forces of two 
tomets, 01 of a comet and a planet, at the same distance from 
the sun, aic to each othci as then respective masses, and their 
acceleiatmg foi cos aio equal, this is likewise true for several 
satellites of the same planet, but not for satellites of two dif- 
lei en t planets, oi foi a satellite and a planet , for the law of the 
S(|uaios of the times of the levolutions piopoitional to the 
cubes ol the gieatei axes of the oihits, obtains only for bodies 
which 1 evolve about i\\Qsame centre, in the sequel we will 
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shew the i elation which exists between the motive forces ot 
two satellites belonging to two diffeient planets, oi between 
those of a satelhte and a planet. 

It ought to be observed here, that within the last few 
yeais, the laws of elliptic motion have been extended to those 
double stais, m which a periodic motion of one of the stais 
about the othei, has been lecognized, and then lelative posi- 
tions, computed by means of these laws, agico with then ob- 
seived positions as accurately as could have been cxpcctod(w) 
227 Let us now consider the changes which the resistance 
of an exticmely lare ethei diffused thiough the heavenly 
legions would produce in the elliptic motion of (he planets 
about the sun If these bodies aie not pcilcctly spheiical, 
this circumstance, combined with the fiiction of the fluid 
against then suiface would cause the ccntic of gp’avity to de- 
viate from the plane of its oibit Howevci wo will at picsent 
abstiact fiom the consideration of these ciicumstances, and 
foim the equations of the motion of this point, fiom the cou- 
sideiation of a cential toice vaiying in the inveisc latio of tlie 
squaie of the distance, combined with a tangential force aiising 
from the lesistancc of the medium 

Let this resistance be supposed, as m the motion of pio- 
jectiles in the air, to be pioporlional to the squaie of the ve- 
locity, to the density of the medium, and to the smfacc of 
each planet, the accelerating force which icsults will be in 
the inverse latio of the mass of the moveable If cA lopio- 
sents the velocity of the moveable, then we can denote this 
dtp' 

foicc by /> p being a vciy small coefficient, and foi the 

same planet propoitional to the density of the modiurn. Since 
this foice acts always m a dii action contiaiy to the velocity ot 
the moveable, it the pi incipal foice diiected towaids the centie 

of the sun be denoted by /x at the unit of distance, and by 

at the distance /, equations (1) will be leplaced h) the <ol- 
lowing(o). 
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d'v 11% ^ d'i dx 

5P"*'"P“ 

^ i^___ 

di^ ^ dt dt 


( 2 ) 


If we make use of polai cooidmates, we, may without dif- 
ficulty^ deduce from t]iem(jy) 


d{d,^^,H^ 1 _ 

^3 ^fid.-——2p di, 


dt^ 


d iHQ zz — p/^dOds^ 


( 3 ) 


which aic the equations into which the picccding may be 
tianbfoimed 

228 Equations (2) become, when then second mcmbeis 
.lie neglected, 


dl^ +/•'“’ 


de+ 


( 4 ) 


and equations (3) aie i educed to 


c/(^/^4./W) 

dt“ 


2pd i=0, 


d = 0 


(5) 


We can satisfy equations (5) by mccun ol foimulec (a), (b), 
(c), of No 220 5 howevci, as these loimulae contain only two 
constant tubitiaiics, a and e, they aie not the complete intc- 
^lals ot these equations, but if wc considci that equations (5) do 
not conhun explicitly the vaiiables 0 and if, but only thcii 
difloientials dO and dC^ it is evident that the foimulm ol the 
nuinbci cited will still satisfy these equations, by adding to t 
and 0, ecitam constants In this mannei, the tomplcte in- 
tegrals ol equations (5j, and, consequently, ot equations (4), 
will l)c cxpicsscd by the following system ol foimuI*je, 


> zza(l — ecos2^), 

+ c — w zz w — c sin 

fang I (0 — w) zz Y^~ hang J u , 

2z 


(a) 
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< 7 , e, £ 5^5 being foiu constant aibituiuos, and n a constant 
connected with a by the equation 

a^n^zz jWj 

^\hich results irom ^ = w, = fi, by the elimination ot i • 

When the vaiiable u is cypher, the value of > is <i mina^ntni^ 
which IS the case at the perihelion b (fig. 52). In the Ciist" of 
w z: 0 , we have 0 zia>, so that in tins case 0 will lepiosent tho 
angle moe, measuied fiom the light lino of, which iniikestho 
angle boe z: w, with ob« The value of 0, cxpiesbod in a seiios, 
will be of the form 

0 iz: nt -|- s "b 0i f 

in which 01 denotes its peiiodic pait, arianged aocouhng to 
" the sines of the mcieasing multiples of + c — m ''Hus 
angle 0 will be the tiue longitude of the planet in the phine 
of its oibit, at the end of ^ any time whatevei ; /// + c w ill ex- 
press its mean longitude at the same instant, c its mean longi- 
tude at the epoch from which the time t is icckoned, 4in(l (o t ho 
longitude of its peiihehon 

229 This being established, when the ooinjiloio mtegi,ils 
of a system of differential equations, such as oqiuitions (I), 
aie known, the integrals of anothoi system of dineion<m.l 
equations, such as equations ( 2 ), which only dillei honi iho 
fiist by very small terms, may be deduced horn llioin by a 
method that has been most successfully applied by g(M)nio<ois 
to different questions in celestial mechanics, and of winch 
pioceed to explain the pimciplcs, lor the sake of flic piobUnn 
which weaie at present occupied with 1 he \alnos of i *uid 
y which satisfy equations (4), aic of the foiin.; 

^ <i)), 2^ z: P (^, (ty c, c, co) , 

/and F denoting given functions In oidoi that these valiums 
may hkewise satisfy equations ( 2 ), a, e, t, o», should ho ctni- 
sideied as new variables, which it is icqmied to deteiiuuu' 
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But ab the numbei of these unknown is four, while equations 
(2) aic only two in number, we may assume aibitiaiily two 
auxiliciiy equations, and, in consequence, make 


^ da + ^ ^ = 0, 

-7— do, "7“ *4" dz 4- -7“ disi — 0, 
da ^ de ^ dc db) ’ 


(b) 


that IS, in other words, the parts of dx and dy^ which aiisc 
liom the vaiuitions of < 2 , e, e, < 0 , are made equal to zeio By 

this means, the complete values of ^ and ^ simplj 


dx __ df dy _ di 
di di dt dt 


By difteicntiatmg again, we obtain. 


di' 


di' 



drf da 

^fde 

.M. *4 

dff db> 


dtda dt^ 

" dtde ' dt"^ 

dtdt. dt"^ 

dtd(jj 

df 

dh 

d^p da 

iN de 

d®v ds 


d(t) 

df~ 

^ dtda * dt 

^ dtde' dt 

^ dtdt dt 

^ dtda) 

Tt' 


Now, by hypothesis, the piccedmg values of x andy satisfy 
equations (4), a, €, c, w, being considered as constant aibitia- 
iies, consequently we have 


^^7 + Ti - » 


df 


d^x dif 

hence, il the complete values ot ^ and ^ be substituted in 
equations (2), we shall have 


<Pf , 


d^F 

dtda 


da + 


dtde^^-^ 

.^dc+-^ 
dtdc dtdb) 


d®F 

^lidi'^didb) 


dsdv^ 
dsdi) , 

^'^=-PdtTt’ 


(c) 


and thus, by means ot the foui equations (b) and (c), wc can 
dctoiminc a, r, t, w, m functions of f. 
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230 111 geneial, this substitution olfour dilleicntui oquatioiisi 
of the fiist 01 del 3 in place of the two equations (2) of the second 
wdei 5 will not be attended with any advantage But as the va- 
lues of da^ de^ A, which aie deduced fiom equations (b) and 

(c)j have foT a factoi p the coefficient of the icsistancc, which 
IS a very small quantity, tlievaiiable gaits of a, s, will he 
also evtiemely small; and if the squaie ol p be neglected^ 
c, w, may he consideied as constant, in the e:s.pressions of 
da^ dCi dc, du), hence the determination of the vaiiahle paits ol 
c,e, o), may be reduced to quadratuies By the motliod ol 
succccssivc appioximations, the values of these quantities may 
he thus obtained, airangcd accoiding to the poweib ol p, and 
continued to whatever degiee of accuiacy \vc please; liow- 
evei, we shall stop at the fiist powei of p, m the pic«^ciit m- 
vestigation(( 7 ) 

If in equations (a), the variable values of c, c, w, be sub- 
stituted, they will mahe known, as in tlic case of elliptic mo- 
tion, the values of 7 and 0 in functions of the time The 
tiajoctoiy which in this case isdcsciihcd, will be still an ellipse, 
but its elements continually vaiy. If at caeli instant, the 
constant ellipse which satisfies the values ol the elements at 
this same instant, be constructed, the oiduiates i and and 
tlicii diffeientials dx and di/ will be common, m Mitue of 
cquilions (b), to this ellipse, and to the tiajeetoiy, \\luch 
consequently will be the osculating cuivc of all the constant 
ellipses Foi the same season, the veloci I y of (ho moveable 
and its components will have the same evpiossions in the el- 
liptic motion, and in the motion alteicd by the icsistance ul 
the medium, and will be detei mined by foimuU (d) ol No 
222 . 

231 As we have identically 

nf =r ^ndt -f llclu, 

by compiising S^*uii the unknown c, the wocoml eqnalion (<i) 
may he wiittcii as follows. 
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+ 6 — w = w — esinw, (<1) 

Then, if in the equations of elliptic motion, there be substi- 
tuted foi the constants a, e, c, w, then vaiiable values, wc should 
dl the same time replace nt, by the mtegial winch is 
supposed to vanish when t—0 The quantity n that it involves, 
may be deduced fiom a, by means of the foimula 



■which IS furnished by the equation a’ n® — fi of No. 228 This 
integuilSii^/i cxpiesscs the mean motion of the planet (No 219), 
altoicd by the icsistanco ot the medium, and thus, the difte- 
icntial of the mean motion will be 7idt, m the disluibcd motion 
as well as in the elliptic motion. 

At the peiihehon, the angle 0 - w is cithei cypher, oi a 
multiple of 360° , and this will be also the case with ihc angle 
It, mviitue of the fiist equation (a), theicfoic, in the time 
■which lapses duiing two consecutive passages of the planet 
thiough its peiihehon, the quantity 1 — w will be in- 

cieased by 360° , this will enable us to detcnninc this intciv«J, 
when n, c, w, aie given in funclions of I The tunc of a levo- 
lution, 01 the intcival which lapses between iwo letuius of the 
planet to the same //aev/ point, will iii like inatmoi be that in 
which its tine loiigiliulc 0 is incio.iscd by ). 

232 Equations (b) and (t) may bo leplacod by cquiv.ilcnt 
ones, hom which the values ot (let, ilt, <h, t/u), can be infoiied 
with gicatoi facility Eoi tins puipose, it is to be observed, 
that it any equation 

(j> [lit, 1 , 0, rt, r, w) = 0, 

olitaiiis 111 the c.ise of elliptic motion, it will hi invisc subsist ^ 
when the motion is alteied by the lesistance of the iiicdnim, 
a, (, i, b), liciiig logauled as vaiiablos iloteiniiiied l>y equations 
(b) and (c), and ’^ikU being substituted instead of ni Theic- 
loie, the diiroicntial of the lunefion <l> will be equal to eyphci, 
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whethei it be taken m the first case with lespect to nt, r, 0, oi 
m the second case, with lespect to '^ndt, r, 0, a, e, c, w Now, 
as } andSaie functions of v and y, their differentials aie tlic 
same in the two cases, in vii tue of equations (b) , consequently, 

it in the complete difteiential of <b, the pait — d nt 4-^ 

d nt ^ dr 

dr + ^ dO, which is separately equal to cypher, be suppiesscd, 
we shall have 


'^da + ^ 


da 






Now, ifm equation (2), of No 218, O-whe substituted 
in place of 0, theie results 

9 4- cos (0 — w) =z « (1 — e^) , 

and; if this be differentiated in the manner already pointed out, 
we shall have 

footed €cosa) + rsin0rf,6sinw = d.a(l — (e) 

If the fiist equation (a) and equation (d) be also diflcrcnced, 
we obtain 

(1 6 cos u)da — a cos ude^ ae sin uduziO^ 

dg — dw -|- sin 1/6 — (1 — 6 cos tc) du = 0, 

u being regarded as function of a, c, e, w 

By eliminating rfw Jbetwemi these two(^) equations, wc 
obtain 

(\^ e da + a(e— cosi^) de + «esinw(rf£ — dio) i: 0. 
But, if in the foimulse 


cos^^ = 


1 - tang^i^g 
1 + tang^Jw^* 


sin u “ 


2 tang 4 

1 + tang^x]?/^ 


we substitute foi tang \u^ its value which is given by the thud 
equation (a), we have(^) 
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cos « = ^. cos( 0 -<o) _ ^ ^ /I sin ( 0 - 0 ,) 

I + e cos (0 — ti>)’ l + e cos (0 — w) ’ 

by means of which, the precedmg equation becomes 


{l^e^) da 
I COS(0 — (i)) 


, acsin(0— a>) 

Cl cos Tv — (t)} uC 


(de— c?w)izO. (f) 


What has been stated with respect to the equation 0 = 0, 
may likewise be applied to the case in which the function 0 
contains the fiist diffcientials of i and 0* Thus, in the case of 
elliptic motion, we have 


+ 2fji ft 

dt^ 7 


r^dOzz Viia{l^e^)dt, 

V fxa being substituted in place ot a^n m the expiession foi 
7 VO oi No 220(y) Now, since the diffcientials c?>, c?0, as also 
/ and 0, remain the same when a, e, c, w, become vaiiablc, it 
follows that these two equations will also subsist on this hy- 
pothesis , this being so, if then complete difierentials he com- 
paicd with equations (3) of No 228, we can infei(w) 



d l/a (I — = — p l/a (I — ds. 


r (g) 


Mow^, the values of da^ de, dc^ efw, may easily be infencd 
tiom the foui equations (e), (f), (g) , by substituting foi r its 
value, namely, 

l + e cos(0--ct>)’ 

in 01 del to cxpicss them in functions of the angle 0 solely, we 
find(i) 
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da--^^ll+2ecos(9-u>)+e'^']d6, 

de z: — 2p [e + cos (0 — w)] 

edit) =z — 2p sin (0 — (u) dsy ^ 

_ 2 pe sin (0— 6)) [ a/ 1 — e^— c cos ( 0 — 6>)] > 

[l + ecos(0— w)] (1+ /l— ^'0 

The value of ds which should be substituted m these foimulse, 

and, by substituting in this expression the value of i , we obtain 

_ a(l-e^)\/l + 2 ecos(0 — co) JA 
[l + 6cos(0-~a>)]" 

The second membeis of these equations should be into- 
giated on the supposition that e, Cj w, aie constant, as has 
been already stated , and when the coefficient p is given in a 
j/ functiOxi of r, and consequently of 0, the values of the vaiiables 
«, e, c, tOi may be deduced by the method of quadiatuies, oi by 
leduction into a senes, which values should be substituted m 
the equations of elhptic motion, 

233 It the cxcentiicity 6 be a veiy small fraction, foimulse 
-- (h) reduced to then piincipal part, become 

dazz ^ 2 pa^dd 9 dezz --2 pa cos (0 — w) dO, 
edit) zz—2pa sin (0 — a>) dO, dc = 2pae sin (0 — w) ^0 , 


and the coefficient p may be regarded as constant Hence, 
by integiating and denoting the variable parts of «, e, e, w, by 
8a, 8e, Se, 8w, we shall have 

8a = 2pa^0, 



8e = — 2pa sm (0 — w), 
eS(o zz 2 pa cos (0 — w), 

Sg = — 2paecos) 0 — w). 
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\r iJL 

It the conesponding part ot oi of — ^beexpiessedby 

ay a 

Sn. so that we may have 


S/a =z — 


theie will lesult 


2a^l/ a 
Sn = 3pan9. 


Hence it appears, that the effect of the resistance of an 
extremely laie medium, on the motion of a planet in an oibit 
of very small excentiicity, will be to cause the gieatei axis to 
deciease indefinitely, also to increase n the angular velocity^ 
and to produce in each of the three quantities c, a>, e, an in- 
equality of which the peiiod is the same as that of the planet’s 
1 evolution Not only is the angular motion more and moie 
accelerated, but also the absolute velocity , foi it is vciy ncaily 
equal to an , its increment is therefore aSn + nSa , which is a 
positive quantity and equal to pa^n9. 

If the excentricity be altogether neglected, we have 


r = a, 0 = %ndt + £ ; 

theiefoie, if 8/ and 80 denote the paits of the radius vectoi, 
and of the longitude which aie pioduced by the action oi the 
resisting medium, we shall have to the same degree of appioxi- 
mation, 

S7^-2pa% d9^lpqf. 

In consequence of this continual diminution of the radius 
vector, which amounts to 4 at the end of each revolution 
of the planet, this body must eventually fall on the suiface of 
the sun 

Finally, if there exists in the regions of fiee space, an 
ether which affects the motion of the heavenly bodies, its in- 
fluence will be particulaily sensible in accelerating the motion 
ot the comets, on account of the extieme smallness of theii mass, 4 
and because that, eveiy thing else being the same, the coefficient 
p IS m the inverse ratio of the mass of the body. And, in fact, 

3 A 
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we have not been able as yet to recognize any traces of an 
ether which resists the motion of the planets and satellites , but, 
accordmg to the calculations of M. Enke, this resistance ap- 
pears to have an appreciable influence on the motion of the 
comet recently discovered, the tune of whose revolution is about 
1200 days. 


III. Motion of a matei lal Point acted on by a central Force. 


234. The problem which we now proceed to considei is 
the mverse of that of the preceding section, there the tia- 
jectory and the law of motion being supposed to be luinished 
by observation, it was proposed to deteimine, in magnitude 
and direction, the force which produced this motion , in 
the present case, a constant force diiected towaids a fixed 
centre, and given in a function of the distance of the move- 
able from this point, is supposed to be applied to this move- 
able, and it IS requiied to determme from thence the ti<ycctoiy 
and the law of the motion. 

This curve dmb (fig 65) will be contained in the plane 
passing through the fixed centre c, and through da, the di- 
rection of the mitial velocity. Let two icctangular axes ca;, 
cy, of which the first passes through d, the point fiom which 
the body commences its motion, be drawn in this plane, 
through the point c, and let them be the axes of the cooidi- 
nates. At the end of the time j?, which is leekoncd fiom the 
departure at d, let the moveable be supposed to be in M, and 
let X and y denote its coordinates cp and pm, / its ladius 
vector CM, r its accelerating force diiected horn m towards 
c, and given in a function of r , the equations of the motion 
will be 


X 

W=-~r^> 


dt^~ r 


( 1 ) 


if the force r acts in the direction of the production of cm, it 
■will only be necessary to change the signs of then second 
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members. We can immediately deduce from these equations, 
the two following integrals of the first order, 

xdy — ydx = cdt, = — 2SEdr + b, 

in which b and c are the constant arbitranes introduced by 
the integration , and if 6 denotes the angle Mcrr, so that we 
may have 

X =zr cos d, y = ? sin fl , 
these integrals will become 

t^dd = cdti — — — — 2lRdr + 5 , (2) 

if the values of dt and dO be deduced from these equations, 
they will be of the form 

dtzz ft dr^ dO = Frrfr, 

which it will be only necessary to integrate either accurately 
or by approximation. 

If dt be eliminated between equations (2), we obtain 

+ = ^ ( 3 ) 

for the diflciential equation of the trajectory 

If V represents the velocity of the moveable at the pomt 
M, we shall have 

v^z=b — 25Rd? ; (4) 

and 8 denoting the angle that its diiection makes with mc, its 
components will be 

^ dt ^ rdO 

t;co88=-^, 

in the respective diiections of mc, theiadius vector, and of mh 
perpendicular to mc. 

The two constants b and c, and those which are introduced 
by the integration of the values of dt and can be determined 
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by means of the initial position *iiul velocity <>t the iuovcmI)!*'* 
For this pmpose, let y lepichonf the ihiImI <lisf*int‘e c n, a the 
angle cda which may be eithci acute' oi oblusc^ aiul // tlu‘ 
height due to the initial velocity, m> tli.it tins \c>lotit\ in . in 
be g denoting the giavity II tin' mlo<>ial \u^h ^ 

which occurs in the preceding lonnul.e v<niislH‘s, wluni / * -j , 

we shall have, as is evident liom the gonei.il expn^ssiou toi r ^ 

b = 2(jh 

In virtue of the equation 7^10 = the value oi / sin d 

IS the same thing as consequently, we sluiil liave 

czzy\/2g/i siu « 

As to the twoothei constant ai hit laiies, lhi»y au' dotei- 
mined by the supposition that 0 = 0, and > = y, when / 0, 

and thus, the problem will be com[)lotc‘ly losoKiul, 

235 When the foice ii is piopoitional (o t!u' distant *w , 
the variables x and y aic sepaiated m ecpiations ( I ), and t htut* 
is no occasion to recur to polar cooidiaalcN, oi to c‘((ua(n»iis 

(2). In fact, let k denote the value ol u vvlntdi <oiu'‘>i)t>nds 
to r = y, and 

ki 

11 = 

7 

will be its general value. Equations ( 1 ) w ill hectnu- 

Idf 

7 ’ J/T- ~ ' 

and then complete integrals will bc(c) 

( * =: A cos t + a' siu I , 

“y 7 

A, V, B,B', being the foui constant aibitiaiies that aio ii.n.. 
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duced by the integration. In order to determine them, -we 
have, by the preceding suppositions. 


a = 7> y = 0> — V'^gh. cos a, ^ = V'2^A . sin a, 

■when < s= 0 , hence it follows that 

A = 7 , a' V^- = -- •/2oAcosa, 

r 

B =: 0, b' = ■V^2fifA.sina, 

7 

and, consequently, 

a; = 7 ^cos t cos « sin t 

y = 7 7^ • sin a sini V^. 


Ay 


It appears from these formulae, that the revolutions of the 
moveable about the point c, •willj3e isochronous, and theii 

common duration equal to 27r We can deduce from 

them 


y Sin a sin t 




./k 

y sin a cos ^ K - . sm a + y cos a , 

y 

hence we obtain(6') 

ky 

^jy^ + (xsma +ycosa)^=: y^sm^a, 
Zgti 


foi the equation of the trajectory, which is, evidently, an^eUipse 
of which the centre is at the point c. This elhpse becomes a 
cnclc when a = 90 °, and Ay = 2gh. In this case, the motion 
is uniform, foi by the expressions foi x and y, we have 

^ sin « ^=/pcos<V^-, 

at ' y at * y 
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hence the velocity v is equal to 'v/yA. The cential force r and 
2 

the centrifugal force — are constant, and respectively equal to A, 

If the foice e be repulsive instead of being attractive, as 
has been supposed, k must be changed into — k m the pic- 
ceding formulae. The trajectory will be then aii hyperbola, 
and the body m its motion will never return a second time to 
the same point. 

236 Let the force r be supposed to be propoitional to the 
mverse cube of the distance, and, consequently, that 



k being always its value at the point d. 
In this hypothesis, we shall have, 


because the integral vanishes when ? = y. 

If we take into account the values of h and e, and make 



equation (3) will become 

if® , f , h \ .i _ h 

rffl® \ 2gh sm^aJ sm‘®a yyAsiii^a* 

As the coefficient of z® may be either positive or negative, let 

1 — t- ^2 

2gh sm®a ’ 

consequently, we have(c') 
dr* 
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ndz 

ndd= , „ „~r 

cot'* o ± q: « 3^ 

When the superior signs are employed, we shall have(rf') 

nd = arc (sin = . - -= ) — arc (sm = , ] » 

' 'V/cot'*a + w*^ ' vcoro+w/ 

and, when the inferior signs are made use of, 

. , nz A- V cot® a — 4- ^*•2* 

= loff — — ; 7 J 

® 7i + cot a 

taking care to obseive, that 7 = y and 0 = 1 when 0 = 0 
From the first value of w0, we deduce 

nz = cot a sm nQ cos nO 

The maximum of 0 , or the minimum of r, corresponds to the 
value of 0, deduced fiom the equation dz = 0, or(e') 

tan nO zz- cot a, 
n 

for which we obtain 

0 = - = 1 + ^ cot® a, 

r w" 

Beyond this value of 0, the distance of the moveable from 
the point c will inciease indefinitely, and its ladius vector r 
will be infinite, foi the least value of 0 deduced from the equa- 
tion 0 = 0, or(y') 

tang w0 = — w tang a , 

and to attain this value of 0 an infinite time is required The 
value of < as a function of 0, may be obtained without any 
difficulty, by substituting in the first equation (2), in place of 

r, the value of 

0 

When the value of nO is a logaiithmic function, we shall 
have, by passing to numbers, and denoting the base in Napier's 
system of logarithms by e, 
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nz + A/cot^ + rrz^ = (w + cot a) , 

hence we obtain(^') 

zzz^=: —(n + cot a) 6^^^+ cot a) , 


it appears from this expression, that the value of ?* climinislies 
indefimtely, consequently, the cuive clesciibcd }>y the move- 
able body about the point c, will be a spiial, and it will not 
reach the centre until aftei it has peifoimccl «ui infinite nunihoi 
of revolutions. 

If, in order to simphfy, we make a zz 90®, wc shall have 

4 — 


for the equation of this spiral The hi&t equation (2) becomes 


(e«i> 4 - e-”fy ’ 


and, by integrating, we obtain 



237. Let ns suppose, for the last example, that (lie loiee 
R vanes m the inverse ratio of the square of tlie di'<tfiuet*, 
which IS the law that obtams m natuic, in which case Me 
have 

® = SRdr = Ay (l - ; 

ft bemg the intensity of this force at the point d, wheie the 
precedmg integial is supposed to be equal to nothiiiir. 

If we make 

1 

y—p> SAy—ft — 


equation (3) of the trajectory will become 
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d(lP~ 

fiom wliich we obtain(A') 




de=: 


cdp 




Hence if we mtegiate and denote the constant aibitraiy by 
w, we shall have 


0 = (*) + aic 


^ cos = 


— cV 


by means of which we can obtain 

Ay^J ^ 7 k^y'^ — C '/3 cos (0 — to)j (a) 

^ TT being substituted in place of 0)9 in oidei that to may 
be the value of 0 which coi responds to the least value of 
that IS to say, to the point of the tiajcctory whcie the move- 
able IS neaicst to c 

In Older to obtain the equation of this cuive in lectangular 
coordinates, let 

x' = 7 cos (0 — to), 7/ zz / sin (0 — to) , 

X* and 7j being the icctangulai coordinates of the moveable 
lefeired to the axes cx^ and cy\ so that x^cx m to , wc shall 
have evidently 

and if the two members of equation (a) of the tiajectoiy be 
raised to the square, it will becomc(^') 

Now, it IS evident fiom inspection of this expression, that it 
belongs to a conic section, which will be an ellipse, a paiabola, 
or hypeibola, accoiding as the constant P is positive, cyphoi, 
or negative It appeals also, that 111 all cases, the point c 
will be a focus of tins cuivc , for, 111 the equation (a), the 
ladius vectoi ? is a liiieai function of the abscissa %* , now in 

3b 
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the three conic sections, this is only the case, when the oiigin 
of the coordinates is one of the foci. 

Since h = we shall have 

|3 = 2A-y — ^gli , 

hence it follows, that the sign of j3, and consequently, the 
nature of the conic section described by the moveable, de- 
pends only on the initial distance and velocity of projection, 
and not at all on the direction of this velocity , so that if se- 
veral mateiial points commence to move from the same pomt 
c with equal velocities, all of them will describe conic sec- 
tions of the same nature, whatever may be then initial di- 
rections If loi example k:=zg^ the curve described will be 
an ellipse, a parabola, oi hyperbola, according as the height 
due to the initial velocity is less than cd, equal to this dis- 
tance, or greater than it. 

238 In the case of the ellipse, equation (a) shews that the 
gieatest and least values ot i correspond to 0 = to + and 
0 if we denote them by a (1 e) and a (1 — e) les- 

pectively, then a is the semi-axis major, and e the excentii- 
city, and we shall have 

a (1 + 6) = 

(V+ a{\^e)zz 

01 , what IS the same thing, 

(I + e) = V+ 

(3a (1 — e) n ky^ •— \/ U^y^ — 

If we add these equations together, and if we also multiply 
their corresponding members, we shall obtain 

f3a=:ky% 

and, by substituting for [3 and c their values, 

(3z=:2(ky ^ gh)y c =z y v' 2gh sin a, 

we obtain 
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2 (ky - gh) a =Z ky% I 

yA v/ 1 — =z 2 (Ay — ^A) sin a , j ^ ^ 

l)y means of which, the semi-axis major, and the excentricity, 
may be obtained. The angle ca is determined by making, at 
the facime time, 0—0 and r z: y in equation (a) Thus, when 
the position, initial velocity and direction of the moveable are 
i>iven, the dimensions of the ellipse, and the position of its 
gicatei axis, will be completely determined With respect to 
its motion on this cuive, that is known by formulae (a) fb) (c) 
ot No 220 It appears from formula (4) of No 234, that 
the s<piaie of the velocity at any instant is expiessed by the 
equation 

i;^=z2^A-2Ay 

oi, what comes to the same thing. 




on account ot the value which we have found for a, and by 
making zz fx, so that here, as in the formula of No. 225, 
evpicbses the intensity of the ceiitial foice at the unit ot 
distance 

230. As the motions of comets are observed to approximate, 
dm mg tbc time of their apparition, to that of a body moving in 
a paialiola, it will not be iirelevant to discuss heie this parti- 
cukir species of motion Smee we have in this case /3 = 0, 
oi hy = (jh, equations (b) give a = so and e = 1 , which is in 
fact the case in the paiabola Formula (c) becomes 


2 2/1 
= — ■ 


.uid it n denotes the velocity in a circle, ot which the radius is 
equal to /, wo shall have in viitue of the same foimula, 


2 ^ 
?r = ~ , 
r 
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consequently, at equal distances from the sun, the velocity of 
a comet is to that of a planet, which desciibes a circle, as 
l/2 to 1. 

In general, if the two membeis of the last of equations (b) 
be raised to the square, and if they thenbeiespectively multi- 
plied by those of the first, we shall obtain 

hya (1 — e) (1 + e) =z ^ghy sm^ a, 

hence, if p denotes the least distance of the comet from the 
sun, so that(A,') 

= a(l — e), 

and if we make ky = gh and e = 1, we shall have 
jp zzy sin ; 

fiom this it appears, that the peiihelion distance is deteimined, 
when the initial distance and angle of pi ejection aic known 
If, in equation (a), we make j3 = 0, and ky zz gh^ it will be- 
come, by substituting foi its value "Ighy^* sm® a, 

? = 2y sin^a — rcos(0 — o)) , 
hence there lesults 

2p 


rzz 


1 + cos (6 — wY 


(d) 


for the equation ot the trajectoiy. If we make 0 = 0, and 
rn y, we obtain(^') 

y (1 + cos w) = 2pi cos J (u = sin a , 

by means of which, we can deteimine the angle o) that the 
radius vector diawn to the perihehon, makes with the radius 
drawn to the point from which a body is pi ejected* 

If we substitute for the values of c and r in the fiist equa- 
tion (2) of No. 234, and if, in order to abridge, we make 

y V gh s in a 

there results 


= w. 
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Add 


=z 71\^2 ,dti 


tind because 

it we make 
we shall have 


[1 + COS (0—0))]^ 

1 + cos(0 — w) = 2cos*i(0 — w)> 
0 — w =: 2»//, dd zz 2dTp, 


dip ndt 
COh'^ip'^ y^2 ’ 

hence by integrating and denoting the constant aibitiaiy by ij 
we obtain(wi') 

^nt 

(3 + tang^ -p) tang ^ + c = 

In Older to dcteimine this constant, it is to be ob&civcd 
that we have, at the same time, 

t zi 0, Onz 0, p zz. — 

and because cos =: sin a, theie results 
c = (3 + cot^ a) cot a 

Naming the mteival winch lapses horn the moment the 
body begins to move until it passes thiough the peiihelion, 
we shall have at once 

f 0 = w, p zz 0, 

and, consequently, 

£ 2 




3n 


This being so, if r denotes the time reckoned fiom the 
instant ot this passage, so that « = t' + r, we shall have 

[3 + tang" i (0 - w)] tang 1(0- = (e) 

and il this equation, which is of the thud dcgiec with icspect 
to tang ^2 (0 “ w)? resolved, we shall obtain tang ^{0 — w) 
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in a function of r, and, consequently, we shall have the values 
of 1 and 0 at any given instant , the time r is evidently positive 
aftei the body has passed through the perihelion and negative 
pieviously to this passage 
Because 

ghy zzky^zzfx^ V y sina = 

the piecedmg value ot n is the same as 

p VlP 

therefoie, it appeals from the equation ~ /x of No 228, 
that 71 expi esses the mean angular velocity ol a planet, of 
which the gieater semi-axis is equal to p , and if i denotes 
that of the eaith, and I its semi-axis major, so that we may 
have 

iVi 

we shall obtain(72^) 

%lVl 

=r, 

P Vp 

for the value of n 

240 From the piecedmg analysis it appeals, that if the 
determination of the motion of a comet be considered as a mete 
probletn of dynamics^ and if, m consequence, its initial posi- 
tion, its direction, and velocity, aie supposed to be known, 
we can, from these data, determine p the distance of the sum- 
mit of the parabola from its focus, the instant of the passage 
of the body through this summit, or the value of and the 
position of the axis which depends on the angle w , the velo- 
city of the comet, and its position on its trajectoiy at any 
instant whatever, are known by means of equations (c), (d), (c), 
and as the plane of this curve is that which passes through 
the centie of the sun, and thiough the direction of the initial 
velocity, it follows that the motion is completely determined 
But the astt onortiical problem is altogether diiferent When 
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a comet is fiist discoveied, neither the plane of its orbit, its dis- 
tance from the sun, its velocity, nor its direction at the instant 
of its apparition, are furnished by observation, so that if its 
position at this instant be taken for its point of departure, the 
constant quantities 7, A, o, v?ill not be given as in the pre- 
ceding problem The question then consists in deducing 
from observations, the five following quantities, namely, the 
inchnation of the orbit, and the longitude of its ascending 
node on the plane of the ecliptic, (which two quantities will 
determine the plane of the oibit,) the longitude of the peri- 
helion, and Its distance from the sun, (from which two, the 
position of the oibit in its plane may be known ,) and lastly, 
the time corresponding to the passage of the comet tluough 
Its pciihehon. When these favc unknown quantities arc de- 
termined, equations (c), (d), (e), lepicsent, as in the preceding 
numbers, the motion of the comet in its plane Now, fi om each 
observation of the comet, we can deduce its light ascension 
and decimation, theiefoie, throe observations furnish six data, 
and, consequently, six equations, which arc more than suffi- 
cient to determine the five unknown quantities mentioned 
above , and this ciicumstancc enables us to replace two of 
these equations by that combination of them which is most 
piopoi to dimmish the influence of the ciioisof observations. 

Having thus deduced approximate values of the five ele- 
ments adverted to above, from thiee observations made at the 
epoch of then apparition, subsequent observations serve to 
correct these first values, and to verity foimulse (d) and (e). 

We can only 111 this treatise thus generally advert to this 
pioblem, which is one of pure astronomy, of which difleicnt 
solutions have been proposed 
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DIGRESSION ON UNIVERSAL ATTRACTION 

241. The material points of all bodies attract each other 
mutually^ in tliediiect latio of the masses^ audin the utveise 
of the sqaai e of the distances. 

This gieat law of natuie, which was discovered by Newton, 
IS a necessary consequence of observation and calculation In 
fact, it is shewn in the exposition of the system of the iroild^ 
how, by setting out from experiment, we aie conducted, 
'Without assuming any hypothesis, by an unintciruptcd tiam 
of iigoious reasoning, to the principle of universal <}i avitation. 
The developments of this piinciple constitute the especial 
object of the celestial mechanics. We shall lestiict oiu selves, 
in this chapter, to a brief exposition of its piuicipal conse- 
quences. 

242. The force that retains the planets m their oibits is 
the lesultant of the attraction, which all the mateiial jioints 
of the sun exercise on all those of each planet. Consideiiiig 
the small ness of the dimensions of the sun and the planets le- 
latively to the distances which intervene between them, it is evi- 
dent that these attractions may be regarded, with an appioxi- 
mation sufficiently near to the truth, as equal and paiallel toices 
m the entue extent of each planet , 'their lesultant is then equal 
to then sum, and, the distance remaining the same, tlie mo- 
tive force of each planet is pioportional to the pioduct of its 
inass into that of the sun', the circumstance of the foim of 
t ese bodies bemg very nearly spherical, renders this con- 
clusion still more exact, when their mutual distance is as- 
sumed to be that of their centres of gravity, (No. 99 ) 
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in ordei to expiess the intensity of this foicc numerically j 
let a ceitam distance, foi example, that ol the sun from the 
earth, be assumed as the lincai unit, also let a deteiminato 
mass and inteival of lime be selected as the respective units 
of these two desciipLions of quantities, and finally, let tli' 
unit of force be, as in No« 118, the constant acccleratim; 
force, which produces, in the unit of time, a velocity equal to 
the unit of length. Let us now suppose two bodies, whose 
masses are lespec Lively equal to that winch has been se- 
lected to lepiesent unity, to be distant fiom each oihei by a ^ 
quantity equal to the Imcai unit, then if y* denotes the at- 
tiactive foice of one of these <wo bodies on the othei, tliat is 
to say, the numeiical latio of its intensity to that of the toicc 
which has been selected to lepicsent unity, m and 7U being the 
masses of the sun and planet, the motive foicc of the planet 
will be jfum at the unit of distance, and at any othei distance 

2 , it will 

The magnitude of the quantity wluch we have denoted 
by yj depends on the attractive powei with which matter is 
endowed, when the mass and distance aic equal, this powei 
IS the same foi all bodies , nothing hiihcito obscived leads us 
to suppose that it inci eases oi diminishes with the time , and 
we have eveiy leason to think that it has been and will le- 
main constantly the same 

243. The motive force of the mass M, due to the attraction 

of m, is also lepresentod by so that the reaction of each 

planet on the sun, is equal and contiary to the action of this star 

on theplanct, hut the motive foice'^^;^, acting on the two masses 
M and will impiess on them, in each instanl, infinitely 
small voiocitics, which aie iccipiocally piopoition<d to these 

masses, oi, m othei woids, then acceloiating foices aic yr Rud 

Hence It follows, that if these bodies aie lemitted, with- 
3 c 
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out any iiutial velocities, to then mutual atti action, they 'vvill 
move towaidb each other, passing ovei, in the b<imo time, 
spaces which aie in the inveise ratio of tlioii masses , and llicy 
will meet at then common centie of ^lavity, wliicJi w<‘ hnow 
divides then initial distance in thcinvcise latio of then m.isscs 
In general, if a planet is projected m any diicchon wliaiover 
m space, and if it be requiied to deteiminc its appaient mo- 
tion about the centie of the sun, considcied as a Jnul jioint, 
we must conceive that in each instant, iheie is nnpiossed on 
this star, an infinitely small velocity, equal and contiaiy to 
that which it receives from the attiactiou of the planet , bid, 
m 01 del that the ? motion of these two bodies bo not 

alteied, we should, at the same time, impiess tins velocity on 
the planet, which is the same thing, as if thcic was ajiplied io 
it an accelerating force equal and contiaiy to that oi the sun , 
theiefoie, in the motion which we aie considciing, the acci‘- 
leiating foice of the planet m vail be constantly diiccfed 
towaids the sun m, and equal ro the sum of the two ioicos 

^ and'^, hence if it is represented by -p, as ni No 225, we 
should assume 

Theiefoie, this value ought to be substituted in tlie (Iilh»- 
rent equations of elliptic motion winch have been giv^en ui the 
preceding numbers, and the equation 



of that number will then give 

T being always the time of the planet’s lovolution, and a iho 
semi-axis major of its orbit 

It appeals, theiefore, that the latio umsmuth as if de- 
pends on m, the mass of the planet, will"* not be tlic same foi 
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two planets when then masses aie unequal IIowovci, as the 
observations which establish the third law of Keplei piove, that 
this latio, if not exactly, is, at least, veiy neaily constant, it 
follows, that the masses ol the planets aie veiy small icla- 

T“ 

tively to that of the sun, and this is the reason why — the latio 

of the sqiiaic ol the time to the cube of the mean distance 
vanes veiy little, in passing fiom one planet to another In 
fact, the mass ot Jupitei, which is the most considerable of 
them all, is less than the thousandth pait ol the mass of the 
sun 

244. It IS on this account lhat the mutual attraction ol 
the planets pioduccs ow\.y pei Lin halions^ winch aic cithei voiy 
slow, 01 veiy inconsideiable, m the elliptic motion pioduced 
by the attraction of the sun In fact, the masses ot two planets 
being m and the motive foice diiccted liom the one to 

the othei, is expressed by ~ at the distance p , theiefoie, 

the accelerating foice of m arising from the atti action of wzi, 

will be*^^, and as the distance p nevei becomes veiy small 
P 

lelatively to ? the distance of m fiom the sun, it follows, thal 
if mi be a veiy small fiaction of m, the motion of m pioduced 
by the solai attiaction, ought to be veiy little modified by the 
at ti action of 

The plaiictaiy pcituibations may, theieioie.> be dctei- 
mined by the method of the vaiiation of constant aibitiaiies, 
which has been alieady explained in No 229 They arc ot 
two difleient species The one consists ofpe/ loihc nw(]iialttte.s; 
which aic, foi the most part, veiy small, and of which the pe- 
iiods compiise multiply ot the levolutions of tlie distuibing 
and distuibed planet, that in gcneial aic inconsideiable. 
However, when then mean motions aio n caily commensui<ii)lo , 
these peiiodb may become much longei, and the inequalities 
much moie sensible Thus, as the mean motions oi Satuin and 



380 


OJs UNIVERSAL ATTRVtTlOJSi 


Jupitei aie veiy nearly in the piopoition ol 2 to 6, JLaplciec 
proved, that an inequality results from the mutual at ti action 
of these two planets, whose peiiod is 929 yeais, and ol which 
tlle 7 na^l^n^lm is about 48^in the longitude of Satuin, and veiy 
nearly 20' m that of Jupitei. 

The othei peituibations of the planels aic — 1st, the pio- 
giessne motions of the peiihelia and nodes of thou oihiis, 
in which these points travel se the entiic cncumfoicnce, in 
periods of such length, that they may exceed thousands of 
centuues 5 2ndly, the secular vaiiations which aflect the 
excentncities and inclinations of these oibits, and also the 
mean longitudes of the planets, the pciiods of these *uc 
similai to the preceding, and then amplitudes, though con- 
tained withm very nanow limits, aie not yet veiy well 
known. 

But while these diffeient elements of elliptic motion simul- 
taneously vaiy in virtue of the planctaiy atti action, it is voiy 
remaiLable, that this force produces no change in the gie<itei 
axes of the oihits and the incan motions of tlic planets, which 
will be the same at all epochs, as also the times of levolutions, 
that aie connected with the gieatei axes by equation (1). 
Nevertheless, the secular variations of the mean longitudes 
pioduce corresponding ones m the intervals between two con- 
secutive returns to the same fixed point , they are insensible 
in the motion of the planets , but this is not the case in the 
motion of the sateUites, and particularly in that of the moon, 
which, on this account, isacceleiatcdfiom centiuy to centuiy# 
As the accelerating force which aiiscs from the atimctiou of a 
planet ^ 1 , on another planet is independent of the mass 
of 9ra, and proportional to the mass it is easy to conceive 
Low the pertuihations due to this foicc, and which aie ob- 
served m the motion of m about the sun, may eiuihle us to 
determine the ratio of the mass to that of tins stai. Thu\ 
for example, by means of the gieat inequality in the inohon 
of Satuin produced by the action of Jupitei, we find that the 
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mass of this last planet is equal to the 
sun. 

In the next numher we will point out another means of 
estimating the mass of those planets, which are accompanied 
by one oi seveial satelhtes. The comets, on account of the 
smallness of their masses, do not produce any appreciable 
effect on the planets , but their motions are deranged by the 
attractions of the planets, and then peituibations, which have 
a consideiable mfluence on the epochs of the reappeaiance oi 
each comet, that is to say, on the inteival of time comprised 
between two consecutive passages tliiough its perihehon, aie 
also dctci mined by the method of No 229 

245 Let and ni denote the masses of a satclhtc and its 
piimaiy, and / the distance of then centics The motive 
foice of the satellite, diiected towaids the ceutie of tlic planet, 

will be expiebsed at tlub distance ? % the coefficient/ 

being the same as in the foimer expiessions. The accelerating 
foice of the satelhte in its apparent motion about the planet, 

will be expiessed by m which 

p' -/{ni + m’) 

It a' denotes the scmi-axis majoi ot the oibit of the satel- 
lite, and t' the time ot its revolution, we shall obtain, by ap- 
plying oq[uation (1) to its motion, 

^ dir® 

and it these two equations be lospectively divided by each 
othei. 111 ouloi to eliminate the coefficient/ tlieic wiU lesult, 

T® 

T'® a’ “ M -f m ' 

Now, with the exception ot the moon, the masses ot the 
satellites .ue vciy small leUtivcly to those ot thoii lespectivc 
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primaries j tor example, the mass ol a satellite of Jupitci is not 
the ten thousandth part of that of tins planet , theiefore, in this 
last equation, we may put 7n m place of m + and as a, a\ 
u, t', aie given by obseivation, this equation will enable us 
to determine the latio m to m. It was in this way Newton 
found that the mass of Jupiter was the of that of the 

sun, which difleis veiy little fiom the fiaction yyVo > 
been since obtained by another method 

246. II a planet is attended by seveial satellites, then 
mutual atti action, combined with the inequality of the action 
of the sun on each satellite and on the planet, pioduccs in the 
elliptic motions of the satellites, peituibations analogous to 
those we have aheady adveited to in the case of the planets 
The pertuibatioiis which aiisc fiom the lecipiocal action of 
the satellites, will enable us to determine tlie latio that then 
masses bcdi to that of the planet, whose atti action pioduccs 
then elliptic motion But as the moon is the only satellite 
which 1 evolves about the eaiih, we cannot apply this me- 
thod to detcimine its mass ^ howcvei it may bo obtained liom 
otlici consuleiations, one of which is the action of this satel- 
lite on the wateis of the ocean, and whicli we now piocccd 1o 
detail. 

Let c (fig 56) be the centre of the caith, a that of the 
moon, M any point whatever of the ten estrial sphenoid, also let 

CA = a, AM rz p, CM ~ , 

then if we denote the angle acm by X, we shall have 
= a® — 2 a? cos X + ^ 5 

and if fiom the point m, the perpendiculai mb be let fall on 
the Ime ac, we shall also have 

MB =z ? sm X, AB z= a — ? cos X* 

At the pomt m, the value of the acceleiating foice aiising 
from the attraction of the moon, and acting in the direction 
fm! 

MA, will m' denoting the mass of this satellite and y’the 
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same coefficient as in the preceding expressions The com- 
ponents ot this foice in the diiection of the perpendicular Mn 
and of MD paiallel to ac, will be theiefoie 

fm'/ hm\ fm'a fm 'r cos X 

It in these expressions we substitute foi p its value given 
above, we may neglect the squaie of ? , the ladius of the earth, 
as it is about the sixtieth pait of a , hence if we make(a) 

/)}// sin X . 2fm') cos X , 

— IP— ■f- 

the two components of the lunai atti action will be ^ and 
Theiefore, all the pouits ot the caith will be soli- 

Ct - 

cited 111 a diicction paiallel to ca, by a constant toice equal to 

and besides, by the foices ^ and 0 ', ot which the lesult- 

ant vanes in magnitude and diiection, liom one point M to 
another, and at the centre c it vanishes Now, it is evident, 

that in viitue of the foice''^, the enft/e mass ol the eaith is 

ingcd towaids the moon, by a motion which is common to all 
Its paits, without the points of the fluid pails undcigomg 
any change in then iclativc position , thcictoic, the flowing 
and ebbing ot the sea, pioduced by the action ot the moon, 
aiisc fiom the foices </. and applied to dillcient points of the 
ocean It m be the mass of the sun, and ft its distance fiom 
the centie olthe eaith, and if, moreovci, fi, <p'> denote what 
X, (j,, ij/, become lelativcly to this stai, wo shall also have 

, fMf&inn ,, 2 /&V cos ft 

foi the components ot the foice aiising trom the action of the 
sun, which contiibute to pioducc the phenomena of the tides. 
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If they be compared with the foices ^ and it will appeal, 
that for a point of the ocean, whose ladius vector ? makes 
the same angle X oi ^ with the ladms vecloi of the moon’s oi 
01 sun s 01 bit, the actions of these two stais, which produce 
the oscillations of the sea, are to each otliei as their masses, 
divided by the cubes of their respective distances from the 
centre of the earth Now, we may conceive that, when every 
tiling else is the same, the magnitudes of these oscillations 
, V' must be to each other, as the coiiesponding foices ; if, theie- 
foie, 0 ) icpiescnts the latio of the lunai to the solai tide, m 
the same place of the eai th and foi siinilai positions of these 
two stais, we shall have(5) 

a' 

in winch equation we assume, that a and a denote the mean 
distances of the moon and sun from theeaith, hence we obtain 

^ ' 

Qii 

m denoting the mass of the caith 

As the lunai and solar tides may be pcifcctly distinguished 
from each other, by means of the different laws to which they 
aie lespectively subject, then ratio in each place of the caith 
may be determined. From a mean of a great numbci of ob- 
servations made m the harbour of Brest, we obtain 

= 2,3533, 

for the value of this latio The distance a is veiy nearly 400 
times the distance a, and the mass m is also, as we shall see 
immediately, very neaily 355000 times the mass of w By 
substituting these values m the piecediiig foimula, wc find 
the mass of the moon to be equal to the ./^th ol that of tJic 
eaith. Bosides the oscillations of the fluid pait of the eaith, 
the actions of the sun and moon produce also m the motion of 
the teiiestiial spheioid, about its centre of giavity, in consc- 
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quence of its not being perfectly spherical, perturbations, the 
nature of which will be investigated, when the motion of lota- 
tion of sohds comes to be treated of. 

247 We may lemaik hcie, that if each of the forces 0 and 

0' be lesolved m the diiection of me, the production of the 
radius vectoi cm, then sum will be ct)' cos \ ^ smX; so that 

Its value is(c) 

(2 cos^ X — sin^ X) 

75a* 

This is the diminution of giavity at thepomt m, produced 
by the action of the moon Now, if m be supposed to exist 
on the suiface of the eaith, we have /m zz veiy ncaily, 
^denoting the giavity at this point, moieovei, 2 cos'-^ X — sin*^ X 
IS a maximum when X — 0, in which case its value is equal to 
2. Consequently, the greatest value of this dmunution of gia- 

2 07 * ^ > 

vity will be quantity which is vciy neatly equal to the 

eight thousandth pait of g, on the supposition that the ratio 

— lb equal to 60 Theiefoie, in older that the influence of 

the action of the moon, on the length of a pendulum that ** 
vibiates seconds should be appicciablc, the appioximation 
ought to be continued as fai as the second decimal beyond the 
hundiedth thousandth place, at which point we gcneially stop 
in expressing the measure of its length This influence will 
pioducc, in the measure of the time, an inequality dependmg 
on the motion of the moon, which, when <i docs not 

amount to half a huiuliedth of a second in a day. 

248 If we do no< take into account the ceiitiifugal force 
that anses fiom the rotation of the caith, the weight which is 
obscived at its suiface is the lesultant of the attiactions that 
all the points ol tlie sphcioid excicise on each mateiial point, 
winch resultant depends solely on the position and mass ol 
this point, and not at all on the natuie ol the body to which 
it belongs , and this, in fact, has been fully conhrmed by ex* 

3 D 
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penment. The intensity of this foice should dimmish ac- 
cording as Tve ascend above the smface of the eaith; this di- 
minution IS indicated by observations of the pendulum made 
at dififeient elevations Besides, the tenestiial giavity, dimi- 
nished in the ratio of the square of the ladius of the eaith to 
the square of the radius of the lunai orbit, should be equal to 
the accelerating force, which retains the moon in its oibit. 
But, as the distance of this satellite is very neatly sixty times 
the radius of the earth, it follows, that if the moon fell fiom a 
state of rest, it would move towaids the earth in a 
f through the same space that any body would in a second lall 
through, in a vacuo, at the smface of the earth This quan- 
tity is, in fact, the versed sine of the aic which the moon 
describes in a minute in its orbit, or very iieaily the squaie of 
this arc divided by the diameter of this cuivc , and as the cir- 
cumference of the orbit is 60 times that of the earth, it fol- 
lows, that the quantity in question is equal to 40 millions of 
60 

metres, multiplied by — j-, n denoting the numbei of minutes 

contained in the time of a i evolution of the moon Theicfore, 
it appears from the numerical value of which is detoi mined 
by experiments made with the pendulum, that this pioduct 
must be very neaily equal to 4’% 90 , it has been found, in fact, 
equal to 4"‘,88, n being assumed equal to 39343(rf) ; and the 
diiference will be still less, if we take into account the various 
circumstances, the consideration of which we omitted in older 
to simphfy the demonstration. It follows from this, that the 
terrestrial weight is only a particulai case of uni vei sal atti action , 
and, on thib account, this general foice has been likewise teimcd 
the weighty or umveisal giamtation 

249 As the earth deviates very little from the sphencal form, 
the attraction which it exeicises on a point of its suiface is very 

which IS the expression foi that of a spheic, in which 
m denotes its mass, r its radius, and ythe coefficient of universal 
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attraction This approximate value should be altogethci 
exact for points which exist on a certain and, it 

appears fiom the theory of the attraction ol spheroids, which 
diflFer little from spheies, that this parallel is that of which the 
square of the sine of the latitude is |(e) On this paiallel, the 
measure of the gravity is 9’'', 79386 (No. 193), but, in ordei 
that it may be accuiately equal to the teriestrial attraction, it 
should be previously increased by the veitical component of 
the centiifugal force, which component is, undei this parallel, 
equal to the fraction of the gravity (No 178) 
Consequently if we make 

g = (9» 79386) (l + =: 9»',81G45, 

we may regard this value of the gravity, thus coirccted, as 
equal to the attraction of the earth, and assume 



By multiplying the members of this equation by the cones- 
ponding members of equation (1) of No 243, applied to the 
motion of the eaith about the sun, we shall obtain 

m 

M + /w “ 47r V ’ 

which formula enables us to deteiminc the ratio of tliQ mass of 
the earth to that of the sun 

If we conceive a right angled tiiangle, of which the base is 
the ladius of the earth, and whose height is its distance from 
the sun, then the small angle at the sun opposite to the base 
IS the parallax of the sun, which can be dotei mined eithei 
(hiectly by astionomical observations, oi thcoietically by a 
certain inequality produced m the motion of the moon by the 
action of the sun, and which has been teimed the paiallaUic 
inequality. The magnitude of the parallax depends on the 
the radius of the earth, and on the distance of the sun from 
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tte earth , foi the mean distance a, and toi the ladms diawn to 
the parallel of which the square of the sine ol the latitude is ^ , 
its value IS 8", 60. Consequently, we have 

~ = tmg.8",60, « = (23984)/. 
a 

If we assume the compression of the eaith equal to 
we have under this same parallel, 

r = 6364551^ 

for the value of the radius i The lime ot its revolution 
about the sun, expressed in seconds, is 

T = (86400) (365,256374) 

By means ot these values, and that of //, in wlucli it is 
also assumed that the second is the unit of time, we hud 

M 

— 

354592 

250 The sun is a sphere, of which the ladius is 1 10 times 
that of the earth, therefore, as the latio of the volumes of these 
^ two bodies IS known, and also that of then masses, wo may 
^ ^ mfei at once that of their mean densities It appeals by this 
method, that the density of the sun is, veiy ncaily, tlie louith 
part of that of the earth. At the suifacc of ihis stai, the at- 
traction is expressed by 

/m 

R representing its radius And since 

this quantity is equal to 

gm. 

(llO)'^wi’ 

which, by substituting toi — its iiumeiical value, becomes 

vn. ' 
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( 2936 )^, As the duiation of the sun’s lotation on its axis is 
25^ ^5, the centrifugal foice at its equator is only the sixth 
pait of this force at the equatoi of the eaith Theiefore, it 
we neglect the diminution which it pioduces in the weight at 
the suiface of the sun, it is evident that the weight ot a body 
at this suifdce is 29 times and a-halt the weight of the same 
body at the suiface ot the earth, and that bodies descend there 
through 135 mcties in the fiist second of then fall 

It equation (1) ot No 243 be applied successively to the 
earth and to any othei planet, the quantities wz, <7, t, 1 datively 
to the eaith, being supposed to become mi , , Ti , with lespect 

to the planet, we shall obtain tiomit, by eliminating 
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If the value of a be known horn an obsci vation of the solar 
paiallax, and if likewise, ?n the mass of the eaith, and t the 
duiation of the sideieal year be known, this equation will en- 
able us to deteimine ai the semi-axis majoi of any planet, 
when mi its mass, and the time of its 1 evolution are known 
In the method given in No 245 toi deteimining this m^iss, it ^ ^ 
is only supposed that an appioximatc value ol the scmi-a\i& 
majoi is known 

251 The attiaction which a consideiablc mass, such as a 
high mountain, exercises at the caith’s suitace, causes heavy 
bodies to deviate iiom the vertical diiection, consequently, 
the pi eduction of the plumh-lim will not in such a case meet 
the heavens in the zenith It will be deflected horn it, in con- 
trary diiections, at the two opposite sides of the mountain, so 
that it every thing coiiesponds on one side and the other, 
with lespect to the foim of the mountain, and the quantity of 
the deviation of the plumb-lmc from the vcitical, the angular 
distance of the two stais thiough which its pioduction passes, 
will be double of its deviation(y ) This cflect has been obsci ved 
at Peru and in Scotland, but, because the masses of the highest 
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mountains are very small^ relatively to the mass of the eaith, 
the deviations in question are also inconsiderable, and amount 
only to a small numbei of seconds We proceed to give an 
example of the calculation of the deviation ot the plumb-line, 
caused by the attiaction of a given mass 

Let A (fig 5T) be the centie of a homogeneous spheie sus- 
pended at the extremity of an mextensible and inflexible 
thiead, of which the other extremity is attached to the fixed 
point c , also let o be the centre of another homogeneous 
spheie which acts on the first. The thread ca will be 
drawn from the vertical cb, without, howevei, deviating 
fiom the vertical plane which passes through this line and co , 
and when it is in equilibno, the resultant of the weight oi 
the first sphere and of the attraction of the second, should 
pass through the fixed point c ; now, these two forces will be 
applied to the point a, the one in the vertical diiection ad, and 
the other along the line ao , and their tendency is to make 
the thread ca turn in opposite directions about the point c 
In ordei, therefore, that their resultant should pass through 
the point 0, it is necessary that then moments with respect 
to this same point, should be equal (No 46) , consequently, 
if p and Q denote respectively the weight oi the fiist spheie 
and the entire attraction of the second, and if p and q denote 
the perpendiculars ce and cf, let fall from the point c on the 
productions of da and oa, we shall have 




for the equation of equilibrium, by means of which the un- 
known deviation bca can be determined. If x denotes this 
angle, y the given angle bco, a and c the distances ca and 
CO which are also given, and y the unknown distance ao , we 
shall have 

y^zz a^+ — 2ac cos (y — a;), 

and, besides, 


«in COA =: 


a sin (7 — x) 


ac sin (7 — jb) 

*1— y 


P 


a sin X, 
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Likewise if m denotes the mass of the earth, mi that of 
the attracted sphere, and m' that of the attracting spheie, the 
motive foices p and q will have for values 

^ fmm^ ^fm^mi 

f and 1 denoting, as before, the coefficient of universal attrac- 
tion, and the radius of the eaith , also, it p be the mean density 
of the eaith, p'that of the attracting sphere, and its radius, 
we shall have 

. mo'i 
P'" 

By means of these diffeient values, the equation p/> = Qq 
will be changed mto(^), 

sin it pV'V sin (7 — x), 

in which It IS only necessaiy to substitute the value of given 
above, to detcimme that of x 

It we assume that ca, the length of the plumb-line, is veiy 
small with respect to the distance co, which is generally the 
case, we may neglect a relatively to c in the values of and 
w^e shall have simply y zi hence there results 

sin X ___ p'/ 
sin (7 — 'i) ^ 

The density p' and the ladius oi the attiacting sphere 
remaining the same, the value of a?, which is deduced fiom 
this equation, will be so much the greater, according as the 
distance c is less, and the angle 7 appioachcs to a right 
angle , and as c can never be less than the ladius ? it follows, 
that the greatest deviation of the plumb-line, which the at- 
traction of a given spheie can produce, will be obtained by 
assuming c = r' and 7 = 90 , from which suppositions we 
deduce 

p'r' 

tang X zz - — 

^ pr 



392 


ON UNIVidRSAL ATTRACT10^ 


If, for example, we suppose jo':= Rncl that it le- 
quired to know the magnitude of the latlius wIkmi the devi- 
ation X amounted to one second, wc would have i i taiu> 
and, because ^•nr the circumfeience of the caiili is 40 millions 
ofmeties, it follows that rzz30"',85G .. Hence i( appeals, 
that a homogeneous sphere, of which the i ad i us is about 31 
metres, and whose density is equal to the mean density ot the 
earth, produces only a deviation of one second, at the most, 
in the direction of the plumb-line, and in oidei tlnit it may 
produce this, it IS necessaiy that it touch the iiilenoi e\(ie-. 
mity of the string, and that its centie should be situated in the 
horizontal plane passing through this extieiuity. 

252 This mean density of the eaith, whicli Inis lieen in- 
ferred from the deviation of the plumb-line jiiodueed b} the 
attraction of mountains, has been estimated al loin oi live 
times that ofwatei Cavendish, who de tei mined il 1)} (lie <it* 
traction exeicised by two leaden sphoies, eight inthes in dia- 
meter, which he lendered sensible by moans ol (hi hnlidu v of 
toision^ found it equal to five times and a-halt this density 
Without enteiing herein to all the details ol this heautitul 
expeiimcnt, the diifeient precautions wlucli itieqnnes, tind the 
computat ns that must be made inoidei topiodnce an e\ac t le- 
sult, we shall only biiefly indicate the puucipal points oi (liese 
computations The balance of toision is the most (‘\aet insti u- 
ment whichwe have foi measuimg veiy small loicos ( ’onlomb, 
to whom we are indebted foi its invention, has clnelly emploj ed 
it, in measurmg the attractive and lepulsive ioiees oi elec^niied 
bodies , and, on this account, it is also known m pliysies, by 
the name of the electric balance It consists jiuncipally ol a 
veiy fine vertical metallic thread, attacJied to a ii\e<l point 
and having a Aon;:;o? 2 toZ(/i) levei suspended at its extimuity 
This lever consists of a slendei lod aca^ (iig 58) tliMdiMl into 
two equal parts at the point c, to which the tin end is attai h(‘d, 
and it IS teiminated by two spheres ol ^sinall dianu'tm, w host* 
centres are a and a^ From the point c as centie, <in<l w ith a 
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ladiiis equal to cv, let a horizontal circle BAB^A^bc described, 
and let its ciicumfeience be divided into a great numbei ot 
equal pa\ts When the level turns about the point c, its 
extiemities a and a' vull tiace this circumference, and the 
points of division to which they cotiespond at each instant, 
will make known the aics that they have described As long 
as the suspended thicad which tciminates at the point c, is not 
twisted, the level quiesces m a ceitain position Suppose 
that then it exists on the line liCn', if we cause it to deviate 
fiom this line, and make it assume any other position aca', 
the suspended thiead will be twisted on itself, and this toision 
will tend to bung the level back towaids the line bcb' Let 
us suppose that, in oidci to ictam it in the dnection aca', 
there is applied to its two cxtiemitics equal and ojiposito 
foices, diiectcd in the hoiizontal plane, and pcipendiculai to 
its length , the common value ot these two forces will be the 
measure of the foice of toision with which they constitute an 
equilibrium Now, Coulomb has proved by expeiimcnt, that, 
when the thread of suspension icmaiiis the same, this force of 
toision is pioportional to the angle bca ; theieforc, it wo take 
the light angle to repiesent unity, and li to denote the force of 
toision which conesponcls to this angle, 0 the angle bca, this 
force will be equal to /lO, in the position aca' of the level , thus, 
in this position, the torsion of the suspended tin cad is equiva- 
lent to two horizontal forces, equal to hO, apphod at the points 
A and a' perpenchculaily to aca', and winch tend to bring 
back the lever to the line of lepose bcb' 

This being piemiscd, let us cause two equal homogeneous 
spheres, consisting of the same matter, and symmetrically 
placed on opposite sides of the Imc bob', to appioach the 
level, and let o and o' be then centies, situated in tlie lioii- 
zontal plane which contains the levci, equally distant fioin c, 
and existing on oco', the line diawn thiougli this point The 
attraction of these two bodies will cause the level to deviate^ 
fiom the line lu n', and, because cvoiy thing is similai about 

3 K 
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./"tte centre c, the line aca will turn about this point, whicli 
wiU remain immoveable. Accoiclmgas tliclevci (Icvmtes horn 
the hne of repose the force of toision will incicasc, and thcie 
exists a position in which this foice constitutes an o(iuihl)iiuin 
with the attraction of the two spheies , but as the level att«uns 
this position with an acquired velocity, it passes beyond it, 
and oscillates on one side and another in the same luannoi as 
a horizontal pendulum. The duration of an entne oseilld- 
tion may be known from observation^ and by eainp<umt> tlio 
length of this pendulum with that of a common pendulum, 
•A which vibrates in the same time, the latio of tlie loice of 
attraction of each sphere to gravity may be inloi i ed , .md, con- 
sequently, the ratio of the mass of this splieie 1 o lluit ot Ihe 
earth. It is easy to obtain the equation, by means ot which 
this ratio can be determined, as wo now pioceed 1 o sluwv 
253. Since the two spheres whose ccnties aic in v and v', 
are sohcited by the same forces, and have the sanu‘ motion 
about the fixed point c, it will be sulhcicnt to couskU'i the 
motion of the centie of one of them, the point a loi o\ample , 
if, therefoie, as in the preceding pioblcm, 

CA =: CO = r, Jicoziy; 

and if, as before, m' denotes the mass of the attnicting spheie, 
and/the coeflGicient of univeisal atiiaction, wc shall have 

2 ;® = — 2 ac cos (7 — 0 ), 

z denoting the distance ao, and 9 the angle acb at the end of 
any time t, also the accelerating force aiising tiom the atiiac- 

tion in the direction AO Will be*^ . If this force be resolved 

into two other forces, one in the diiection of the pioduetion of 
CA, and the othei perpendicular to ca, this last component will 

he equal to*^ sin cao, that is to say, to sin (7 — 0), by 

substituting for sin cao its value deduced from thetnanglc c^oa. 
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If fiom this component, -which acts in the direction of a tan- 
gent to the trajectory, we take the force of toision which is 
diiectly opposed to it, we shall have, as the arc ba described 
by the spheie is equal nS, 


( 1(^0 C . AV * A 

=•"-,- Sin (7 - 6) - h9. 


dt^ 


foi the equation of the motion (No. 152). 

As the attiaction of the mass m' is a very small foicc, the 
angle 0 , by which the lever aca' deviates fiom the line of le- 
pose, IS vciy small. Denoting the distance bo, 01 the value 
of;3 which coiiesponds to 6 z: 0, by 5, in which case we have 

2«ccos7, 

theie results by developing according to the poweis of 0(a) 

— ^ ™ z= — [(a^+ cosy — 2 ac — ac sin^y] + &o 

Thciefoic, it in order to abiidge, we make 

[{a^+ c^) cos y— 2 «c — ttcsin^y] 4 -^ =£ 7 ^ 

and if powcis of 0 highci than the first aie neglected, the equa- 
tion of the motion will become 

(PO ,a t' 


hence, hy integrating, we obtam 

0 = /3 4 - A cos (< 1 /^ + ^') > 

CL 

* 

]i and V being two aibitraiy constants. 

It appeals fiom this value of 0, that the least and gieatesl 
(leviatioiib of tho level aca', leekoning fiom the line bcb', 
will be j 3 — ft and fi + h , and, if the line dco' be diawn m 



396 


ON CNIVERfaAL ATTRACIION. 


such a mannei, that the angle bcd may be equal to the 
lever will perform on each side of this line, equal and iso- 
chronous oscillations, whose amplitude will be equal to the 
constant k, the angle (3 is determined by measming the 
least and greatest deviation of the level, and then, taking 
for this angle, half the sum of these extieme values of 9 The 
line DCD'that answeis to 0 = 13, is the position of the lever 
m which It would lemain in equilibiium, if it attained to it, 
without any acquiied velocity The duiation of each entire 
oscillation of the lever, on one side and the other of this line, 

Avill be the time in which the angle « + A' mcreases by 

180°; therefore, if we denote it by t, we shall have 



and this duration t wiU be likewise given by obseivation 
Now, if g denotes the foice of gravity, and I the length of 
the simple pendulum, which makes infinitely small oscilla- 
tions in the tune t, we have (No. 182), 


consequently, 
and hence, because, 


T = 7rl/£; 
ga-g'l. 



we shall have, finally, 


_ fin'c sin 7 


w' _ (3ab‘ 

^ clr^ sin y 

m being the mass of the earth and r its ladius. 

As all the quantities contained in this foimula aie known 
in each expeiiment, it will enable us to deteimine the latio of 
mass m to that of the eaith , and as besides, the volumes 
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ot these two bodies and the density of ml are known, we can 
deduce from it the mean density of the earth 

254, It IS demonstrated in the Celestial Mechanics of 
Laplace, that in oidei to insuie the stability of the eqmli- 
biium of the sea, it is necesssary and sufficient that the mean 
density of the eaith should surpass that of water It is in 
consequence of this condition being fulfiUed, that the forces 
arising fiom the simultaneous actions of the sun and moon 
pioduce only very small oscillations , if this was not the case, 
and if the earth, for example, while its mean density continued 
to be what it is, was coveied ovei by a sea of mercury, the 
action of the least forces extraneous to the terrestrial spheroid 
would pioduce in this fluid a piogrcssive motion, in conse- 
quence of which It would traverse the entiie suilace of the earth. 

It may he also pioved, fiom various considerations, that 
the density of the concentrical strata of the terrestiial spheroid 
must mciease as we approach the centie, hence it follows, 
that its mean density must suipass that of the supeificial stra- 
tum , a condition which is found in fact to be established , foi 
with the exception of the metals, that constitute a very small 
pait of this stiatum, the density of the other mateiials of which 
it IS composed, aie all of them much less than five times and 
a-half the density of watei 

But it should be obseived, that this increase of density 
does not imply the existence ot substances entirely different 
fiom those which arc observed at the surface, and of which the 
actual density is excessively great, it may be assumed, that 
<ill Uie strata of the earth arc composed of the same kind of 
in«ittoi, a little compressible, or of a variety of different sub- 
stances, as is the case at the surface, and on this hypothesis, 
wliicli ai)pcais to be the most natuial, their increase of density 
would aiisc horn the condensation, produced by the pressure 
ol those above them, and which continually augments from the 
suifcice to the ecu tie. 

In llio intcuoi of the eaith, the law of attiaction depends 
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on the unknown law of the densities , beyond the suifacc, il 
vanes on the production of each ladius, veiy neaily in the 
inverse ratio of the squaie of the distance trom the ccntie 
and it expeiiences at the same time, fiom one ladiiis tc 
another, a variation pioportional to the square of the cosiiu 
of the angle which each ladius makes with the axis of figuu 
of the terrestrial spheroid(A) It follows fiom a coiisidoiatioi 
of this last vaiiation, that at equal distances lioin the cciitn 
of the earth, the force applied to the ceiitic of the moon, anc 
arising fiom the attraction of this spheroid, is not the same ii 
all directions of the ladius vectoi , so that this foiee may lx 
consideied as composed of two others, the one aiisiiig fion 
the spherical part of the earth, and which may be icgaided a' 
constant, when the distance fiom the centic of the caith ic 
mams the same, the other is due to the piotubciance, oi excos* 
of matter at the equatorial paits of the caith, and this vane* 
with the diiection of the ladius with lespect to tlie axis ol tin 
poles Laplace has determined the small inequality in longi 
tude and in latitude, which this second foicc pioduces iii tlu 
motion of the moon , assuming that its magnitude depends oi 
the compiession of the earth, and compaiing it with tliat lui 
nishedhy observation, the compression of the eaith is ioiuu 
to be equal to which diffeis very little fiom that wind 
results from taking the mean of a great iiumbei of measuie* 
of the pendulum and of degrees of the meridian (/) 

At the surface of the eaith, the vaiiation of giavity aiisnu 
from that of the attraction and of the centiifugal fouo, lol 
lows the same law as at any distance whatevci from tin 
centre, that is to say, it is, as has been already stated, (No 
178), proportional to the square of the cosine of Lititude 
When it IS proposed to verify this law by taking the long Hr 
of pendulums which vibrate seconds, we should take c*iie no 
to make the observations near to a mountain , for the honzon 
component of the attiaction of the mountain Mill caiis< 
the pendulum to deviate from the veitical, lu its position o 
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equilibriuirij at the same time that the vertical component 
of this force diminishes the giavity, and consequently, 
the length of the simple pendulum, that vibiates seconds 
Even when this cause of anomaly is avoided, it is still found, 
that in ceiiain places, the length of the pendulum which 
vibiates seconds deviates fiom the law given by theoiy , this 
must be owing to the density of the eaith in those places, 
being for a considerable depth and extent, gieatei oi less than 
the geneial density of the superficial stratum , hence arises 
an increase oi diminution of the total gravity, and, conse- 
quently, ot the length of the simple pendulum, which is pio- 
portional to its intensity The pendulum may, in this point 
of view, be coiisidcied as a geological instrument, that in- 
dicates, by its anomalies, vaiiations of gieat extent in the na- 
ture of the stiata 

Finally, it should be obseived, that the law of the de- 
ciease of giavity, piopoitional to the squaic of the cosine ol 
latitude, as we proceed fiom the pole to the equatoi, supposes 
that we assume foi the suiface oi the earth, the production oi 
the level of the seas , and as the elevations of those places on 
land, whcie obscivatioiis have been made, above this level, 
aie dilToicnt, the obseived lengths should be icduced to tliose 
which they would have at this level itself in each vertical. 
This 1 eduction is commonly made by inci easing the giavity 
and the length of the pendulum which vibrates seconds, in the 
latio of the squaie of the distance of the place of obsoivation 
fiom the centie of the eaith, to the squaie of this same dis- 
tance diminished by the height of this place above the level 
of the sea, it thus appears that the attraction of the stiatum 
of eaith compiised between the surface of the continent and 
the production of the sea is neglected. But this collection is 
too gieat by nearly one-half, as is evident fiom the following 
consideiations 

255. Let AMR (fig 59) be the suiface of a continent, 
DAMBB the level of the sea and its pioduction, c the centre 
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of the earth , also let m' be the place of observation, and m the 
point where the ladius cm' meets this production, let m'm, the 
height of the point m' above the surface of the sea, be lepie- 
' seated by (this can be determined eithei by levelling, or by 
^ barometrical measuiements ) If m' was very near to the sea, 
the gravity would be a little diminished^ and its diiection a 
^ little deranged, because the density of the watei is less than 
that of the eaith, but for the present we shall suppose that 
this is not the case, we shall also assume that the surface of 
the earth about m' is hoiizontal, or sensibly perpendiculai to 
the radius cm', and that its density is uniform. The question 
then IS to compute the attraction exeicised at the point m', by 
the stratum am'bm elevated above the level of the sea In 
this computation, it is not necessaiy to take into account oithci 
the cmvature of this stratum, or the variation of its thick- 
ness, 1 e , in other woids, we may consider the thickness of 
this stiatum as constant and equal to /i, through the entire 
extent in which its thickness can be sensible Let c denote 
the radius of this extent, and p' the density of the stiatum 
This being premised, let k be any point whatevci of the 
attracting stratum, z and y its distances fiom the suiface of 
the earth and from its radius cm', and let two cylindiical 
surfaces be described which may have mm' foi their common 
axis, and whose radu may be y and y -|- dy. The volume 
comprised between these two suifaces will have ^irydy foi its 
base and dz for its height , and if it be decomposed into hori- 
zontal lings, whose thickness is infinitely small, the volume 
of the ring corresponding to the point k, will be ^irijdydz, 
and its mass ^irp^ydydz The atti action of this nng on a 
mateiial point situated at m^, will be reduced to a force acting 
m the direction mm', which will be equal to the sum of the 
vertical components of the attractions of all its points , and 
since for any point k, we have 

km' =: -I- cos km'm =: , 

Vy^ + 
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the expression for the accelerating force arising from the at- 
ti action of the entire iing, will be 

^Trf^'yzdydz 

/‘always lopiesenting the coefficient of universal attraction. 
Consoquciitly, m oidei to obtain the attraction of the stratum 
in question, this foimula should be mtegrated from 2: = 0 to 
z: A, and from ?/ iz 0 to ^ = c, which gives(m) 

A'=27r/|o'(c + /i— + 

h’ denoting this foice But in general, the veitical thickness 
of the atti acting stiatum is small, lelatively to its horizontal 
ladius , tlieiefoie, lili? be neglected with respect to c% we shall 
have simply, 

A'zz27rp/A. 

Lot k denote the atti action exercised at the point m by 
the pait of the eaith which is terminated by the level of the 
sea, and / the radius cm , this attraction will become at the 
point m' 

kr^ 

Q+W 

Denoting the weight and the veitical component of the 
centntugal loico at the point m by ^7 and 7, lespectively, and 
by <}' and y' at the point m', we shall have theiefoie 

</=k-y, £/ = -7 

Developing the fiist term of the value of according to 
the poweis of Aj and then taking / from we obtain, by 
neglecting the squaie of A, and the small difference 7'— 75(n) 


Hmeo the iactoi - is veiy small, we may assume As= t/' m 

3 F 
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the first term of this formula , in the value of the small quan- 
tity W, we may likewise suppose 

—^- 9 , 


p denoting the mean density of the earth, and then assuming 
4 

its volume equal to —5—, there -will result 
o 


and, consequently, (0) 

9 = g'(l-\- 


i/- w 

2pr ’ 


2A 

r 



Therefore, it appeals from this, that it is by the factor 
compiised between these parentheses, and not by the factor 
2h 

1 + — 5 as is usually done, that we ought to multiply the 

weight e;', which has place on the continent at the height h 
above the level of the sea, in oider to 1 educe it to this level. 
In geneial, we may estimate p' as equal to the half of p, and, 

5 h 

consequently, assume 1 + ^foi this factor (j?) At Paiis, /^, the 

elevation of the point of the observatory where the barometei is 
placed, IS about 63 metres , hence it follows, that the gravity 
and length of the pendulum which vibiates seconds, is less 
there than at the level of the sea in the latio of one to 
1,0000125 
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SECOND PART. 


CHAPTER I. 

OF THE EQUILIBKIOM OF A SOLID BODY. 

256. There is no body whatever that is not moic oi less 
compiessible, and which does not consequently change its 
foim, when it is subjected to the action of the forces which 
constitute an equilibiium. But when the solid body which 
we now piocced to considei has assumed the suitable fornij then 
the points of application of the forces which solicit it, may be 
icgardod as a system of an invariable form, and it is to this state, 
that the cooidiiiatcs of these chfleicnt points, wluch occur in the 
equations ofequihbrium and aio assumed to be known, refer. 

Let M, m', m'', &c , be this system of matciial points. In 
the case of fi?ich point, theie aie seven quantities to be con- 
sideied, namely, its tliicc cooidinatcs, the force which solicits 
it, and the throe angles which deteiminc its duection Let 
p denote the toico which is apphed to the point m, mo its di- 
lection (fig 60), x, y, s, the three coordinates og, gu, iim of 
the point M iclciied to the icctangulai axes on, oy, oz , a, /3, 
y, the angles, citlici acute or obtuse, which the line mo makes 
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with the parallels to these axes drawn through the point M. 
Relatively to the other points m', m", &c., the analogous 
quantities are represented by the same letters with correspond- 
ing accents- 

This being premised, previously to investigating the con- 
ditions of equilibrium of the given forces p, p', p'', &c , we shall 
proceed to transform this system of forces into three otheis, of 
which one will be the resultant of forces parallel to the axis 
oz, another of forces parallel to the axis oy^ and acting in the 
plane of the axes of x and and the third of forces acting in 
the direction of the axis Ox. 

257- Let each of the forces p, p^ p", &c , be decomposed, 
without changmg its point of application, into three foiccs 
parallel to the axes oix^y^z ^ p cos a, p' cos p" cos a", &c , 
will be the forces parallel to the axis oa? , pcosjS, p'cos/3', 
p" cos J3", &c., the forces parallel to the axis oy , p cos y, 
p' cos 7 ^ p" cos &c., the forces parallel to the axis oz , 
the given foices may at once be replaced by these three groups 
of parallel foices. 

We can, without at all altering the system of forces un- 
der consideration, apply to the same point, two equal and 
paiallel forces Therefoie, at the pomt m, let two foices g 
and — equal and directly opposed, be applied, paiallel to 
the axis of % Let the foice g which acts in the direction mc, 
be compounded with the foice pcosa acting in the dixection 
MA paiallel to ore, and let me be the direction of then re- 
sultant, and K the pomt where its production meets the plane 
of the axes of x and y , if its point of application be tians- 
ferred to the point k, and if it be then decomposed into two 
forces parallel to the axes of x and the foices p cos a and 
g will be reproduced , but the force p cos a is now directed 
along the projection of its first duection on the plane of the 
axes of X and and the foice g is applied peipendiculaily to 
this plane, at the point k of this pi ejection, the coordinates of 
which are easily determined. 
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In fact, H being the projection of M on the plane of the 
axes of X and its coordinates will be x and y, and y and 
ai — KH will be those of the point k, since these two points 
belong to the same parallel to the axis of x. Now, since in 
the icctangle knmii, its diagonal km is the direction of the re- 
sultant of the forces g and p cos a, which act m the direction 
of the sides KN and kh, we have 

KH HM • pcosa 
hence we obtain, because hm = 

2 ? p cos a 

KH n — , 

consequently, the cooidinates of k, the point of application of 
the foicc g in the plane of the axes of x and y, are 

T z p cos a 
7/ and X , 

ff 

By pcifoiming the same operations on the forces p cos (3 
and — < 7 , the fust will be transferred on the plane of the axes 
of a, and//, along the pi ejection of its first direction, and the 
coouhiiatcs of the now point of application of the force — g, 
ill this same plane, will be 

, zpcosB j 
y j L- and x» 

9 

If in the same manner, all the forces p'cosa', p'^cosa", 
&c , v' cos /3', p'' cos &c., be transferred in the plane of 
the <ives of x and y , each of these forces will act along the 
piojcetion on this plane, of its piimitive diiection, which may be 
eitlun above oi below this same plane, and besides, there will 
be as many couple of forces, g* and — g\ g'^ and — &c , as 
thcie aie i)Oints m', m'', &c The expressions for the coordi- 
nates of the points of apphcation of these last foi ces, in the plane 
of the axes of x and y, may be infeired from those which express 
those of the foices //and — //, by accenting the letteis a;, g^ 
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258. Now, it a similai operation be perloimed on tlie 
forces p cos a, cos a^, P^^ cos See , parallel to the axis ol a , 
and comprised in the plane of the axes ol x and //, they will 
also be transformed into two groups offoiccs, one of winch will 
be composed of forces parallel to the axis oy, and the othci 
of forces actmg in the direction of the axis ox 

Thus, let two foices parallel to and icpicsented by /i 
and — be apphed to the point ii (fig 61), at which the 
force p cos a acts in the direction iif, and let the foicc A, 
actmg m the direction hb, be compounded with the loicc 
p cos a, then if the pomt of application of thou resultant be 
transferred to the point q, where the production of its di- 
lection HK meets the axis ox; and if it be decomposed into 
two forces in the rectangular directions Qx and oy, the foices 
p cos a and h will be repioduced at this point q , moieovei we 
shall have 

GQ GH p cos a h, 

and, because og ^ a; and gh y, we shall obtain 


for the abscissa of the point q 

Therefore, the force p cos a, the diiection of which was iii», 
will be replaced by a force p cos a, acting in the diiection of 
the axis ooi, and two forces h and — /^, pcipendiculai to this 
axis, and apphed to the points q and g, the positions of 
which are known The same will be the case loi the other 
forces p'cosa', p^^'cosa'', &c., paiallel to the axis of a, and 
compiisedin the plane of the axes of x and foi these will be iii 

like manner replaced by the forces p' cos a', p'' cos &c , 
acting in the direction of the line or, and by the couples of 
foices h' and — A', and — &c , paiallol to the axis oy 
259. It appears, therefore, that by means of these two 
successive operations, the given foices will be tiansfoimed, as 
has been stated, into thiee gioups offoiccs, actmg in the di- 
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fection of the axis of in that of a perpendicular to this axis, 
and comprised in the plane of a; and and in the diiection 
of a perpcndicultii to this plane. 

In this tiansioimation, any of the forces such as p will be 
replaced by six otheis, namely, — Ist, the thiee forces p cosy, 
paiallcl to the axis of the coordinates of whose points 
of application on the plane of the axes of x and and refcired 
to the axes ox and oy^ will be, for the fiist, x and foi the 

second, x — and y , for the third, x and y H- - ^ ^ . 

9 9 

2ndly The two foices r cos J3 — A and A, paiallel to the 

axis of //, compiibcd m the plane of the axes ol x and (/, and 
which may be supposed to be applied to the axi*^ of a?, the fiist 
at the distance x fiom the point o, the second at the distance 
ij p cos a 

^ I 

Sully The foice p cos a acting in the direction of the axis 
of oj, the point of application of which may be tiansfciicd to o. 

260 It IS easy now to form the equations of equilibimm 
of the given foi CCS p, p', p", &c , oi of the three groups of 
forces which have been substituted foi them 

It ought, howcvoi, in the first place to he lemaikcd, that 
this equilibiium cannot exist, unless it obtains separately for 
each of these thiee gioups of loiccs In fact, if the foices 
parallel to the axis oi do not destroy each othei’s effect, and 
if, notwithstanding, the equilibiium of all the foices was pos- 
sible, we could, without distuibmg this equilibiium, a hue 
traced m the plane of the axes of ^ and y , but then the 
foices compiised in this plane will be destioycd eithci because 
they will meet this fixed axis, oi because they will be paiallcl 
to It It IS, thcicfore, permitted to suppiess them, and if 
this is done, the equilibiium will be deranged, contiaiy to 
hypothesis, since theic is nothing to pievent the forces per- 
pendiculai to the plane of the axes of x and y^ fiom causing 
the solid body to levolve about the fixed axis, consequently, 
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the equilibrium will be impossible, unless these last forces 
separately destroy each other’s effects. In the same manner 
it may be shewn that the equihbnum cannot subsist between 
the foices compnsed in the plane of the axes of x and^, unless 
the forces parallel to the axis of ij mutually destroy each 
other’s effects For if it obtained, and this condition was not 
at the same time satisfied, a point might be fixed in the axis 
of Xi which would destroy the effect of all forces acting in the 
direction of this hne, nothing would then pievent the forces 
perpendicular to this hne, from making the system to turn 
about this point, so that the equilibrium would be destroyed 
by fixing a point in the system, which is absuid This being 
estabhshed, it is necessary, in the first place, (No. 57 ), if the 
solid body, which is considered, be entirely free, in oidci foi 
the equihbnum of the parallel foices pcosy, p^cosy^, p cosy , 
&c , and - g, g' and - /, and - g", &c , that then sum 
should be cypher, hence we have 

p cos y + -y" 4* , = 0 

It IS likewise necessary, that the sums of then moments 
with respect to the plane of the axes of r and and to that of 
the axes of \j and which are parallel to these foices, should 
be also equal to nothing. Now, with respect to the fiist plane, 
we have 

y p cos y 4 2/^ "h if' cosy" 4 > 

foi the value of the sum of the moments of the foices, p cos y, 
p'cosy', p"cosy^ &c., that of the moments of the foices 
gr, &c , is 

gy + gV + g'^y'^ + ? 


and the sum of the moments of the foices — ^5 — 

&c 5 IS, in consequence of the expressions of the cooidinatcs of 
their points of apphcation. 


/ , zpcosj3\ ,( , , z'v'cosfi\ „ 



OF THE EQUILIBRIUM OF A SOLID BODY 


409 


therefore^ by adding together these thiee sums and concmna- 
ting, we obtain 

p COS y — 2 : cos (3) + p' ( 2 ^' cos y' — z' COS + &c., =: 0 ; 

and m the same manneij if the sum of the moments of the 
same foices, with lespect to the plane of the axes of f/ and z be 
formed, and put equal to cyphei, we shall have 

p (a. cos y — 2 : cos a) + p' (x' cos y'— z' cos aO + &c , 0. 

With lespect to the forces PcosjS — A, p'cosjS^ — A', 
p" cos j3'' — A", &c , and A, A', A'', &c , paiallel to the axis of 
as they aie comprised entirely m the plane of the axes of x 
and y, thcie are only two equations oi equihbiium (No. 57), 
it will suffice, therefore, that then sum should be equal to 
cyphei, which will give 

p cos j3 + P^ cos j3' + P^' cos +. &c , zz 0, 

and, that the sum of their moments withiespect to the plane of 
the axes ol y and zr, should be also equal to cyphei Now, 
with lespect to this plane, the sum of the moments of the hrst 
foices IS 

X (p cos J3 — A) + x^ (p' cos /3' — A') + &c , = 0 , 

that of the moments of the foiccs A, A', A^^, &c , is, at the same 
time, 

, f P//cosa^ . . PYcosa"\ , 

l* - ^T-J+ '*1* —) + 

as is evuloiit liom the values of then distances fiom the axis of 
y , consequently, li the entiic sum be put equal to cypher, 
we shall have 

p (a. cos j3 — y cos a) + P' (a?' COS /3' — y' cos = 0. 

Finally, foi the cquilibimm ot the foices acting in the di- 
rection of the axis of a;, it wull suffice it their sum be cypher, 
consequently, 

P cos a + P' cos a + P'^ cos a" + j = 

3g 
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The preceding are the six equations which are necessary 
and sufficient to secure the equilibrium of a solid body en- 
tiiely free, and sohcited by any forces whatever. 

261. If, in order to abridge, we make 

p cos a + P' cos a' + P" cos a'' + &c. z: x, 
pcos j3 H- p' cos j 3 ' + p" cos jS'' + &c. = y, 
r cos 7 + P cos 4 - p" cos 7'^ + &c. = z, 
p (iPCOsjS— 7 /cosa) + p'(ai'cosj 3 '— 2/^cosaO + &c. z: L, 
p (z cosa— ajcosy) + cosa'— aj' cosy') + &c. =: M, 

p (y C0S7— 2 :cos] 3 ) + p'(y'cos7'--2;'cos/3') + &c. = n, 
these equations of equilibrium will become 

X = 0, Y = 0, ziz 0, L zi 0, M z: 0, N = 0. (1) 

It may be lemarked heie, that these quantities, l, m, n, as 
also z, Y, X, may be deduced the one from the other by the 
luleofNo 22 

These six equations contain the conditions of equilibrium 
which belong to all systems of mateiial points, that are en- 
tirely free, foi whatevei be the natuie of such a system, 01 
the mutual connexion of the material points which compose 
it, it is evident that, if their coordinates and the foiccs which 
solicit them remain the same, the equilibrium will not be dis- 
turbed by making their distances invariable Consequently, 
the equations of equilibrium of a system of an invaiiable foim, 
which obtain between these quantities, must also subsist foi 
eveiy other system, but then they are no longei sufficient, 
and it IS necessaiy to combine with them other conditions that 
are peculiar to each system in paiticulai, which, as we shall 
see m the sequel, will enable us to determine the relative po- 
sitions of its different points in the state of equihbiium 

262 When all the given forces aie paiallel to each othei, 
^ the angles which they make with each of the axes ox^ oy, oz, 
are either equal or supplementary, according as these forces 
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act in the same oi in opposite directions , they may, however, 
all be supposed equal, if, at the same time, those forces which 
act in one direction aie consideied as positive, and those which 
act in the contiaiy direction, negative, (No. 11), theiefoie 
in this case we shall have 

a = o' = a", Sec , ft z= p' = ft", &c , y=y'- y", , 

m consequence of winch the thicc fiist equations (1) aic ic- 
duced to one, namely, 

P p" + &c. =1 0, 

and the thiee otheis will become 

(vx + p'a'+p'V^+&c ) cosj3=i(pj/+^y4-^^^//^^+ 

(^z + pV+ p'V+&c ) cosa=(ra-l- p'it'+F'V'+&c ) cosy, 
(p?/+ ) cosy zr (pz+P''^''+ P^V'+ &c ) cob/3 

But as in the case of the cqmlibiium of paiallel ioicos, the 
numbei oi: equations is only thiec, these thicc last equations 
must be leduciblc to two , and in lact, it they be added togc-1 
thci, attei having been multiplied by cosy, cos/3, cosa, le- 
spcctivcly, thoic results an identical equation, so that one ol 
these may be deduced fiom the two others 

When all the given foices exist in the same plane, tins 
plane may be taken foi that of the axes ot x and ij , in tins case 
the angles y, y^ , aie light, and the coordinates ^ ^ , 

&c , aie equal to cy))hci, which will cause the thud and also 
the two last equations (1) to disappeai. In this paiticulai 
case, as in that ot paiallcl foices, thcic aie only thicc equa- 
tions of cquilibiium, which aic 

X = 0, y = 0, L == 0. 

263. When the given foices do not constitute an equili- 
brium, it may be icquired to know what condition they should 
satisfy, in oidei that they may have an unique icsultant, and 
what IS the value of this icsultant In oidei to determine this 
question, let r denote this foice, and a, c the angles which 
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its direction makes with lines parallel to the axes oa?, oy, oz, 
drawn through one of its points, which may be taken as its 
point of application, and whose cooidinates paiallcl to these 
same axes aie repiesented by aji, Zi If this foice be 
taken in an opposite direction from that in which it acts, it 
will constitute an equilibiium with the given forces. Theie- 
foie equations (1) will obtain, if to p, p^ p'^ &c , theie be 
jomed a force equal and contrary to r , consequently, we shall 
have 

X ;z: R cos ex, y r cos6, z = r cos c , (2) 


and, besides, 

L = R (oJi cos 6 — yi cosex), 

M =: n(zi cosa — oci cosc), 

N = R ( 2^1 cosc — Zi cos S), 
that is to say, in virtue of the three first equations, 


XT/i — + L = 0, 

ZXi — M ZI 0, 


( 3 ) 


YZi — zyi 4- N 1= 0 


J 


As the coordinates aji, Zi may belong to any point what- 
ever of the right line along which the lesultant is dnected, 
these three last equations will be those of its pi ejections on 
the three planes of the coordinates. Therefore, in oidei that 
this line may exist, these equations must be reducible to two , 
now, if aftei havmg multiphed them by z, y, x respectively, 
they be added together, the three variables a?i, yi^ Zi will 
disappear, and there results 

ZL + YM -h XN = 0 , (4) 

consequently, in order that the given forces may have an 
unique resultant, it is necessary, and it suflSces, that equation 
(4) be satisfied , when this is the case, this force will be de- 
termined both in magnitude and direction, by equations (2) 

If the three sums of the components parallel to the axes of 
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rc, y, 2 : are respectively cypher, equation (4) will he satisfied, 
hut then the resultant will he an infinitely small foice, si- 
tuated at an infinite distance from the point of application 
of the given foices, or moie coriectly, these forces are reducible 
to two, equal and paiallel, acting in opposite directions, hut 
not dnectly opposed, and therefore not reducible to an unique 
force, (No 44) 

When the three sums l, m, n are respectively cypher, 
equation (4) will also be satisfied, and, fiom equations (3) it 
appears, that the resultant will then pa^ thiougli the oiigin of 
the cooidinates 

264 When the condition expressed by equation (4) is not 
fulfilled, it may he satisfied by joining a suitable force to the 
given forces Foi gicatei simplicity, let it be supposed that 
it passes thiough o, the origin of the coordinates, if it be de- 
noted by Q, and if X, ju, v represent the angles which it makes 
with the axes o^, o?/, 02 , the quantities l, m, n will not be 
changed by the addition of this force, and the sums x, y, z 
will be iiici eased by the teims qcosX, qcos/z, qcosv- 
Equation (4) will thcieforc become 

q(lC0S V +MCOSIX +NC0SX) + LZ d-MY 4-NX = 0, 

so that it may be satisfied in an infinite vaiiety of diffeient t 
ways, by means of the force q and of the angles X, ju, vj which 
deteimine its diieclion. 

The intensity and position of r, the resultant of the forces 
q, p, p', p", &c , will be dctcimmed by means of equations (2) 
and (3), in which x + QcosX, y + q cosju , z + q, cosv should 
be substituted loi x, Y, z Consequently, the given forces 

p', p'', &c , may be replaced by this resultant R and by a 
force equal and dnectly opposite to the force q (a) , hence we 
may infer that when the given forces are neither in equilibno, 
nor reducible to an unique force, they may always be reduced, 
in an infinite variety of different ways, to two forces only, which 
however will not exist in the same plane, for otherwise, if they 
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did, they would be reducible to one sole force contraiy to the 
hypothesis. This is, moreover, rendered immediately appa*- 
rent by the transfoimation eflPected in No 257 , foi the given 
forces p, p', p", &c , may be replaced by the resultant of the 
foices parallel to the axis of and by that of the foices com- 
prised in the plane of the axes of x and y and we may then, 
without any difficulty, transform these two resultants into two 
other forces in an infinite variety of ways If the condition 
which should be satisfied in order that their directions should 
meet, be investigated, we will light on equation (4) relative 
to the existence of an unique resultant 

265 From what has been now estabhshed it will be easy 
to deterimne the conditions of equihbrium of two solid bodies 
A and a' (fig. 62), which being solicited by given forces, touch 
at a point k, and press against each other 

Foi this puipose, let the six quantities x, y, z, l, m, n 
of No 261, lefer to the body a, x', y', z', l', m"', n', being 
what these quantities become with respect to the body a', and 
let oJi, j/i, Zi be the coordinates of the point k, leferrcd to the 
same axes as those which occui in these different quantities ; 
through the point k let the line hkh' be drawn pcrpendiculai 
to the plane which touches the two bodies, and let «, 5, c 
denote the angles, which kh, the part of this line comprised in a, 
makes with lines diawn through k parallel to the axes of 7/, z ; 
all these quantities are given, and it is only necessary to form 
the equations of equilibrium which they ought to satisfy. 

Now, the body a will exercise on a', in the direction of 
kh', an unknown pressure, which we shall denote by R, 
it will expel lence from it, at the same time, a resistance equal 
and contiary to this normal force If, therefoie, to the given 
forces which act on a, there be joined a force n acting in the 
direction kh, we may then abstract altogether from the consi- 
deration of a' , and, m the same manner, if to the forces ap- 
plied to a' there be joined a foice r acting m the direction 
kh', a' may be considered by itself as detached from a It 
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follows from this, and from equations (I), that the twelve fol- 
lowing equations will be required in order to the equilibrium 
of these two bodies 

X -h R cos CK — 0, y R cos 6=0, z + R cos o zi 0, 
x' — R cos a zz 0, y' — R cos J zz 0, iJ — R cos c zz 0, 

L + R (a?iCosft— 2/iCOsa) = 0, 

M -h R (^Ticosa— a?iCosc) zi 0, 

N + R (yi COSC— 2:£C0S&) zi 0, 
l' — R (a?i cosJ— cosa) z= 0, 

M' — R (Zj cosez — a?! cosc) zz 0, 
n' — R ( 2/1 cosc—Zi C0S&) z: 0, 

which will be 1 educed to eleven by the elimination of R After 
that these eleven equations of equilibiium shall have been 
veiified, one of the pieceding will make known the value of 

R, which must be a positive quantity, in ouler that the two 

bodies may pi ess tlio one against the othei 

From these twelve equations there results immediately 

\ + x' = 0, Y + y' zz 0, z + z'rzO, 

L -h l' = 0, M -f- m' = 0, N + n' = 0 , 

which may be also deduced from the conditions of equilibiium 
which belong to all systems cntiicly free, like that of the two 
bodies A and a' (No 2G1) 

In the same mannci, tlie equations ot equilibiium of any 
numbei ot bodies, which picss against each oilier, may be 
found, and it is easy to perceive that the uuinboi of these 
equations will be equal to six times that of the bodies minus 
the numbei of then points of contact (&) 

266 The equations of equilibiium of a solid body subject 
to given conditions must be comprised among those of a body 
entiiely free , foi the equilibiium of this last will not be dis- 
tuibcd if it is subjected to those paiticulai conditions, pio- 
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vided that no new equation of equilibrium be introduced by 
these conditions But, on the contiaiy, one oi moie of equa- 
tions (1) will become superfluous , and it will be of use to de- 
termine, in the different cases that may occur, which of these 
equations will be necessary It is this which it is proposed to 
do, in the following cases that are discussed m this number, it 
being always supposed that the given foices p, p^, p^^, &c , aie 
replaced by the three gioups offerees of No 259 

1 . If the sohd body which is in equilibrio, contains a fixed 
"point, we may take this point for the oiigin of the cooidinates. 
The forces acting in the direction of the axis ox will be de- 
stroyed by this point , this will cause the equation x zz 0 to 
disappear In order that the foices parallel to the axis oy, 
and comprised in the plane of the axes of x and y should be 
in equilibiio, it is not necessaiy that we should have y zz 0, 
it will suflSce if then lesultant coincides with the axis oy, or 
that L, the sum of then moments with respect to the plane of 
the axes of y and 5, should be equal to cypher (6) Finally, 
foi the equilibiium of the foices parallel to the axis oi the 
equation z zz 0, will not be necessary, it will suffice, if their 
resultant coincides with the axis 02 ; , this will lequire that the 
sums of their moments with respect to the planes of the axes 
of y and and of x and which are represented by — m and n, 
may be equal to cyphei Thus, in this first case, the three 
equations of equilibiium which will be necessary, are 

L = 0, M zz 0, N zz 0. 

In fact, they indicate that the given foices have an unique 
resultant, and that this resultant passes thiough the fixed 
point o 

This foice will express in magnitude and direction the 
pressure exeited against this point, and it will be detei mined 
by equations (2) 

2. Let the solid body be retained by a fixed axis, about 
which It IS constiained to turn, without being able to slide in 
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the direction of its length. Let this axis be assumed to be 
that of 2 ? , the foices paiallel to this hne oz cannot pi oduce 
any motion, and the three equations 2 = 0, m =: 0, n ir 0, 
lelative to their eqmhbiium, will be no longei necessary. 
Neither will equations x = 0 and y = 0 be requiied foi the 
equilibrium of the forces compiibed in the plane of the axes of 
iv and so that in this case, theie will be only one sole equa- 
tion of equilibiium, which will be l =: 0, that is to say, 

p (rr cosjS—ycosa) + p'(a?'cosj3'— 2 /' cosaO -}- &c = 0 (5) 

But if the body is free to slide along the fixed axis, it is, 
moieovei, necessaiy, in older to hindei this motion, that z, 
the sum of the foices paiallel to oz^ should be equal to cyphci , 
and in this case theie will be two equations of equilibrium, 

z = 0, L = 0 

The piessuie which the fixed axis will experience peipcn- 
dicularly to its diiection, will be the resultant of foices com- 
prised in the plane of the axes of x and //, detei mined both in 
magnitude and diicction, by the two fiist equations (2), and 
passing thiough the point o in virtue of equation (5) The 
foices paiallel to this axis will at the same time tend to malvc 
it 1 evolve on itself. 

It appeals fiom a compaiison of the quantities m and n 
with L, that the equation of equilibrium about the axis oy will 
be M = 0, and that it will be N = 0 about the axis ox. It 
hkewise results fiom what has been estabhshed, that the condi- 
tion of equilibrium about a fixed point consists in this, that 
the equilibiium obtains successively about three fixed lect- 
angulai axes, drawn aibitrarily thiough this point Consc-i 
quently, if the equilibiium subsists about thiee rectangulai 
axes which intersect in the same point, it will also obtain about 
every other line passing through this point. 

3. If in a solid body, thiec oi a gicatcr numbei of points 
which do not he in the same right line, aie constrained to 

3 ii 
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exist on a fixed plane, of which the position is given, and it 
this plane be assumed to be that of the axes of oo and y s 
the forces paiallel to the axis of sa cannot produce any motion, 
the equations relative to their equihbnum will not have place, 
but the thiee equations 

X = 0, Y = 0, L zz 0, 

which obtain in the case of foices comprised in the plane of 
the axes of x and will be necessaiy, to prevent the body 
from shdmg or turning parallel to this fixed plane. 

The force z will express the entire pressure which the 
fixed plane expenences If the body is merely placed on this 
plane, so that it may act, for example, as a polyhedron, one 
of whose faces is in contact with the plane of the axes of x 
and ?/, the sign of z must be such, that this force may press 
against this plane It is, moreover, necessary that this resul- 
tant of the foices paiallel to the axis of should meet the 
plane of the axes of x and y, within the area of the base of the 
body, otherwise it will detach it from this plane, by causing it 
to turn about one of the sides of this base Now, if Xi and 
denote the coordinates of the point, where this resultant meets 
the plane of the axes of x and y^ its moments with respect to 
the planes of the axes of x and 2 ?, and of y and 2 , will be zy^ 
and zxi , they should be equal to the sums of the moments of 
the components with respect to the same planes , and from the 
values of these two sums which have been already found, 
(No 260), we shall have 


ZXi = — M, zyi = N. 

It IS necessaiy, therefore, in each 'pat titular case^ to shew 
that the values of Xi and yi^ deduced from these equations, 
belong to a point within the base of the body, this condition 
of equilibrium cannot be expressed by equations, nomoiethan 
that which is relative to the sign of z 

4 If the number of points of a body which is constrained 



or THE EQUILIBRIUM OF A SOLID BODY. 419 

to lest on the fixed plane of the axes of x and y be only two, 
or if they are all situated on the same line, we may assume 
this line for the axis of the resultant z must then meet 
the plane of the axes of x and z/, m a point situated on this 
axis 5 and, independently of the thiee equations of the pre* 
ceding case, we shall have a fourth equation of equilibrium, 
namely, m zz 0 

5 Finally, when the solid body touches the fixed plane of 
the axes of x and y in only one point, at which, if o the origin 
of the cooidinates be placed, it is easy to peiceive that theie 
will he hve equations of equilibiium, namely, 

X zz 0, Y zz 0, L z: 0, M z: 0, N zz 0 

The foice z will always expicss the piessure excited on 
the fixed plane at the point o, and it must consequently be 
affected with a suilalde sign 

This icsult coincides with that of the pieccding number, 
toi if the body a' be supposed to bo fixed and tciminatcd by a 
plane which may be talvcn foi that of the axes of x and //, and 
if the point K (fig 62) be taken foi the oiigin of the cooidi- 
nates, we should make m the equations of this numbei, 
= ^5 -1 = 0, a =: 90°, h zz 90° , by means of 
which we can i educe to the five preceding equations, a like 
numbei of the six equations which icfci to the cquilibiium of 
the body a. The sixth of these equations will, at the same 
time, become 

R + z = 0, 

by supposing that c is equal to cyphci, oi which is the same 
thing, that the pait nii of the noimal coincides with the posi- 
tive axis of z, consequently, thcpicssuie cxeiLodon a', which 
is equal and contiaiy to the resistance r, will be the foiec z, 
m magnitude and diiection, 

Fiom a consideration of the preceding cnumeiation of the 
difleicnt crises of equilibiium, it is evident that the numbei of 
equations lelativc to a solid body constiaincd by fixed ob- 
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Stacies, may be any number less than six, which is the num- 
ber in the case of a body entnely fiee. 

267. As equation (5) relative to the equilibrium about the 
axis of % supposed fixed, contains neither the components of 
the given forces p, p'', p'', &c , parallel to this axis, noi the 
coordinates of m, m^, &c , then points of application pa- 
rallel to the same axis, the equihbrmm will not be dcianged, if 
these forces and their points of application are replaced by then 
pi ejections on the plane of the axes of sc and ?/ » this may be 
easily demonstrated a prion. 

Let Q, q', q", &c., represent the forces p, p', p'', &c. pio- 
jected on the plane of the axes of x and y, that is to say, le- 
solved parallel to this plane, and transferred to the piojections 
of the points m, &c on this same plane Let q\ 

&c denote the perpendiculars let fall from the oiigin of the 
coordinates, which is supposed to be fixed, on the dnoctions 
of the forces q, q', q", &c , and, for greater clearness, let the 
effect of the forces q, q', q'^, &c be to cause the body to lain 
in the same direction, and the efiect of q% q^'", &c. bo to 
make the body turn in the opposite direction Foi the equili- 
brium of all these forces, it is necessary, by No. 47, that wc 
should have 

Q? + qV + Q"g" - q"Y"- &c = 0 , (6) 

^9 &c. being considered as positive quantities, 

as also Q, q', &c , consequently, this equation must 

coincide with equation (5), which it is easy to veiify in the 
following mannei 

Let H (fig 63) be the piojection of the point m, cx. and 
HG its cooidinates x and ha the diicction of tlio foicc u, 
X and fi the angles which this line maizes with paiallels to the 
axes ox and oy, drawn through the point n. Thiough the 
point o, let two othei axes oxi and oyi be drawn, the fust in 
the diiection iia, and the second peipendiculai to tins line, 
and such that the angle yoy,, may be acute or obtuse al the 
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same time as xox^ , now if Xi and yi denote the coordinates 
OF and FH of the point h, referred to these new axes, we shall 
have 

= y cosjtx + x cosX, yi^zy cosX — x cos/x. 

But, as the peipendiculai ok oi gr, let fall fiom the point o 
on HA, must he a positive quantity, we shall have 

Q =: ± yi zz ± (y cosX — aJCOSju), 

accoiding as the ozdmate is positive or negative, or what 
comes to the same thing, from the diiection which has been 
assigned to the axes oyi, according as the force q tends to 
make the body turn in one diiection or the contiary, about the 
point o Moi cover, we have 

Q = p sin y, 

and, besides, (No 8) 

cosa= smy cosX, cos j3 r: sin 7 cosju , 
hence theie will result (d) 

Q 5 r: ± p (ycosa — x cos /3) 

As, by hypothesis, the forces q' and q" tend to make the 
body tuin in the same diiection as q, we shall have also 

qY=i ± p'(y'cosa'— x'cos/3'), 

^tqU ^ ^ pw ^// _ ^11 ^Qg j3//^ ^ 

and as the othei forces q''', &c. tend to make the body 

tiuii in the opposite diiection, we shall have 

= T (,!/"' cosa"' - x"' cos fi'"), 

= q: Q^^ (y^^cosa^^ « cos/3^0^ 

&c 

Theicforc, in all these values, the superior signs or the in- 
leiioi must be taken at the same time, and by substituting 
them in equation (G), it will become equation (5) , which was 
lequiicd to be vciilicd. 
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268, The body in equllibrio being always acted on by 
gravity, the weight of a body acting in the direction of a 
vertical passing through its centie of gravity, must be sup- 
posed to be mcluded among the given forces p, p', p'', &c* 
For example, if we suppose that the heavy body rests on an 
inclined plane, and is sustained by one sole force, (fig 64 re- 
presents a section of this body passing through the centre of 
gravity g, and perpendiculai to the incbned plane,) the 
length of this plane is ab, its base Bc, and its height ac. Let 
o, the origin of the cooidinates, be in the vertical gh passing 
through the ccntie of gravity, and let the axes oz and occ be, 
the one peipendicular, and the other parallel to ab , the third 
axis o^, which is not lepresented in the figure, will be perpen- 
dicular to the plane of the figure. The force p will be the 
weight of the body, the veitical gh its diiection, and Hoa; the 
angle a Moieovei, we shall have = 0, zi 0, j3 = 90° 
Hence, li p' repiesents the given foice which sustains the 
heavy body, the equations of equilibrium of the third case of 
No 266 will be i educed to 

p cos a p' cos a' zz 0, p' cos =: 0, 
p'(a?'cosj3^— • z/'cosaO = 0 

Fiom the two last, we obtain /3' = 90°, =z 0 , which shews 
that the force p' must exist in the plane of the axes of x and 
2 ; ; and, in fact, this is evidently necessary, in ordei that this 
force and the weight of the body may have an unique result- 
ant, peipendicular to the inclined plane Let o be the point 
wheie the direction of p' meets the vertical gii, and let od re- 
piesent this diicction The angle a' or box must be obtuse, 
in ordci to satisfy the fiist of the thiee preceding equations , 
let S denote the acute angle box', which the foice p' makes 
with the production of ox^ so that we may have 

cos a' — cos 8. 

The angle a 01 iioo? is the complement of abc, the inclina- 
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tion of the plane , therefoie denoting the height ac by A, and 
the length ab hy I, we shall have 

h 

COS azz. j 3 

hence theic will result the equation of equilibrium, (c) 

— = p'cosS, 

by means of which one of the two quantities and 8 will be 
detei mined, when the other is given 

Foi example, when the foicc p'ls parallel to the inclined 
plane, we shall have 8 = 0, and consequently, 

p' p A • /, 

01 , what comes to the same thing, 
p' = p sin ^ , 

? denoting the inclination of the plane If q denotes the pies- 
suie that the plane cxpciienccs, and which m this case will be 
the weight p losolved m the direction of the perpendiculai oz, 
we shall have, at the same time, 

Q zi p cos ^ 

200. In the piocoding discussion no account has been 
taken of the fiictiou, which combines its effect with that of the 
foice p' paiallcl to the inclined plane, in preventing the body 
fiom sliding along it If this force v' vanishes, the fiiction 
alone may lelaiu the body, as long as the inclination i does 
not attain a coitaiii limit It this limit be \, i e what i be- 
comes when the cquilibiium commences to give way, and if at 
this instant the fiiction is the tiaction/of the pressme q, the 
foice /(i must be in cquilibiio with p sin X, the component of 
the weight ot the body lesolved parallel to the inchncd plane 
Consequently, we shall have at the same time 

Q =: pcosX, z: PSinX, 
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hence we obtain 

/= tangX, 

which will enable us to determine the value of by ob- 
serving X the angle at which the body commences to move , 
this has been termed the angle of friction 

It IS proved by expeiiment, that, every thmg else being 
the same, at the instant the equilibrium gives way, the friction 
is proportional to the pressure, so that the coefficient/and 
the angle X are independent of the pressure Q,{f)^ and conse- 
quently of the weight p. This coefficient depends on the na- 
ture of the body and the smoothness of the surfaces , it has 
been also obseived, that it does not attam its maximum value 
until the body and the plane have been some time in contact, 
(which time varies with the nature of the body), and that it 
is only when this maximum is attained, that the friction is 
proportional to the pressure Assuming this experimental 
law to be correct, it follows, that if several bodies of the same 
nature, and whose surfaces have the same degree of smooth- 
ness, are placed on a horizontal plane, and if after the lapse 
of a ccitam time this plane is giadually inchned, all these 
bodies will commence to slide at the same inclination X, what- 
ever be their weights, and the extent of their surfaces in con- 
tact with the plane. 

270 When a body is placed on a horizontal plane the 
force with which, in consequence of its weight p, the plane is 
piessed, is distributed among the points of support of this 
plane , but when their number is more than three, this distri- 
bution seems at first view to be indeterminate The diffi- 
culty which appeals to occur in this case we now proceed to 
examine. 

For greater clearness, let this horizontal plane be supposed 
to be the surface of a table, the feet of which are vertical. 
Let two rectangular axes ox and oy (fig. 65) be drawn in 
this plane, let c be the projection of the centre of giavity of 
the body on this plane, and a, a', a", &c. the points of this 
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plane wheie the legs of the table meet it, and let oci and yi, 
X and y, x^ and y% a?" and y", &c denote the cooidinates of 
the points c, a, a', &c. referred to the axes ox and oy In 

order that the table may not be overturned, the point c must 
lie within the polygon a a' a" a'", &c This condition being 
satisfied, the weight p, applied to the point c, may be ic- 
solved into a numbei of parallel forces acting in the direction 
of gravity, and passing through the points of support a, a', a'', 
&c , which foices are the loads that are suppoited by the legs 
of the table If q, q', q", &c , denote these unknown loads, 
by the theory of parallel foices, we shall have 

p zz Q "b' -4“ Q 4" &e 

vxi z: Qa, -4- q'x’ + 

pyi = ay + qV + qY' + 

Now, if thcie aie only three points of suppoit, a, a', a", 
these thice equations will be sufficient to determine the loads 
Q, q", but if tlieie be a gieatci number than three, the 
problem will be indeteiminate, and the values of all the un- 
known piessuics, minus thice, may be assumed to be what we 
please, piovidcd that foi these three, the values which lesult 
for them aic positive This indcteimination would iii fact 
obtain, if the table was iigorously inflexible , but this is ne- 
ver the case and, though this flexibility may be supposed 
evei so little, still it will so fai cause a slight displacement, 
the effect of which will be, that the table will be unequally 
pressed in its difteiont parts Now, the figme that it will 
assume, and, the foice with which it will be pressed, in each 
point, will depend not only on the weight p, but also on 
the numbci and disposition of the points of support a, a', a", 
&c. , and both the one and the othei, as also the piessuie 
which has place in each of these points, will be completely 
deteiminatc in each particular case Howevei, this clcteimi- 
nation is an cxtiemely difficult pioblem, the gcneial solution 

3 I 
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of which belongs to the department of mathematical physics, 
and has not yet been given. We shall therefore restrict our- 
selves here to one sole observation which is suggested by this 
subject, namely, that in nature eveiy thing is necessarily deter-- 
minable, and that when any thing appears to us indetermined, 
it IS because we have not taken into account some one of the 
data of the problem^ i. e, some property of matter^ like the 
degree of flexibility in the table m question 
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THEORY OB MOMENTS 

271. The moments which we propose to treat of in this 
ohaptei are those that have been already considered in No 42, 
where the moment of a force p was defined to be the pioduct 
of this foice and oip the perpendicular let fall from the centre 
of the moments on its direction Therefore, if c be this centie 
(fig 66), and if the force p be repiesented by the line ma taken 
on its direction, its moments will be expicssed by twice the 
triangle c\m, which has this foice foi its base, and its vertex 
at the point c From this it appears, that the theorem of 
No 46, lelativc to the moment of the resultant of two forces, 
is a geometrical proposition extremely easy to demonstiate 
In lact, if MA and mb be the two components, md the di- 
agonal of the parallelogram madb will be their lesultant; and 
if the point c be without the angle amb and its veitically op- 
posite, It is easy to demonstrate that the triangle cmd is 
equal to the sum of the triangles cm a and cmb For in the 
first place, we have 

CMD =1 CMA + CAD + MAD , 

and if a peipcndicular c’E be let fall from the point c on the line 
mb, this will meet da which is parallel to mb in f, and we shall 
have 

CMB=J.MB CE, CAD Z= ^ .AD.CF. , 

and since 

MB = AD, CF = CE — EF, 

theie will lesult 

CAD = CMB *— MAD, 

and, consequently, 

CMD = CMA + CMB 

which was icquucd to be pioved. 
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In the figure, the line ef is supposed to be the difference 
of the perpendiculais ce and cf ; but it may be equal to their 
sum, and it is easy to modify the preceding demonstration so 
as to apply it to this case. In the same manner it may be 
proved, that, when the point c lies within the angle amb, or 
its vertically opposite, the triangle cmd is equal to the differ- 
ence between the triangles cma and cmb. 

272. Through the centre of moments (fig 67), let any 
plane whatevei be drawn, and let the nght line ab, which 
represents the force p m magnitude and direction, be pi ejected 
on this plane, also let q be the force represented by a'b^ the 
projection of ab , the moment of the force p will be twice the 
triangle cab, and that of the force q twice the triangle c\'b' , 
consequently, the centie of moments remaining the same, the 
moment of the projection of a force on a plane passing ihiough 
this point, IS the projection of the moment of this foice on this 
same plane. 

If H and K denote respectively the moment of the force r 
and of its projection q, and if the perpendiculais cn and ce 
be elected to the planes of these respective moments, S the 
angle contained between these perpendiculars will be equal to 
the inclination of h on k, and by No. 10 we shall have 

K = H cos 8. 

The force p remaining the same, the angle 8 and the mo- 
ment H will vary with the position of the point c on the line 
CE , but if the position of this line is not altered, the product 
II cos 8 will not vary, for k or the tiiangle ca'b' will only be 
displaced parallel to itself, without undergoing any change in 
its magnitude 

273. In place of one force p, let any number of forces 
p, p', &c , be considered If h, h', h", &c , be then mo- 
ments with respect to the pomt c (fig. 68), 8, S', 8", &c , the 
angles which the perpendiculars cn, cn', cd'^, &c , to the planes 
of these moments make with the same axis cl , q, q', q", &c , 
the pi ejections of p, p', p", &c., on the plane drawn thiough 
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the point c, and peipendiculai to this axis , Kj k', k", Sic., the 
projections of H, h'^ h'', &c , on this same plane^ we shall 
have 

K = H cos S, K' ZZ h' cos S', k" Z= H" COS 8", &c. 

If it IS merely proposed to deteimine the areas of the pro- 
jections from knowing those of the projected surfaces, the in- 
clinations 8 , S', 8 ", &c 5 must be considered as acute angles, but 
in the applications which we shall make of the projections of 
the moments, these angles will be regaided either as acute oi 
obtuse, or in other words, it being agreed on to consider a cer- 
tain direction as positive, and the opposite as negative, we will 
assume foi the lines cd, cd', cd", &c , the paits of the peipendi- 
culars to the planes of the moments ii, h', &c , which make 
acute or obtuse angles with the axis ce, accoiding as q, q', 

&c , the projections the foices ol p, p", &c , tend to produce 
a 1 evolution in a certain direction previously agieed on, oi the 
contiary. Thus, in the figure, the angles dce, d'ce, d^'ce, 
being acute, and the anglesn'^'cE, d^^cb, &c , being obtuse, this 
implies, that the foices q, q', q", tend to produce a revolution 
in the same direction, and the forces &c., in the op- 

posite diiection As the lines cd'' and cd'" are the produc- 
tion the one of the other, this indicates that the forces p"and 
p'" are both comprised m the same plane, passing through 
the point c, but that they, as likewise their projections q" and 
o'", tend to produce revolutions in opposite directions 

Denoting the sum of the values, whether positive or ne- 
gative, of K, k', k", &c , by s, we shall have, 

s zz II cos 8 + n' cos 8 + ii" cos 8" 4- &c. , 

and, abstracting fiom the consideration of the sign, s will be 
the sum of the moments of the forces Q, o', q", &c , which 
tend to produce a revolution in one direction Minus the sum 
of the moments of those which tend to produce a revolution 
111 the opposite diiection ; theiefore, by the theoiem of No. 
47 , the quantity ± s will express the moment of their re- 
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siiltant, which will tend to produce a i evolution in the di- 
lection of the forces that lefer to the acute angles 8, S', 8'', oi 
to the obtuse angles S'", 8^^, &c , according as the preceding 
value of s will be positive or negative 

If all the lines on, cn'^ on", &c., aie at the same time 
changed into their productions at the other side of c, the 
angles 8, 8', 8", See., will be changed into their supplements, 
and s will be changed into — s. This will also be the case 
when for the axis ce there is substituted its production ce'. 

Each of the parts which make up the sum s, and conse- 
quently s itself, will be independent of the position of the 
point c on the axis ce , it will depend only on the system of 
iorces p, p', p", &c , on the position of this axis, and on its 
diiection perpendicular to the plane of projection Hence- 
forth this quantity s will denote the moment of the forces 
p, p', p", &c , with respect to the axis ce. 

274 Fiom this definition it appears, that the three quan- 
tities L, M, N, of No 2C1, will be the moments of the forces 
p, p' p", &c , with respect to the axes of the positive coordi- 
nates of their points of apphcation. 

In 01 del to prove this, let q be the projection of the force p 
on the plane of the axes of a? and y, and q the perpendicular let 
fall fiom the oiigm of the coordinates on its diiection, so that 
the value of its moment with respect to this point may be Qiq* 
Let us suppose that the force q acts from a towards b (fig 69), 
and that ac and ad aie the coordinates x and y of its point of ap- 
plication A, referred to the rectangular axes ox and oy Like- 
wise let X and /i be the angles bag' and bad' which the force 
Q makes with the productions of x and y , q cos X and q cos y . 
will be the components acting in the direction of ac' and ad', 
and yo cos X, xo cos /z, will be their moments with respect 
to the point o , it appeals fiom the figure, that they will tend 
to make the system to turn in opposite directions, and that 
the force q tends to produce a i evolution in the direction of 
Q cos /I , consequently, we shall have 
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Qiq z: TQ cos fi — ya cos X 

It is easy to perceive from a consideiation of the different 
positions which the point a can have, and of the different di- 
rections which may be assigned to the force q, that this equa- 
tion will subsist, whatever be the signs of x, y, cosX, cos/^, 
provided that the force q transferred to the points or f, where 
its direction meets the axes of the coordinates x oi y, tends to 
make ox the axis of the positive coordinates xs to turn within 
the angle of the positive xs and ys, and, consequently, oy, 
the axis of the positive ys, without this angle, as is indicated 
by the sagittae s and s' If the contrary be the case, that is 
to say, if the force Q, thus transferred, tends to make the axis 
of the positive ys to turn within the angle of the positive xs 
and ys, and, consequently, the axis of the positive xs without 
this angle, we shall have 

aq = yo, cos X — a:Q cos y 

whatever may be the signs of x, y, cos X, cos y,. 

It follows from this, that if s be the moment of the forces 
p, p', p", &c , with respect to the axis of the positive xs, and 
if the angles 8, 8', 8", &c , of the preceding number die con- 
sidered to bo acute oi obtuse, accouhng as the projections 
Q, q'. Cl", &c , of these forces tend to make the axis of the 
positive as to turn within the angle contained between the 
positive cooidinatos x and y, or without this angle, we shall 
have 

s = Q (r cos - y cos X) + q' (t' coiy' — y' cos XO 
+ q," (x" cos fi"— y" cos X'O + , 

c', y', X', y', x", y", X", y", &c., being what x, y, X, y, become 

relatively to the foices q', q", &c. 

Moreovei, if «, /3, y, a', /3', y', a", y", &c , be the 

angles which the directions of the forces p, p , p , &c , make 
with paiallels to the axes of x, y, z, we shall have 
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Q = p SHI y, Q.'z= p' Sin y'f q"zz p" Sin y", &C., 

COS a = Sin Y COS X, cos a' = sin y' cos X', cosa"=:sinY"cosX "5 &c , 
cos/3=smYCOSjU5 cos/3'=smY'cosju'3 cosj3"=sinY''cos/i"5&c. , 

and from these values^ it is evident that the expression for s 
will coincide with the value of l of No 261(a) Hence, l is 
the moment of the forces p, p', p", &c., with respect to the 
axis of the positive zs , and, according as it is positive or ne- 
gative, this system of forces will cause the plane of the axes 
of the positive xs and zs, to turn within the solid angle of the 
positive coordinates, or without this angle. 

Now, if the axes of the positive zs^ xs^ ys^ be substituted 
for those of the positive xs^ ys, zs^ l will be changed into m , 
It follows, therefore, that m is the moment of the forces 
p, p', p", &c., with respect to the axis of the positive ySy and 
that accoiding as it is positive or negative, this s/stem of 
forces will tend to make the plane of the axes of the positive 
zs and ys to turn about this axis, within the solid angle of the 
positive coordinates, or without this angle. In like manner, 
if the axes of the positive ys, zs, xs, be substituted foi those 
of the positive zs, xs, ys, m wiU be changed into n , conse- 
quently, N will be the moment of the forces p, p', p", &c., 
with lespect to the axis of the positive xs , and, according as 
this moment is positive or negative, this system will tend to 
make the plane of the positive ys and xs to turn about this 
axis, within the solid angle of the positive coordinates, or 
without this angle 

The three quantities n, m, n, aie consequently, as has been 
stated, the moments of the same system of foices with respect 
to the thiec axes of the positive coordinates of then pomts of 
application, and the signs of their values, such as they are 
written in No. 261, lefer to a known direction of lotation, 
about each axis supposed to be fixed. 

' 275. It appears from the preceding number, that the fiist 

value of ciq is the same thing as(5) 
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= a p COS j 3 — 2^ P cos a 

Hence if ii denotes the moment of p with lespect to the 
oiigln of the cooidinates, and 8 the angle contained between 
a part of the perpendiculai to the plane of this moment and 
the axis of the positive we shall have (No 272 ) 

H cos 8 zz p cos j 3 — 2/ cos a) 5 

which implies, that this part of the peipendiculai to the plane 
of H, IS that which makes an angle with the axis of the posi- 
tive 2 s, that IS acute, oi obtuse, accoiding as the quantity in- 
cluded between the biackets is positive or negative If Si 
and 82 be the angles which the same part of this pcipendi- 
cular makes with the axes of the positive ys and xs , we shall 
have in like mannci 

n cos 81 = P {z cos a — r cos y), 

II cos 82 = P (2^ cos 7 — ir cos ( 3 ) 

If, therefoie, in oidci to abridge, we make 

(-1 cos/3 —y cos a)^+ (-2^ cos a— x cos 7)® + (y cos 7 — 2? cos ( 3 )^ 
theie lesults, {p being regarded as a positive quantity,) 


because 


II = pp, 

cos^ 8 + cos-^ 81 “1 cos‘-^ 82 = 1 j 


consequently, wc sh<dl have 


cos 8 = ^ cos — y cos a), 
cos 81 ~ cos a — iT cos 7), 
cos 82= i (y cos 7 — 5 ? cos / 3 ) , 


by means of which the thice angles 8,81,825 can be dctci- 
mined without any ambiguity ^rhe angle 8 will be acute 01 
obtuse, according as the sign of .r cos (3 — y cos o is positive 

3 K 
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or negativ03 and the angles 8i and 825 according to the signs of 
cos a— a; cos 7, and cos 7 — 2; cos 
It IS easy to veiify these formulae In fact, if the equation 
of the plane which comprehends the origin of the coordmates 
and the force p, be denoted by 

au + bv + cwzzO; 

w, Vy Wy being any coordinates whatevei, then if for these we 
substitute Xy %y the coordinates of the point of application 
of this force, this equation will become 

Aai + By + C2? = 0 , 

moreover, the equations of a right line diawn through the 
origin of the coordmates and parallel to this force, will be 

cos a = w cos )3, cos a == w cos 7 ; 

and as this parallel is hkewise comprised in the plane which 
we are considering, theie results from it this second equation 
of condition 

A cos a + B cos j 3 + c cos 7 = 0 
Fiom these two equations we deduce(c) 

— A (a? cos j 3 ■— y 

^ y cos 7 — z cos j 3 * 

A (z cos a — aJ cos 7) 

B Z 1 — 

y cos 7 — z cos p 

and by substituting these values in the equation of the plane, 
it becomes 

w(ycoS7— 3^cos/3)+K2?cosa— a,cos7)4-^a;cos/3— ycosa)=0. 

Now, by known formulae (No 17 ), the cosines of 8, 8^, 82? 
the angles that the noimal to this plane makes with the axes 
of Uy Vy Wy which are hkewise those of Xy y, xr, will have foi 
values the formulae which it was required to veiify. 

In virtue of the equation h = pp, the quantity p is the 
perpendicular let fall from the origin ot the coordinates on the 
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direction ot the foice p. This may be also veiified without 
any difficulty, by taking the foot of this perpendicular for the 
point of apphcation of p , foi, denoting the radius vector of 
this point, which will then be this perpendicular, by r, and 
the angles which its direction makes with the axes of z, 
by X, /X, V, we shall have 

zz / cos X, cos ju, z = r cos V , 

and if these values be substituted in that of p\ in consequence 
of equations (Nos 6 and 9), namely, 

cos^a + cos^|3 + cos^y =z 1, 

COS^ X + COS^jU + cos^ V = 1, 
cos a cos X 4- COS ]3 cos jU + cos y cos v = 0, 

wc shall find(rf) 

or jP = / • 

276 The moments of the same system of forces with res- 
pect to diffeient axes, possess lemaikable propeitics, which 
being an immediate consequence of those of the projections 
of plane suifaces on diffeient planes, we now proceed to in- 
vestigate. 

Let ox, oy, oz, be three rectangulai axes which mteisect 
m the point o (fig 70) Tin ough this point let thiec other 
letangulai axes ox\ oy\ oz\ be also diawn. In cider to de- 
termine the directions of these new axes with icspcct to the 
first, let 

xox' zz a, yox! zz /3, zoJ zz y, 
xoij zz a', yog' zz 0', zog = y', 
xoz^ zz a", yozf zz /3", zo^ z: y", 

P, y, a , &c , being considered as nine given angles, which 
may be either acute oi obtuse. TLheii cosines will be con- 
nected together by six equations, foi with icspcct to each of 
the three lines ox', og\ oz\ wc shall have evidently, 
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cos^a + C 0 S^j 3 + cos ^7 z: Ij 
cos^ a' + cos^/3' + cos^ 7 ' = 1 j 
cos^ a"+ cos^ /3"+ cos^ 7"=: 1 , 


0) 


and because x*oz'^ y^oz\ aie respectively right angles, 

we shall likewise have 


cos a cos a + cos j3 cos j 3 ' + cos 7 cos 7' z: 0, 
cos a cos a" + cos j 3 cos j 3 " -f cos 7 cos 7"= 0, 
cos a cos a"+ cos ]3'cos j3"+ cos 7'cos 7"= 0 


( 2 ) 


By means of the nine angles a, a', a'', &c.;, we can leciprocally 
determine the directions of the first axes ox, oy, oz^ with le- 
spect to the second ooj', oy\ oz^^ m which case we shall have 


cos^a 4- cos^a' + cos^ 1, 
cos^jS + cos^/3'4- cos^j3"z: 1, 

cos^ 7 + cos^ 7' 4- cos^ 7" =z 1 5 

and, besides, 

cos a cos j3 + cos a' cos 4- cos a'' cos /3'' = 0, 
cos a cos 7 4- cos a' cos 7' 4- cos cos 7" = 0, 
cos j3 cos 7 4 - cos j3' cos 7' 4 - cos J3" cos 7'' = 0 ; 


( 3 ) 



„ these equations are evidently equivalent to the six preceding, 
and may be substituted for them 

If a denotes the area of a plane surface bounded by any 
outhne whatever, and situated m a plane passing through the 
point o , and it a perpendicular on be erected at this point to 
this plane, then by making 

oiOD z: yoD z: q\ ZOJ) z: q'\ 

these three angles, which may be either acute or obtuse, will 
determine the diiection of od and that of the plane of a\ if 
each of these three be changed into their lespective supple- 
ments, the right line od will also be changed into its pro- 
duction, but the plane of a will remain the same as before. 



THEORY OF MOMENTS 


437 


Also, it the pi ejections of a on the planes of yoz, xoz, xoy, 
be denoted by p,p\p", we shall have (No 10) 

p = acosq, p'= a cos q', p" = a cos q". 

Finally, if b denotes the piojectioii of a on any fomth 
plane, as foi instance the plane y'oz', and it c denotes the 
angle x'ov, we shall also have 

6 =: a cos c, 

and, by foimiila (2) ot No. 9, 

cos c = cos q cos a + cos q' cos (3 + cos q" cos y, (5) 
hence we infer, 

J =:y) cos a +p'cos j3 + p" cosy , (h) 

by means ot which the pi ejection ot an aica ci on any plane 
whatever, will be detcimincd, when its piojections on thiee 
rcctangulai pianos are known 

As equation (.0) obtains only when the signs of the cosines 
which it contains aic talcen into account, it follows that it is 
also neecssaiy to have regard in equation (6), to the signs ot 
the pi ejections p, c,nd to ticat them as positive oi ne- 

gative, accouling as on the peipeiidiculai to the plane ot a, 
makes acute oi obtuse angles with the axes ox, oi/, oz 

277. This being established, let any numbei ot plane 
areas whatcvei, such as a, a', a”, &e., existing in difleient 
planes, be projected on the three planes xoy, xoz, yoz, and 
let the sum of the piojections on each ot these planes be 
taken, inspect being had to then signs in the mannci above 
specihcd, then it the thico sums, which aic obt<iincd in this 
mannci, be denoted by a, a', and it in like manner ii de- 
notes the sum ot the piojections of a, a', a", &c , on the plane 
y'oz% by foiming toi each ot these aicas, an equation siinilai 
to equation (0), we shall obUun, by adding together all these 
equations, 

B A cos a -f- a' cos ^ -1- a" cos y 
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If again the sum of the projections of a, a', a'\ &c., on the 
plane x^oz' be denoted by s', it is evident that the value of b' 
may be deduced from that of b, by substituting the axis oy' 
perpendicular to this plane, for the axis o^' peipendicular to 
the plane that is to say, by substituting in the preceding 
formula, a', j3', 7 ', for a, /3, 7 , by this means we obtain 

b'= A cos a' + B cos j3' + C cos y\ 

If, in hke manner, the sum of the pi ejections of a, a', a" 
&c., on the plane x^oy^ be denoted by b", its value may be de- 
duced from that of b, by substituting a'', j 3 ", 7 '', in place of 
a, JS, 7 , from which there will result 


b" =: A cos a'' 4- B cos j3" + c cos 7 ". 


We can hke wise deduce conversely from these values of 
B, b', b", and by having regard to equations (3) and (4), 


A B cos a + b' cos a -f b" cos a'', 

a' = B cos/3 + b' cos j3 + cos/3", 

= B cos 7 4* B' cos 7 + b" cos 7 '^ . 


(?) 


From a consideration of these different equations, it is evi- 
dent, that the projections of plane sui faces on different planes, 
are subject to the same laws as those of right lines on other 
nght hnes. 

278. If the sum of the squares of the values of b, b', b", 
be taken, there results, by equations (3) and (4), 


b2 + b'2 + = a^ + a'2 + a"^ (8) 

from which it appears, that the sum of the squares of these 
three quantities b,b', b", does not vaiy with the diicction of 
the three rectangular planes of projectio to wl ich they are re- 
feried In the particular case, in which all the areas a, a', 

&c , exist in the same plane, this sum is in fact the squaie 
of the entire area a + + &c , and, if for example, 

this plane be assumed to be that of the axes oy and o^, we 
shall have 



rHEORy OF MOMEN1& 




A. = iz -f a' + 4- &c., a' =: 0, a" = 0. 

In this case all the aieas &c , he in the same plane, 

but if they should exist in diflFeient planes, then it is easy to 
prove, that this sum is equal to \/ + a'^ + a^'^, in fact, by 
equation (8) we have 

B =: V'a^ + a!^ + a"- — b'2 — 

from which it appears, that the sum b which varies fiom one 
plane of piojection to another, is gieatest when b'zz 0,b'^zz 0; 
in which case it is equal to \/ a^+a'‘^ + this is, theiefoic, 
the expression foi the gieatest sum of the pioicctions on the 
same plane, of the plane areas a, a\ a'\ &c., cousideicd as ex- 
isting in diffeient planes. 

279 The plane 2/'os' that answeis to this gieatest pro- 
jection, possesses icmaikable propeities, which will be advert- 
ed to in the sequel of this treatise. It is easy to deteimme 
its position by means of the equations b^ z: 0, b'^ r: 0, which 
characteiize it. 

In fact, equations (7) aie then reduced to 

A = B cos a, a' = B cos j3, A^' =: B COS y , 


from which we obtain 

cosa = 

cosj3 — 


V'a^ 4* a'^ 4- a'"^’ 

A^ 

/a" + a'^ + a'^"’ 


/a-* + + a"**' 


Hence, when a, a', a", the sums of the projections on any- 
th! ee lectangulai pUncs yox,xoz, xoy, selected aibitiaiily, arc 
known, the dnoction of y'oz', the plane of gieatest piojecUon, 
may be immediately ascertained, by means of the angles a,/3, 7, 
which dotcimine the line ox' peipcndiculai to this plane With 
respect to its absolute position in space, that is evidently unde- 
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termined, foi the pi ejections of each of the areas &c 9 

and, consequently, the sum of these pi ejections, aie the same 
on all paiallel planes 

280 The sum of the pi ejections of the aieas a, a", &c., 
on all planes equally inclined to the plane of greatest pro- 
jection, IS always the same 

In Older to demonstrate this, let the plane peipendiculai 
to the line on he taken, let c denote the sum of the pio- 
jections of a'', &c , on this plane, q\ q\ the angles 
which this line on makes with the axes or, oy, oz, &c , c the 
angle ai'on, which measures the inclination of this plane on 
that of the greatest pi ejection By what has been esta- 
blished in No 277, we shall have 

c = A cos q-\-A! cos q* + a" cos 5 " 

Hence, by substituting foi a, a', a'', then respective values 
B cos a, B cos ]3, B cos y, we shall have 

c = B (cos a cos + cos (B cos q' + cos y cos q"), 

that is, in viitue of formula (5), czz b cosc, and, substituting 
for B its value, 

c =z -/a^ H- a'^ + cos c , 

consequently, the value of c, is the same for all planes, which 
make the same angle c, with the plane of greatest pio- 
jection 

This value diminishes accoiding as the angle c approaches 
to 90 °, and it IS cypher foi all planes perpendicular to 2 /'oz' 

281 In order to apply these piopositions relative to the 
projections on plane sui faces to the iheoiy of moments, it is 
only necessaiy to suppose that the aicas a\ a", &c , aie the 
doubles of tiiangles which have foi their common veitex the 
point o, and for bases the lines, which represent, in magnitude 
and direction, the foices p, p', p", &c , that have been con- 
sideied above Then moments l, m, n, with lespect to the 
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axes oz, oy, or, of the positive cooidinates ot tlieir points of' 
application (No 274) will be then the sum of the piojections 
of a, 635 &c 5 on the planes roy, xoz, yoz The following 
consequences lesult fiom the piopositions which have been 
now demonstiated 

1st Denoting by e the moment of the forces p, p', p", &c , 
with lespect to an axis passing thiough the point o, and 
that makes with the axes ox^oy^oz^ the angles c, z\ t \ which 
may he eithei acute or obtuse, we shall have 

E = N cos £ + M cos c' + L COS z’ 

2ndly. Among all the diiections which the axis of the 
moment e can assume about the point o, there is one foi which 
this moment is the greatest possible and equal + 

With lespect to every othei axis passing through the point o, 
and pcipendiculai to that of the greatest moment, the moment e 
IS cypher, and it is equal to + jvi^ + n*^ cos 8, i datively to an 
axis which make*! the angle 8 with that of the gicatest moment 

Sully Finally, if £r,j3,7, denote tlie angles that the axis of 
the gieatest moment passing through the point o, makes with 
ox^ oy, oZf the axes of the moments jsr, m, l, and if g lepie- 
sents the magnitude of this gieatest moment, we shall have 

N ^ M L 

COSazT'-, cosp , COSyr:-, 

G G G 

and, at the same time, 

G z= + 

hence it follows, that if on the axes o-?‘, oy, o^r, we take, icc- 
koning fiom the point o, lines piopoitional to the moments 
N,M, T., and xf the paiallcllopiped, of which these lines aie 
the adjacent sides, be completed, the length of its diagonal 
will lepiesent tlic magnitude of the gieatest moment, and this 
line will be the axis of this principal moment 

Eulei was the peison who fust announced these leinaik- 
able tlieoiems They estaldish a complete analogy between 
the composition of moments and that of forces, an analogy 

3 L 
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which aiises from this, that foices being lepiesented by light 
lines, moments are expressed by plane surfaces, which aie 
projected on diffeient planes, m the same mannei as hnes aie 
projected on diflFeient lines (No. 277) 

282. The point o and the system of forces p, p', p", &c , being 
given, their greatest moment g is termed the puncipal moment 
of these forces If all these foices be transfeired parallel to 
themselves, to this point o, then resultant n will have for 
components parallel to the axes oo?, o^, oz^ respectively, the 
thice quantities x, y, z, of No 261 The consideration of 
this lesultant and of the principal moment, furnishes us with 
a very simple means of stating the results of the pieceding 
chapter. 

In order to the equilibrium of the foices r, p', p", &c , 
applied to a solid body entirely free, it suffices if the resultant 
R and the principal moment & are respectively equal to cyphei, 
foi since 

+ y 2 + z2, = + + 

the equations r = 0, g z: 0, imply that the six equations of 
equilibrium of No 261 have place 

Hence it is easy to infer, that when one system of forces l‘^ 
m equilibrio with another, it is necessaiy, and it suffices, l&t, 
that the resultants r of the foices of the two systems should 
be respectively equal and contrary , 2ndly, that for the same 
point o, their principal moments should be equal, and should 
refer to two axes, drawn in opposite diiections, oi of which 
the one is the production of the other The resultant R and 
its diiectioii, the principal moment and the dnection of its 
axis, will icmam the same, in all the transfoimatioiis which 
the same system of forces can undergo, and, generally, for any 
two systems of equivalent foices. 

If 05 , &, c be the angles which the force r makes with the 
axes oa?, oz/, oz, we shall have 

X _ Y / 

cosa 1 = — , coson — , coscz::-. 

R R R 
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Likewise, if w be the angle comprised between its diiection 
and the a\is of the principal moment, we shall have, (a, 7 , 

being the angles which this axis makes with oa?, o^, 02 :), 

cos 0 ) =: cos « cos a + cos J cos j3 + cosc cosy, 

01 , what comes to the same thing, 

XN H- YM + ZL 

cos CO =: 

EG 

It follows, thclcfoie, that the condition of an unique ic- 
sultant which is expiessed (No 263) by the equation 

XN + YM + ZL 1= 0, 

consists m this, that the axis of the principal moment g, and' 
the diiection of the lesultant e, should be at light angles to 
each otliei This is what can in fact be veiified by obsci ving, 
that if the foices p, p', p", &c , in then actual position, have 
an unique lesultant, this foice must be equal and paiallel to e, 
and that its moment with lespect to the point o, must also be 
the principal moment g, so that the axis ol the piincipal mo- 
ment IS then pcipendiculai to this lesultant transferred to the 
point o in a direction paiallel to itscll, but this leasoning 
does not sufhee to piove conversely that, when the preceding 
equation obtains, the given forces have an unique resultant 

283 11 the point o be transleiied to any other point Oj, 
and il a-i, v/i, 2 :,, be the cooidinates of the point o, with re- 
spect to the axes oo;, oy, oz^ and il Ej, Mi, Ni, be what 
L, M, N, become iclativcly to this point Oj, the values of these 
last quantities may be obtained horn the fiist (No. 201), by 
substituting a— iz-i, 2 ?— in place from which 

there will result (c) 

bi =: L + xyi - YO?!, 

Mi=: M 4“ ZiCi — X 2 i, (a) 

Ni = N + Y;:?! - zyi 

Fiom these tormulse it appeals that when p, r', v", &c. arc 
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reduced to equal and parallel forces, which though acting iii 
contrary directions, still are not diiectly opposed to each 
other, in which case we have x = 0, y zz 0, z = 0, the 
quantities Li, Mi, Ni are independent of the coordinates olthe 
point Oi , so that the magnitude of the piincipal moment and 
the direction of its axis do not vary with the position of this 
point In fact it is evident, that, whatever be the position of 
the point Oi, the axis of the pimcipal moment of the two pa- 
lallel forces which may be substituted foi the given forces 
p, p', p", &c , IS perpendiculax to their plane , and we know 
from other considerations (No 48) that the sum of the mo- 
ments of these two forces, which will be the principal moment 
of the given forces, is a constant quantity 

In every other case, the principal moment vanes with the 
position of the point Oi , and if it were required to deteimine 
the point, or senes of points, foi which this moment is a 
minimum^ by making generally 

we shall have 

= (l + X2/i-ya;i)^ + (m + zari-x^i)^ + (n + Yz^^zy^f 

If m ordei to deterimne the minimum value, its three pai- 
tial differences with respect to aji, be put equal to 

cypher, and if we observe that 

R 2 -f 4- N^, 

thiee equations result, which it is easy to wnte under the fol- 
lowing foim, (/) 

ZZ X (XTi -h Y?/, ZZi) + YL — ZM, 

ZZ y (xi^i -h Yyi ■+ zzi) + zn — xl, 

R^Zi ZZ z (xa?! + ryi -f zz,) -l- xm — yn 

Now, if these three equations be multiplied by x, y, / 
respectively, and then added together, theic will lesult an 



THEORY 01* MOJJlil NTb 


445 


4 Lfy^ 


identical equation, it lollowb, tlieieroie, that one ot them is a 
consequence of the othei two, and as the cooidinatcs 
do not exceed the fiist dimension, they appertain to a light 
line, which is theieloie the locus of the centics of the mo- 
ments, with lespcct to which the piincipal moment is a 
mum It IS cMdently unnecessaiy to examine whelhei the 
pieceding equations dcteimine a marnninn oi a 
foi the value ol g is not susceptible of being a 
inasmuch as it incicases indehnitely wuth the vaiiables i , //i , 
284 If the quantity xnci + ^l/i + be eliminated be- 
tween the preceding equations taken successively two by two, 
theie icsulls(i/) 

(nx + MY + Lz) I 

.2 \yi-YXi + hZZZ ^ , 



z ri — xzi + M 



(i>) 




(NX 4- MY -h Lz) 


J 


which aie the equations of the pi ejections on the tin cc planes 
ol the cooidinates, ol the loci of the conties of tin' piineipal 
minima moments 

By squaiing, and then adding them togethei, we obtain 

NX+MY+LZ 

0, = ^^; « 

lor the value of the pimcipal minimum moment, which is con- -p 
soquoutly the same loi all the ccntics o,. 

Denoting the angles that the axis ol the moment o, makes 
with pauillcls to the axes ox, oy, oz, tliawii through the point 
0,5 by ai, j3i, 7 i, wc shall have 

l^i o Ml 

CObfli — — 3 COS|ji = — j COSyi — 

(m Gi <^*1 

whclcvor the centieof the moments may be, and, hom cqua- 
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tions (a), (6), (c), there will result m paiticulai, toi a point Oi 
which belongs to the light line detei mined by equations (b) 

X Y Z 

cosairz^, cosj3i=-5 cosyiZz-, 

which shews that the axes of all the puncipal 7iuntma moments, 
whose common value is given by toimula (c), aie paiallel to 
each othei and to the diiection of the foice ii 

When the given foices have an unique lesultant, it is evi- 
dent that the value of Gi is the least ol all when ilie point Oi 
exists on its diiection, in which case this value is cyphei 
Conveibely, if the value of Gi is cypher with respect to any 
point Oi 5 it follows that the given foices p, v\ &c have 
an unique resultant passing through this point, loi it they 
can be reduced to two foices not existing in the same plane, 
one of them may be made to pass through the point 
<'ind thus 1 educe then pimcipal moment to that of the othei 
foice, winch would not be cyphei, contiaxy to the hypothesis 
Fiom this it iollows, that the condition which is neecssaiy and 
sufficient in older that the given forces may have an unique 
lesultant consists in this, that then pimcipal moment may be 
equal to cyphei. Tins moment being tlien a the 

conditionm question will, in consequence of toimula(c), be 
expiessed by the equation 

LZ + MY + NX = 0 , 

and as the point o, to which itrefcis, belongs to this lesultant, 
the equations of the line in the diicction of which it acts will 
be, in viitue of equations (b), 

x?^i — YaJi 4- L = 0, 
za .1 — yiZi + M =z 0, 

— zyi + N =: 0 

These results coincide with those of No 263, that have been 
obtained fiom othei considerations 
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EKA.MPLES OF THE EQUILIBRIUM OF A FLEXIBLE BODY. 

I Equihhnim of the Funicular Polygon 

285 . Every system of coids connected togetliei by fixed 
knots, or merely run into rings which can slide along these 
coids, IS teiined o^fumuday machine Any number of stiings 
may terminate at the same knot, but for gieatei simplicity we 
will suppose that at each knot theie aie nevei moic than thiee 
strings, and, in the fiist place, we will exclude the consideration 
of moveable iings 

Let then a and b (fig 71) be the two extiemities of a coid 
perfectly flexible, and ol any length whatcvci, and, m, , 
&c 3 being diffeiciit points of this coid, let the sliings 
MC, m'c', m"c", &c , dia^^n in the diieciion in which the given 
foiccs r, p', p", &c act, be attached to these points , likewise 
to the point m lot tlieic be applied a given foice ii, acting in 
the diiectiou ol the stung ma, and to the last of the points 
M, m'', &c , let auothci given foice k, diiectcd towaids the 
point B, be a[)pliod In the state ol equilibinim, this flexible 
cold will constitute a polygon, the summits ol which will be 
the points a, m, m', . . b, and it is teimed o^Jumculat 

polygon The pioblem to be solved with lespect to it, is to 
find the conditions, which the given foices u, p, p', p'^ • K, 
must satisfy, in ordei that this equihbiium may be possible, 
and to deteimine the figuie ol the polygon which suits tins 
state 

In oidci to find these conditions, this self-evident piinciplc 
must be assumed, namely, that when the eqiulibiium obtains, 
each of the stiings mm', &c , must be diawu at its 
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two extiemities by equal toices, acting in the cliicctions ot its 
pioductions, foi if these two forces had not the same directions 
as the stung, nothing would pievent them fiom deflecting it , 
and, unless they weie equal and contiaiy, they would cause 
the string to move in its diieclion 

It follows at once, that the lesultant of the two ioi ces it 
and p, applied to the point m, must coincide with mo tlie 
production of the string m'm We may theicfoie tiansiei tlie 
point of application of this force to the point m^, whicli exists 
on its direction (No 41) , if it he then compounded with the 
force p' applied to this point, this second resultant, which will 
be in fact that of the thiee foices ii, p, r', must coincide with 
the production of the stung , and, consequently, it 
may be tiansfened to the point m" It, m the same mannei, 
the resultant of this foi ce and of p", which icts at tins same 
point m'', he taken, the foice which chaws the stung at 

its extiemity m'^, and which should act in the diiectioii ot its 
production m"d", will be obtained Tins foice is evidently tlie 
lesultant of the foices ii, r, p^ p" , by similai leasoning it 
may be shewn, that the foice which chaws the same stiing at 
its extiemity and which must coincide willi its othei pio- 
duction is the resultant of the foiccs j'"', k, 

theiefoie these two lesultants aie equal, and diicctly opposed 
to each other, and consequently, the lesultaiit of all the given 
forces H, p, p', p", K, must he equal to cyphei We wuiuhl 
evidently aiiive at the same result, il the foices which act at 
the two extiemities of any othei side of the polygon were 
considered 

Hence, the foices applied to the funiculai polygon should be 
such, that when they aie transfoired to the same point lespec- 
tively paiallel to themselves, they may coiistitiitcan ccpuhbrmm 
This famishes us, as we know, with tliice equations, lietween 
the magnitudes of these foices and the angles which then di- 
rections make with thiec lectanguUi axes chawn thiough this 
point These equations are (No 35) 
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HCOStt + Kcose + PCOSa + r' cosa + 1 

ncos6 4- KCOS/+ i*cosj3 + i"'cosj3' + 

HCOSC + KCOS^ + P cosy + P' COSy' + &C = 0 , 

o, e, a, a 5 &c denoting the angles relative to one of the axes , 
Kf) jS'j &c. the angles relative to anothei axis, and c, 
y, y', &c those winch refei to the thud 

286. When the foices H, p, p', p", and the duec- 

tions of the strings along which they act, do not satisfy these 
equations, an equilibrium cannot be effected between them by 
means of the funicular polygon, whatcvei be the figuie it is 
made to assume , but whenever these equations arc satisfied, 
we may assign to the polygon a figure suitable to the existence 
of the equilibrium. As the magnitudes and diiections of the 
forces II, P, p', p", . * . K, arc given, this figure is nccossaiily 
determinate, and its constiuction results from the senes of 
compositions of loices which we piocced now to point out. 

In fact, the diicctions of the strings ma and mc alongr 
which the foices ii and r act, being known, the magnitude 
and dnection of then resultant will be detei mined. On the 
pi eduction of this dnection, reckoning from the point m, let 
theie be taken the given length ol the side mm', and then to 
the point m' lot theie be applied the resultant of ii and p act- 
ing in the dnection of the line m'm, and the foicc p^ acting in 
the given dnection of the stung m'c' Let the icsultant of 
these two foices be taken, and on the production of its direc- 
tion, let there be laid off, icckoning from the point the 
given length of the side and at the point m", let a con- 
stiuction similar to that indicated for the point M be pei- 
foimed, and then at the point m" let theie be applied this last 
resultant in the direction ol the side and the loi cc v in 

the given dnection of the stiing these two forces must 

then be compounded into one, and, on the pioductioii ol the 
resultant, the given length of the side should be taken 
This operation should be continued until we aiuvc at the 

3 M 
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last of the knots m, m', m", &c , if in the present case we sup- 
pose the last of them to he then will he the last side 
of the polygon Its dnection is known, being that ot the last 
force K, which by hypothesis is given. It is theicfoie neces- 
sary that the produced direction of the lesultant of the two 
forces applied to the point in the diiection of the side 
and in the dnection of the string should co- 
incide with the given direction of the side This is, in 

fact, what will always he the case, foi, by oui construction, 
the force acting in the direction of is the resultant 

itself of the five forces h, p, p', p", p'", tiansfeired to the point 
parallel to then directions, and il it be compounded with 
the force p^^, acting in the direction the resultant of 

all the given forces, except thefoice k, will be obtained, and, 
in consequence of equations (a), which are supposed to be sa- 
tisfied, this resultant is equal and dnectly opposite to the force 
K (No. 35) 

If thiough the point a, the thiee axes to which the angles 
C5, c, a', a, &c , 5,j^/3, jS', &c , c, y, y, &c , aie rcfeiied, 
be drawn, the coordinates of each of the summits of the poly- 
gon, with respect to these axes, will be the projections on 
these same axes of the pai ts of the polygon intercepted between 
the point A and this summit They may be dctci mined in 
functions of these angles, of the lengths of the sides of the 
polygon and of the given foices, the general foimulse which 
are obtained in this manner, will enable us, in each paiticulai 
case, to construct directly all the summits of the polygon, oi 
one 01 more of these points , but it is simpler to determine 
them, one after another, in the manner pointed out above (a), 

28T When the given foices satisfy the conditions oxpiesscd 
by equations (a), and when the polygon has been made to 
assume the figure suitable to the equilibiium, the eommon in- 
tensity ofthe two equal and opposite foices which draw each of 
the sides in the direction ofitspioduction, is the tension which 
this string experiences , it is thciefore of consequence, to be 
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ctblc in piactice to compute this tension j and to be assuied, by 
expel imcnt, that it is not gieatei than that which a stung of 
the same diamctci and matciial can bear without breakmg 

Now, tiom what pieccdes it appears, that this tension will 
vaiy liom one side to anothci of the polygon, the tension of 
the side imm' will be equal to the lesultant of the foices h and 
p, or to that of the toices p'", &c . k, the tension 
of the bide m'm" will be equal to the resultant of the forces 
II, p, p', 01 to that of the forces p", p'", k, and so on It 
will thercloie be easy, in each particular case, to deteimine 
the tensions, which all the sides of a polygon in equilibrio 
expciience, when the magnitudes and directions of the forces 
II, i>, p', p", K, are given 

II A and n, the extieme points of the polygon, aie fixed, ; 
the loices ii and k will leprescnt both the tensions of the 
stiings that tciminate at these points, and also the pressures 
which those points sustain In this case, the values of h and 
K, and ol the angles «, 5, c, e,/ g, which determine the direc- 
tions oi the two cxtieme sides of the polygon, will be no', 
longer given , but wo shall have eight equations, by means of 
winch those eight unknown quantities can be deteimined; 
those will be, equations (a), equations (No 0), namely, 

cosYi + cos-/> + cos^c = 1, cos^e + cosy + cos^^ = 1, 

and till 00 equations resulting fiom the consideration that the 
position oi the two fixed points a and b is given. These aie 
obtained by computing the values of the three coordinates of 
one of Ihcso points icfcriedto axes passing through the other ' 
point, that IS to say, the projections of the entire polygon on 
those thioe axes, and then putting them equal to the given 
Vtiluos of these same cooidinates 

III gtMunal, the deteimination of these eight unknown 
(puiulilios IS extiemoly complicated, but after that the tuni- 
cuhu polygon h<is assumed of itself the figuie suitable to the 
ocpulibiiuui ol the loiccs, which aic applied at its summits, 
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the tensions of these different sides may be obtained without 
any difficulty ; and this is sufiicient in practice. ThuSj if tho 
force p applied to the point m be resolved into two otheis act- 
ing in the directions of the pi eductions of the sides am and mm', 
the components, which are given immediately by the rule of 
the parallellogram of forces, will be the tensions of these two 
sides. That which will act along the production of am, must 
be equal to the force acting in the direction of this fiist side, 
when the point a is free, and when it is fixed, it will expiess 
the pressure exercised on this point. In hke manner, the com- 
ponents of the foice p' in the directions of the productions of 
mm' and mV will express the tension of mm', aheady known 
by the deconaposition of p, and that of the adjacent side m'm" ; 
and so on 

288 As the strings which constitute the different sides of 
a funicular polygon are always a little extensible, the length 
of each of them is increased by a small quantity, in conse- 
quence of the tension which it expciienccs in the state ol 
cquihbiium, and when this tension is known, the coricsponcl- 
ing iiiciedse of length may be calculated. 

In fact, it appears from expeiiment, that when the tcusioii 
old homogeneous thiead of a constant thickness is inconsider- 
able, compared with the force necessary to bieak it, its incioaso 
ol length IS piopoitional to its length and to the tension to 
which it IS subjected; and in diffeicnt thieads, it vanes witli the 
thickness and the matciial of which the thiead consists This 
being so, if to a fixed point a thicad is attached of the same 
thickness and material as the stung am, and it at its inleiioi 
extiemity theic be suspended a given weight n that is very- 
great, 1 datively to that of the thiead, and if I and / . (1 + c*>) 
be its lengths bcfoie andaftei the suspension of the weight Ti, 
this quantity w will be a veiy small fi action, indopendcnt of 
and piopoitional to ir, (the weight of the thiead being ne- 
glected), so that il, in anothoi expeiiineiit, the Ihiee quantities 
/, IX become n', we sliall have 
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, (t)U' 

“ = IT’ 

whatever may be I and I'. Now, it is evident that a thread 
attached to a fixed point, and drawn at its other extremity by 
a foice acting in the direction of its production, is in the same 
condition as if it was drawn in the duections of its two pro- 
ductions by this same force If therefoie, t be the tension of 
the string am, and if its length be increased in the latio of 
1 + T to unity, we shall have 

WT 

’■= IT’ 

by moans of which, this increase of length can be determined , 
and in the same way the value ol r foi all the othei sides of 
the polygon can be obtained 

289 Whethei the extiomc points a and n ol the polygon 
be fixed oi fioc, if one oi moic of the knots m, m', m", &c aic 
icplaced by iings, this ciicumstance will give rise to new con- 
ditions of equilibiium If, foi example, m" is a moveable iing 
which can slide along the choid it is evident that 

HI this motion the sum of the distances m' m" and m"m'" of 
the point m", fiom the points m' and m"', williem<iin e(mst.int 
Now, if the equilibiium obtains, this state will not bedoi.niged 
by fixing these two last points , but then the point jm" will bo 
in the same circumstances as if it was constiaincd to exist on 
an ellipsoid ol i evolution, of which m' and m"' arc the two foci, 
and whose majoi axis is equal to the given length of the 
stiing thcielorc this pomt cannot be in equilibiio 

(No 36), unless fhe force i>" which is applied to it is pcipen- 
diculai to this suitace, hcncc, by a known pioperty of the 
ellipse It follows, that the diiectioii ol this foice must divide 
the angle between the two ladii vectoics m'm" and into 

two equal paits 

When, theicfoic, in peitoiming the constiuction indicated in 
No 280, we come to a moveable ling such as m", if it is found 
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that, aftei we have taken theiesultant of the two foices acting 
m the directions m" m' and of which the side m"m'" is 

the pioduction, the angles c"m"m' and are not equal, 

it follows that the eqmlibiium does not subsist In geneial, it 
IS necessary that the direction of the string attached to 

the moveable iing, should not be given bcfoiehand, in ordei 
that we may be enabled, by a suitable deteimination of it, to 
satisfy the condition of the equality of the angles and 

It IS evident that when there is an equilibrium, the tensions 
of the two sides adjacent to a moveable iing will be equal to 
each other , this follows from the circumstance that these two 
sides make equal angles with the direction of the force applied 
to this ring, and that their tensions aie equal to this foice re- 
solved in their respective directions, but, indeed, this equality 
of tension may be regarded as self-evident, inasmuch as the 
. two sides, in the directions of which the ring can slide, consti- 
tute paits of the same string, which necessarily cxpei ion ces 
an equal tension throughout its entire extent. 

290 What has been stated relatively to a iing constiaincd 
to slide along an inextcnsible and perfectly flexible tin cad, 
may be applied to all the points of a system of material points 
in equihbiio In whatever manner these points arc connected 
together, it is evident that this equilibiium will not be de- 
ranged, by fixing all the points of the system except one. 
Now, if the connexion of this point with the others is such 
that it may besides describe a surface, oi only a curved line 
about these fixed points, it is evident that the moveable point 
will be in the same condition as if the surface oi curved hue ac- 
tually existed, consequently, the direction of the foice which 
.is applied to it must be normal to this surface or this lino 

Hence it follows, that in any system of material points in 
,’cquilibrio, the force applied to each of these points is peipcii- 
jdiculai to the surface oi hne on which this point would bo 
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constrained to exist, if, foi an instant, all the otliei points to 
which it IS connected, weie considered as fixed points 

When this condition relative to the diiection of the forces, 
and to the connexion of the paits of the system, is not satisfied, 
wo may be certain that the eqmhbrium does not exist, but on 
the othei hand it is not of itself sufficient to secuie the equili- 
biium of the system 

291 If all the foiccs which act on a funiculai polygon 
suspended at the two fixed points a and b, aic given weights, it 
follows, fiom the constiuction of No 286, that this polygon 
must exist altogether in the veitical plane passing tliiough 
these two points, this is indeed evident of itself, for thcic is' 
no reason why it should deviate fiom this plane to one side 
lather tlian to the othei Hence, if the peipendiculai to this 
plane be assumed foi the axis to which c, g, y', &c aie 
refciicd, all these angles will be right, and the thud equa- 
tion (a) will disappeai , the two othei s will become 

H cos a -4- K cos e = 0, 

H cos Z» -|- K cosy -i- II = 0 , 

in which the angles or, e, a, a', &c lefei to an hoiizontal axis, 
and the angles l),J, ft, ft', &c to an axis diawn in the dncc- 
tion of giavity, ir denotes the sum of the weights p, p', p", &c 
which aie applied to the polygon. 

The cquilibiium of this polygon will not be dcianged, by 
making its foim invariable , consequently, the foice ii must be 
equal and diiectly opposed to the resultant of the forces ii 
and K Tiom equations (b), we know alieady that it is 
equal and contiaiy to this lesultant, it must theiefoic pass 
thiough the point o (fag 7^), wheie the pioductions of the 
extreme strings am and bn intciscct, hence this point nniy 
be taken foi the common point of application of the two loi ces 
H and K Thus, in the state of equilibiium, n the lesultaut 
of the vcitical toiccs p, p', p", &c , will he ducctcd along the 
vertical on, and, consequently, wo shall have (No. 29), (i) 
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H n sin BOD sinAOB, 

K n . sin AOD sin aob , 

by means of which, the tensions of the extreme strings, oi the 
pressures h and k on the two fixed points a and b, will be 
known, when the angles aod and bod aie measured 

292 The same remark is applicable to the tensions of 
strings which support a given weight, as has been alicady 
made relatively to the pressures experienced by the points of 
suppoit of a horizontal plane, on which a weight is placed, 
(No. 270). 

Let us suppose that the three strings attached to the fixed 
points A, B, c (fig. 73) are reunited at the point M, and that 
at this point a weight p is suspended, which acts in the dncc- 
tion of the vertical md. On the pioduction of this line, let a 
point d' bo assumed, and let a paiallellopipcd be consliuctcd, 
of which md' is the diagonal, and whose thiee adjacent sides 
are ma', mb', mg', taken on the diicctions of the ihico stiings 
If the force v bo represented by the line md', its componenfs 
in the directions of the lines ma', mb', mg', will be iciiiesontcd 
by these hues respectively, and they will cxpiess the tensions 
of the thiee strings ma, mb, mc, or the pressuios on the three 
fixed points A, B, c, which will, in this case, bo complotoly 
determined. But, when the number of strings which terminate 
at the point m is foui, or a greater numbei, the foico r may 
be resolved m then directions, in an infinite vaiiety of diffeient 
ways, so that their tensions and the piessurcs of the fixed 
points, will be no longer determined, and one oi moie of them 
may be either cypher or any arbitiaiy magnitude whatevoi 
Now, this indetermination really obtains in the abstiact ques- 
tion, when the extensibility of the stiings is not taken into 
account, but it no longei exists, when legaul is had to this 
property of the material of which the stung consists , then 
all the strings are lengthened by some small quantities, 
they may be evei so small , they depend on tlieir iniin- 
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bei and on then lelative positions, and by measuring the 
small increase of length foi each of them, the tension of each 
string, or the piessuie of each fixed point, which actually has 
place, may he determined 

Thus, if we suppose that the stiing am, for example, is 
lengthened in the latio of 1 + 8 to unity, and if, besides, we 
know that a string of the same material and diameter is 
lengthened in the latio of 1 +a) to unity, when being sus- 
pended veitically fiom a fixed point, the weight p is attached 
to its infeiioi extremity, it follows from No 288 that the 
tension experienced by this string, oi the pressure which the 

g 

point A sustains, is equal to the product — p. 

(i) 

If we denote by cd' and S', w" and S", &c , what the frac- 
tions 0 ) and 8 become relatively to the stimgs mb, mc, &c , 
and by y, y\ y”^ &c, the acute angles which the strings ma, 
MB, MC, &c,, make with the veitical md', we must have 

8 8 ^ 8 " 

- cosy + -7 cosy' + -;? COS y" -f &C , = 1 , 

03 (U (*> ' 


in oidci that the sum of the veitical components of all the 
tensions may be equal to the weight p If the same strings 
aie projected on a lioiizontal plane diawn through the point w, 
and if 1)^ 17', 7]", &c , denote the angles which the projections 
of MA, MB, MC, &c make with a line mo aibitraiily traced an 
this plane, we shall also havc(rf) 


8 8 ' 8 " 

— siny siu 7; 4 — - suiy'sin -| — ;-^siny"&m *7"+ &c. =: 0, 


8 ' 8 " 

smy cos t} 4 — -.smy' COS tf' 4 — 7/ siny" cos i;" 4 - &c. =: 0 ; 
0 ) 0 )^' 


which indicate that the resultant of all the tensions is a vertical 
force 

When theic aic only thiee stiings, these three equations 
aie sufficient to enable us to determine the relations which 
exist between then tensions and the weight r, 01 the values of 

3n 
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g 8' g" 

—5 —7, —7;, by means of the angles which these thiee stiings 
<0 W 0) 

make with the vertical md', and of the angles comprised be- 
tween the planes of this line and then directions When there 
die only two, their diiections and this vertical exist in the 
same plane , this reduces the two last equations to one 

II EquiUhnum of a flexible Thread 

293. The case which we propose to considei first, is that 
of a homogeneous thread, which we suppose to be acted on by 
giavity, and to have a constant diameter If it be peifectly 
flexible, and attached at its extremities a and c (fig 74j to two 
fixed points, the figure that it assuines in the state of equili- 
brium IS termed the catena ! all its points evidently exist 
in the vertical plane which passes through the two fixed 
points A and c, foi there is no reason why it should de/iate to 
the one side rather than to the other of this plane. 

Let there be drawn through a point o situated in this 
plane, the two rectangular axes ox and o?/, which will be those 
of the positive coordinates, let oar be the hoiizoiital axis drawn 
on the same side as the point a, and oy the vertical axis drawn 
through 33, the lowest point of the curve, in a direction the 
opposite to that of gravity Let x and y be the coordinates op 
arid PM lefeiied to these two axes, of m any point of the cate- 
nary, s the arc bm, measuied fiom the point n, and terminating 
at this point, and let x\ y\ s' denote what a;, y, s become, rela- 
tively to another point of this curve which is so situated that 
s' > s. 

Up be the weight of the unit of length of the thiead, 
when it exists in a horizontal plane, 6 ) will, in this 

state, be the weight of any length 6 '— 5 of this curve, since 
It is assumed to be homogeneous and of a constant diameter. 
11 it be suspended at the two fixed points a andc, its different 
jiarts will be unequally elongated, on account of then le- 
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spective tensions , and, at the same time, since then masses do 
not undeigo <iny change, eithei then densities, oi then thick- 
nesses must diminish , consequently, the weig’ht of this length 
a'— 5 will be no longer the same as before, howevei, if the 
mateiial of which the tliiead consists is veiy little extensible, 
so that the small dilatations of its paits maybe neglected, 
p (s^ s) may still be coiisideied as the weight of the arc 
of the catenaiy 

Moreovci, let t, t', be the unknown forces that act at its 
extremities m and m', which aiise from this, that these points 
aie connected with the paits cm and am'. By joining these 
forces to the weight p{s ^ — s)^ we may considei mm' as en- 
tiiely flee, consequently, if a and j3 denote the angles which 
the diicction of the foice t makes with the pioductions of x 
and the cooidinates of its point of application, and il a' 
and denote coriesponding angles relatively to the foice t', 
we shall have 

T cos a + T'cosa'= 0, 

T cos /3 + t' cos /3' n />(*' — , 9 ), ► (a) 

T(r cos /J — cos a) + "1’^ (x'cos ycos a') — f i, , 

foi the cquilibiium of these thice foices existing in the same 
plane (No 262) , being the hoiizoiital abscissa of the centie 
of giavity of the aic jviim'. f iiose equations will obtain, wliatcvoi 
be the length of this arc, if it be mfiintely small, then the in- 
finitely small quantities of the second oidei may be neglected 
in these equations, but the quantities of the fust oidei must 
be retained, this, howevei, will not pievent us liom consi- 
deiing the foice t as acting in the dnoction of Mir, which is a 
tangent to the cuivc at the exticmity M, and the foice t' as 
acting in the diiection of m'ii', the tangent at the othoi cx- 
tiemity m' 

In oidei to be s<itished of this, let theie be taken on mm' 
point such thatthe aicMy>zmay be an mhnitely small quantity 
ol the second oidei , this will enable us to neglect the weight 
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of this part of tjbe catenary The equilibrium will not be de- 
ranged by fixing the point but as the thread is supposed to 
be perfectly flexible, there is nothing to prevent the force t 
from causing the arc M»^ to turn about m, if it did not act in 
the direction of its production mh In the same way it may 
be shewn, that the force must act m the direction of m'h'. 

In consequence of this, we shall have 


cos a 



cos j 3 = — 


dy 

ds^ 


cos a = 


dx* 




and by neglecting infinitely small quantities of the second 
order, these last values will become 


cos a ' : 


dx ^ dx 
ds ds 


cos j 3 '= 



ds 


It may be likewise shewn, that t'=: t + dr In fact, the 
quantity t is a function of the coordinates of any point m to 
which It refers, which, consequently, becomes at the point m' 
T + dx , at this point, it expresses the force which acts m the 
direction of mHi, the pioduction of h'm', on am' the uppei 
part of the catenary. But, if 771* be a point of the cm ve, the 
distance of which from m' is an infinitely small quantity ot 
the second order, the foice which acts at m* on the part Am', 
will be the same, in magnitude and direction, as that which 
acts at m' on am', consequently, the pait M'm' of the catenaiy 
IS drawn in opposite directions, along m'ii'" and m'lii, by the 
forces t' and x + which must be equal in oidei that 
may continue m equilibrio 

This being established, if these diifeient values aie substi- 
tuted in the two first equations (a), they will become, by 
maldng 5' — ^ ds{e)^ 

d.T^ = 0, •/.T|=r* (b) 
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As to the thud, it will assume the form 

in which % is substituted in place of Xy^ in the second member, 
which substitution we are permitted to make, as infinitely 
small quantities of the second ordei are neglected. Now, this 
equation being the same thing as 

j dij , dx 
xd T-^-yd T-=p!cds, 

it IS evidently a consequence of the two others. In point of 
fact, the pioblem cannot depend on more than two equations, 
inasmuch as there are only two unknown quantities to be de- 
tei mined in functions of a:, namely, y and t The first makes 
known the equation of the curve, the second determines the' 
tension in any point m, that is to say, the magnitude of the 
foiccs which diaw the element M 7 n> along its two pro- 
ductions 

294 The integial of the fiist equation (b) is 
dx 

in which c denotes a constant aibitrary At the point b, 
dx 

T = c, if, theieforc, the tension in this 
lowest point be denoted by the weight of a ceitain length, 
sucli as A, of the thiead, we shall have u =spA, and, in any 
point whatevei, 

7 ds 

The second equation (b) will theiefoie become 

kd.^ — ds, 
dx 


fiom which we deduce 





4G2 LQUILIBKIUM OF A FLEXIBLE THREAD 

theie IS no constant arbitrary, as we have, at the same time, 

^ zz 0 and ^ iz 0, at the point b By means of these 
ax 

equations, the aic 5 and the tension t will be immediately 
known, when the oidinate y shall have been determined in a 
function of x 

By substituting in the preceding equation, in the place of 
dsy its value 


1 + g, 


we obtain 


By integrating this expression and observing that at the 
point B, we have rc zz 0, ^ = 0, there results 




and, consequently, 

e denoting, as usual, the base of the Napeiian system ol loga- 
rithms. If this equation be multiplied by 




there lesults 


dx^ dx 


consequently, we shall have(/) 


— 1 i^h + e dXy dy zz I {el — e di^ 


hence we deduce 
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ijzz-[eh^e /Tj, (c) 

111 winch we suppose that a iz: 0 and rz 0, at the point b, and 
that o the oiii^iii of the coordinates, is taken at a distance 
below this point equal to /a, so that we have ^ = /i when 
r = 0 

From equations (c), we obtain szzh^ as before The 

dx 

second is the equation of the catenaiy in its simplest form , it 
shews that this cuive is symmetiical on each side of its lowest 
point 

The pieccdmg value of t will become 

7 

■,=ph^=py, 

fiom which it appeals, that the tension in any point m is ex« 
piessed by the weight of a length of the thiead, equal to mp, 
the peipendiculai let fall fiom this point on the hoiizontal 
line, passing thiough the pouit o Therefore, the tension is 
least at the point n, wheic it is equal to pky as has been al- 
leady supiiosed 

It only leinains to deteimine the constant h which 
occuis in these foimulde The oxpiession foi y will then 
make known the liguie of the catenaiy , but, m ordei to know 
its position in the vertical plane passing thiough a and c, it is 
necessaiy al*»() to deteimine the distance of the axis oy from 
one of these fi\ed points 

For this puipose, let theie be diawn thiough the point a 
a hoiizontal line cutting the axis oy in a point q, and thiough 
the i)oiut c, a veitical line meeting aq in in the point D, The 
position of the point c, with respect to the point a being known, 
the distances ad and dc will be given. If these lines be de- 
noted by a and />, and if k denotes the distance aq, we shall 
have 

\r) = DC z: AQZl/^, OBiz/i, 


I 
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a and b are given, and k and h are the two unknown quan- 
tities which it IS proposed to determine 

Denoting the distance qd by the given length of the 
curve ABC by Z, its parts ab and bc by ^ and g\ and the sa- 
gitta BQ by^ we shall have 

in which k' and g^ are consideied to be positive or negative, 
accoidmg as the point c belongs to the production of ab oi to 
AB itself The coordinates of the points a and c will heh+f 
and h +/— m which h is to be considered as positive oi 
negative, according as c falls below or above the horizontal 
hne, drawn through the point a 

If, in equations (e) we first make, 

xzzk, s=zg, y—h-]rf, 

and then 

szn ^g\ yzizh +/— 

there will result 

= |(«* — A +/= I (e * 4- e~i^, 

, _*'\ h f 

^~2V + ® 0’ 

fiom which we obtain 

j h( h _* *' _k\ 

l~-^\eh—e A 4- e* — e * ), 

, Ji [ \ -i i' 
bzz-\eh -^e h — eh ~ e h\ 

Hence and because A + A' = a, we obtam(^) 

= A® ^eA 4- e — 2 

and, consequently, 


1 
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in which we make, in older to abiidge, 


a 

2A 


A/P-i 

V —o 


As n consists cntiiely of given quantities, equation (d) will 
make known the value of a, and, consequently, that ot A. In 
general, this equation can be resolved by trials , and the nu- 
meiical value of a can be deduced fiom that of n as accurately 
as we please If n differs little from unity, the value of a will 
be very small, and, m this case, if the exponentials be deve- 
loped, we shall obtain, by neglecting the fourth power of a, 
=: 6 (;z — 1) (h) 

It in like mannei, we make 


we shall have 

h "zz ijCi Iifiy zz J — hji , 
and the preceding value of b will become(^) 

5 ^ (e^ — , (e) 

by means of which, the value of j3, and, consequently, the 
quantities k and //will be known, when that ot h is detei mined. 
The sign of // will deteimine on what side ot o//, the point c is 
situated 

The simplest case will be that in which the fixed points a 
and c aic situated on the same hoiizontal line. In this case 
we have 6 n 0, and equation (e) will give j3 0, and, con- 
sequently, k zzk' zz as we know it ought to be. At the 
same time, we shall have 

h f ^J!L\ 

/i+/=-^<’M + e Mj, 


by means of which, when the value of h shall have been calcu- 
lated, the tensions at the points a and c, oi the pressures 
which these fixed points will have to sustain, can be detei- 

3o 
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mined In the geneial case, these cxticmc tensions can he 
deduced from the values of y coi responding to t = ‘Uid 
cc=z — k 

296 Among all the cuivcs ot the same length, wlnuh tei- 
mmate at the given points a and c, the catenaiy is that 
whose centre of gravity is the lowest. 

In fact, if through the point a (fig 75) an honzontal axis 
Ay' be drawn, and a vertical axis ax' in the diiectioii of lavity, 
and if a/ and y' be the cooidinates of any point M, rcfeiied to 
these axes, we shall have 

“ So®* 

in which Xi denotes the distance of the centre of giavity of 
AMC any curve whatever, fiom the axis h the value of t' 
which refers to the point c, and I the given length of this 
curve, the value of which we know is 



i 

J 


Now by formula (e) of No 201, the diffcicntial equation 
of the curve, for which, among all curves of the same length, 
the first integral is a maximum, is 

, , ddx* 


c and c' being two constant arbitraiies The intogiaiion of 
this gives, as and ij aic equal to cyphei at tlio same 
time(A) 


^ = C' log ( 

\ c + v/c' — ) 

and, consequently, 

vl 

a:' + c (r'-l- cf — c'^ — -ye'', 
in whicli, for the sake of abudging, we make 
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c + v/ — <J^ =; y. 
Hence it ib easy to peiceive that 


y 

m which. 111 the same maniiei, we suppose 


Consequently, 


c — \/c^ — = y'. 

y -.y 

a' + c = J ye«' + ^ 7'c“‘'' 


(i) 


will be the equation ot the curve which possesses the lequiied 
piopeity At the point c, wo shall have 


a a 

b + c ^lye^-' + ly'e 

in which a is the given distance of this point from the axis ao;,' 
so that we have at the same time = b and y' zz a By 
means of this paiticulai equation, and ot I the length of the 
curve, the two constant quantities c aiide' can be detei mined. 
Now, in oulei to make equation (f) to coincide with that of 
the catcnaiy, let t denote an indeterminate constant, and let 
the ouliiiateb x' and 7/ be changed into two others, such 
that 

+ c z: — y, 7/ zzB-x, 

so that these new coordinates v and y must be drawn in a cen- 
tral y direction fiom that of and y\ and also be icfcncd to 
anothei oiigm By this change, equation (f ) will become 

c X ex 

2/ “ — y'e 

c can be detci mined by putting 

6 e 

ye^'zzy’e y, 

and denoting tlicii common value by — A, so that wc may 
have 

X € 

yc^'z: —A, y^eT'^'zz — /i. 
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As yy^ zz there will result A zz c' , and the preceding 

equation of the curve will become 








which evidently coincides with the second equation (c) that 
has been found for the catenaiy. 

297 If the veitical force which acts on each element of 
the thiead suspended at the points a and c, (No. 74), in place 
of being piopoitional to the element was proportional to 
its horizontal pi ejection dxj the second equation (b) will be- 
come 


p being a given constant, that denotes the weight of a piism, 
the altitude of which is the lineai unit From the fiist equa- 
tion (b) which does not undergo any change, we shall always 
have 


, ds 


in which h denotes a hne of unknown length, and pit a weight 
equivalent to the tension at b, the lowest point of the curve. 
From hence there will lesult 


“ dx^ 
dx 

and, consequently, 

2hy=r^, 

the ougm of the cooidinates a? and ij being placed at the point 
B In this case, the curve is evidently a parabola, the summit 
of which is at the lowest point, and the expression foi the ten- 
sion at any point whatcvei will be (m) 


T z: pV 4- x^. 
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By employing the notations of No 295, we shall have, at the 
points A and c, 

and because ft + ft' = a, theie will result 
2hb = a{k-^k ') , 

by means of which ^ ft, A', will be known, when A shall have 
been determined, and the value of this last can be deduced 
fiom knowing that of Z, the length of the thicad In fact, 
we shall have 

ds 1 C k 

“4“ blzz. j —A' V A^ x"dx y 

which, by integrating, gives 

2hi = p log + k /FTT" + kV/i^+k'^ 

If, for greater simplicity, we suppose that the two points v 
and c exist in the same horizontal line, we shall have 

h =0, A = A' zz i a , 

and the preceding equation will be reduced to (w) 
hl=hnog ^' + 

from which, when the iiumeiical values of I and A aie given, 
an appioximate value of A may be deduced by tiial Tins un- 
known A can be deteimined with grcatoi facility, when /, the 
length ol the cuive, difteis little fiom a its piojection, for then | 
the value of A will be veiy gicat relatively to that of a. In 
this case, we shall have in voiy con vei gent sciies 

A‘^ A* 

v' A-* + = A + y-j (Ip + 
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By means of these values, the preceding equation becomes (o) 


q p. 

and, consequently, 


_ as/^a 

hi nn * -I * 

4/3(i-a) 


This example has been selected, because it may be usefully 
applied in the construction of suspension bridges, in which it 
is important to be able to calculate the tension of the chain of 
suspension, and also the piessure on its points of support 
298 If all the points of the thiead are supposed to be 
sohcited by any forces whatever, the figure which it will as- 
sume m consequence of the action of these foices, will be, in 
general, a curve of double curvature , the equations of equili- 
brum of each of its points will be three in numbei , and if the 
thread be peifectly flexible, these equations can be obtained 
in the manner which has been expldined in detail in No. 293. 
In this way, we obtain 


+ = 0 , 
d T ^ + Y^ds zz 0, 
d T ^ + z^ds = 0 , 


( 1 ) 


a*, y, z being the rectangulai cooidinatcs of m any point what- 
evei of the curve, ds the diffeiential element of its length, e 
the pioduct of the density of the thread and of the section 
made by a perpendiculai to the thiead at the point m, so that 
*Eds IS the element of the mass of the thiead, t the tension at 
this same point, oi the foice, of unknown magnitude, which 
diaws this element zds in the diiection of each of its pioduc- 
/tions, X, Y, z the foiccsicfeiied to the unit of mass, paiallel 
' to the axes of y, the cooidmates of the point m, which will 
be given functions of these thiee coordinates 
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111 Virtue of the tension t, the element ds will expeiience 
an extension, and the quantity € a diminution, such, however, 
that the mass ^ds lemains the same, consequently, if ds' and 
c' denote what these quantities were in the natuial state of 
the thiead, we shall have 

tds = z'ds' ^ 

and if the extension be pioportional to the force which pro- 
duces it, (No. 288), we shall, at the same time, have 

= (1 + (ot) ds , 

(0 being a veiy small coefficient, depending on the material and 
thickness of the thiead at the point m When the thiead is 
homogeneous, and of a uniform thickness throughout its en- 
tile length, e' and w will be constant quantities, but, in 
geneial, these two quantities may be considcied as given 
functions of the aic 6', leckoned from a determinate point of 
the thiead, and teiminating at the point m. 

290. If the thiead, whatever be its nature, is only acted 
on by giavity, and suspended vertically at a fixed point a, the 
two last equations (1) will disappeai, and the third will be 
reduced to 

dr 4- gzdx zz 0, 

the axis of the ordinate x being supposed to be vertical, and 
to act in the direction of g which denotes the force of giavity. 
If the origin of the oidinatcs x be placed at a, and if q de- 
notes the value of t when xzzO^ that is to say, the load 
which it will have to support, we shall have for m any point 
whatever, 

T = Q — gl^dx, 

in which the integral vanishes at the same time as x 

If to n, the lower cxticmity of the thread, a weight r is 
attached, and if I denotes the length of ab, it is evident that 
the tension at the point b will be equal to p ; consequently, 
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we shall have at the same time, r Z, and t p, by means 
of which we obtain 

« = p + 

and, consequently, 

r=7-]rg^Qidx — g^tdx 


But as the second and third terms of this formula are evi- 
dently the weight of the entire thiead and of its part am, it 
follows that the tension at any point such as m, is equal to the 
weight of the part bm, increased by the weight p , which in- 
, deed is evident of itself. 

The law of the extensibility of the thread thioughout its 
entire length, depends on the nature of the material of which 
It IS composed and on its thickness If, foi example, it was 
homogeneous, and of the same tlnckness thioughout, the co- 
efficient w would be constant, and if we denote the length of 
the part am bofoie the thiead is sti etched by a?', which length 
becomes x by the cfiect of the tension, and if, m consequence, 
dx' and dx be substituted for ds^ and ds, in equation (2), we 
shall have 

<Zii7 (1 -f wt) dx\ 


Likewise, if V be the entiie length of thread befoie it is 
stietchcd, and its entire weight, the weight of the pait bm 
n (V — aiO 

will be ^ and the value of the tension at the point m 
will be 


T zz P 


+ 


p {V — it') 
V 


By substituting this expi ession for t in the piecedmg equation, 
and then integrating, we sliall obtain, because £c' = 0, a? zz 0, 
at the point a, (^) 




zz wPit' + 


wp{2Vx^^x'^) 

2 > 
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which IS, therefore, the quantity by which the length of the 
part AM IS increased The entiie increase of length will be 
obtained by making Z, this gives 

I — V zz isiV (p Jp) , 

from which it appeals, that it, in calculating the increase of 
length of the tliiead, its own weight is taken into account, 
half of this weight must be added to that which is attached to 
its mfciioi extiemity 

300 In the general case, if, after having multiplied equa- 
tions (1), by ^5 ^5 ^9 respectively, they be then added to- 
gether, theic will result(g') 

rfT + £ {xdx + ^dy + zdz) = 0, (3) 

because 


ds ds ds ds ds ds 


0 


If the thread be homogeneous and of a uniform thickness, 
and if the small dilatation of its parts be neglected, the quan- 
tity £ will be constant , moreover, the toimula Wr + Y^/// + zdz 
is, m general, an exact diffeiential ot a function of the three 
vaiiables a?, ?/, consideied as independent, therefore, by 
making 

x& + rdy + zdz — d . ^ (ir, y, sf), 
we shall have 

di = td (p (a?, y, z)y 


and, consequently, 

'rzzt(p {x, ?/, z), 


in which, the constant aibitrary that is mtioduced by the inte- 
gration, IS supposed to be comprised in the function This 
constant will disappear in the cxpiession for the diiiercncc of 
the values of t lelativc to two points of the thiead , it follows 

3p 
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tliereloie, tliat it is not necossaiy to deteimine the figuie 
which the thread assumes in the state of equilibrium, m ordei 
to know the luciemcnt of the tension liom one point to 
anotlici , so tluit the tension will be known thioughout the 
entile length of the cuive, if it he known, in any one deter- 
minate point of it* The cuive which the thread assumes will 
be detei mined by two of the thice equations (1), oi by any 
two eoinhinatioiis of these thieo equations, in which the pre- 
ceding value of T should be substituted , so that in general it 
will be necossaiy to integrate the system of two diJffeiential 
eqiuitious of tlie second oidci, in oidci to have the equation 
of this cuive 

Its ladius of cuivature at m, any point whatever, will be 
obtained by means of the following diffeicntial formula, which 
does not sui pass the fiist oidei, and m winch itis only assumed 
that the diiectioii of the tangent at this point is known 

Kquations (1) may be leplaccdby the following: 


<h 

Ts 


(I T-f • 
(Is 


(flf j (lx , , 




dz , (i\ (fh , az , , , . 

d.T r = e — xdz), 

dA UA OA ds 

dij , dz dz . du , j , , 

-fd.T—, T- zzefrdz — vdij) , 

dA ds (is ds '• 

which, by poifoiming the difTeicritiations, and assuiniiig the 
aic tm the iiKlcpendont vaii.ihlc, arc the same as(/) 

tf/s'* 


di , dz 


di(Pi/ — di/iPx = (\</// — ydt) 
dz(Pr - dxPz = (/a/« - xrb) 

tr/s* 


( 4 ) 


di/(Px' — dzd^!/ = (vdz — ’mUj) — 

Now, it the ladius of cmvatuie at the point M be denoted 
by p, vie have (No. IS) 
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ds'^ 

^ {dxd^y — dyd^xY^ {dzd^x — dxd^zY>^ (dy<Pz — dzd^yY* 

which by means of the pieceding equations, and by substituting 
the value i, becomes 

Q — ^ Vi (K\ 

(^dy — \dxY + {zdx — yidzY + {y^dz — zdg/)^* ^ 

In the case of the catenary, 

X = 0, Y z: - £ 7 , z = 0, ^:=igy, 

the axes and origin of the coordinates being assumed to be the 
same as in equations (c) of No 294 We shall theiefoie have 


which it IS easy to veiify, by means of these equations 

301 Let those toimulse be applied to the case of a stung 
stietched on the siulace of a solid body, and, for gicatei sim- 
plicity, lot it be assumed that it is not subjected to the action of 
any given foico, so that the only foicc which acts on its dit- 
feiont points is the unknown lesistance of the solid on which 
it 1 '- sti etch 0(1 

Let ^(h 1)0 the magnitude of this foice applied to tds the 
clement of the tlnead at any one of its points m, itsthiee com- 
ponents will be X£(Zs, ycA, Yjids , its direction will be noimal 
to the surface of the solid, and diicctod fioin witliout inwards. 
The piessuic on the jiuit of the solid coiiesjionding to ds^ 
will be ecpial and contiaiy to this force n(/,s, so that n will 
oxpioss the mctisuic of the pressuie rofeircd to the unit of 
length It Xj jw, V, denote the angles which the cxtenoi part 
of the noimal at m makes with lines drawn thiough this point, 
paiallel to the axes of y, we shall have 

c\ ZZ N cos X, CY r: N cos jU, cz zz N cos V 

Moicover, if l zz 0, is the equation ofthesuiface of the solid, 
and if, foi the sake of abridging, we make 
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\dx^ dy^ 



we shall likewise have (No 21) 


«»A = v^, co., = v- oo.„ = ,g. 

a suitable sign being given to v This being so, we shall 
have(«) 

xda: 4- -idy + zdz = nv^l = 0 ; 

in consequence of which, the value of di furnished by equation 
(3) will be cypher. Hence, whatever be the form of the sohd 
body, the tension will be the same throughout the entire length 
of the thread. Let its value be supposed to be given, and to be 
represented by A, then if the thiead is attached at one of its ex- 
tremities to a point of the body, and if, at its other extremity, 
there be suspended veitieally a weight such as p, that is con- 
siderable relatively to that of the thiead, which may, theiefore, 
be neglected, this weight will be the tension k and the pressuie 
which the fixed point will experience If the thiead is fiee 
at Its two extremities, and if consideiable weights aie sus- 
pended firom them, they will express the extieme tensions, 
consequently, they must be equal, and eaeh of them vill be 
^ the tension k Fmally, if the two extiemities aie supposed 
fixed. Its tension k will be deduced from its extension, which 
will be constant throughout its entire length 

302 If X , ^ , V , denote the angles which the pcipeudicu- 
lai to the osculatoiy plane at the point m, makes with paiallels 
to the axes of a;,^, z, then the ladius of cuivatureat this point 
being p, we shall have (No 19) 

did^jj — dyd^x 

d? = Ptosv', 

dzdi^x — dxdPz 

dyd^z — dzdPy 

T/TI — p cos X' 
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If, therefore, equations (4) be multiplied by cos v, cos ju, 
cos X, respectively, and then added together, theie will re- 
sult, by talang into account the values of x, y, z, in the case 
which we aie consideiing(^), 

cos v cos v' -4- cos^coSjit'+cosXcosX'n 0, 

consequently, the noimals to the suiface of the sohd body and 
to the osculating plane of the cuivc formed by the thiead at 
each point m, aie perpendiculai the one to the othei , this 
we have piovcd to be the characteristic pioperty of the line, 
the length of which is a mimmtm or maximum on a given 
suiface (No 161). It follows, thciefore, that a thread 
stretched on a solid body, tiaces, in general, the shortest dis- 
tance fiom one point to another on the suiface Stiictly 
speaking, it is possible that this distance may bo, on the con- 
tiaiy, a maximum Thus, foi cxamjde, two given points on 
a splieie aic the common extiemitios to two aics of great 
elides, of which one is the shortest distance between these 
points, and the othei the plane curve which is the longest , 
now. It IS evident, that the cquilibiium of the sti etched 
thiead will he iigoiously possible on tliese two aics of the 
circle, since if it be placed on one of them, theic is no reason 
why it should deviate fiom it to the one side ratlier tliaii to 
the other, but on the sm<ill aic the equilibiium will bo ^stahlv^ 
and on the gicat only instantaneous, so that, phyi>ualhj^ it 
cannot subsist except by means of the friction of the thiead 
against the solid body 

Likewise, if the values of cx, cy, cz, of the preceding num- 
ber, be substituted in formula (5), we shall have 

K dij , dv V , (di dz . \2 

(dz dy * 

+ 1*'°' '7J = ? 

becauH' (r, //, c) k We ha\e at the same time 
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dx^ ^ dz^ _ 
COsA^+ cos jl4^+ cos v^zzl, 


and, as the normal to the surface of the body, and the tangent 
to the curve of the thread, at each point m, are perpendiculai 
the one to the othei, we have also 


dx ^ , dy dz 

cos A + cos jLt + -^ cos V 


= 0 , 


but, it is easy to shew by means of these three last equations, 
that the coefficient of n in the preceding expression is unity, 
hence we have simply( 2 ^) 


k 



from which it is evident, that the piessure, referred to the unit 
of length, exeited by a thread stretched on the surface of a 
solid body, is, at each point of the curve, equal to the tension 
divided by the radius of curvature of the thread, that is to say, 
by the radius of the section which is noimal to the suilace, 
and to the tangent to the curve which the thread assumes 
303 These results will be modified by the friction of the 
thread against the suiface of the body on which it is stretched 
In order to show how this force should be taken into account 
in the equilibrium of a flexible thiead, we proceed to consider 
the equilibrium of a cord abmcd (fig 76), whose part bmc is 
apphed to the throat of a fixed pulley, and which is drawn m 
the directions of ba and cd, the productions of this pait, by 
given forces Let the pulley and the line ab be supposed to 
be vertical, and let the force acting in thediiection ofBAbe 
represented by the weight k, and that in the direction of cd by 
B, it IS evident that k and f denote the tensions at the points 
B andc, in the duections of the tangents ba and cd If, in like 
mannei, m order to simplify the question, the pulley is supposed 
to be circular, its ladius to be denoted by c, and the centic 
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0 , to be the origin of the cooidmates, the axis of will be pei- 
pendicular to the pulley, the axis of y vertical and directed up- 
wards, and the axis of x horizontal and passing through the 
point B, Finally, let c be the origin of the arc 5, teimmating 
at M, any point of the cord, so that cm zz s. 

This being premised, if there is no fiiction, it is necessary 
that in the case of equilibrium we should have A zz r, but, in 
consequence of the fiiction, the eqmhbrium may subsist as 
long as the dijQFeicnce between these two forces k and f docs 
not pass a certain limit Let us suppose, thciefore, that the 
equilibrium is on the point of giving way m the diiection of 
the weight A, this implies that A;>f At this instant, the 
friction of the coid against the pulley, which has place at any 
point M, will act in the diiection of the pait Mil of the tan- 
gent at this point If its intensity be denoted by /«, and if, 
as befoie, the noimal lesistancc which has place at the point 
M in the diiection of m^o, the pioduction of mo, be denoted 
by N, then ^ids and Ncfe will be the tangential and normal 
foices which act on the element of the coid teimmating 
at the point M, and y. and n lepiesent these forces, lefeired to 
the unit of length If thiough this point m, Mar^aud m^' be 
drawn parallel to the axes ox and o//, we shall have 


cos a 'Mil =: — cos w'mh = 


c 

cos z= cos zz , 


hence wc infei, 


C ( c c 


for the values of cx and cy, which should be substituted in 
equations ( 1 ) The foice cz will be evidently equal to cyplici , 
the third equation ( 1 ) will disappear, and the two first will 
become 
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rfa? ^rd9 fiyds __ 

Cl T -j- — — Uj 

ds c c 

d.T^ + ^ + f^^O 
ds c c 


As the point M belongs to the circumference of the pulley, 
we have 

+ 2 /^ = + ydy = 0 5 

by means of which the two preceding equations may be changed 
into the following(u) 


xd T ^ + 2/d T ^ + Ncd9 = 0, 
ds ^ ds 

S S + S I ^ 


ds ds 


ds 


(6) 


But \{ydx>— xdij) is the differential of the sector described 
by the radius om icckoning from a fixed line (No 156), oc 
for example This sectoi being ciiculai and corresponding to 
the arc 5, its value will be hence we have 

ydv — xdy zz. cd9 
Moreover, we have hkewise 

dx , dy ^ . dx . , dy 


^ + ’ lu df,^ ds ds 


0 , 


this reduces equations (6) to(a:), 

T = cN, dr — fidi , 

hence we obtain 

cds = /jids 

As the pressuie at the point m, on the throat of the pulley, 
IS equal and contrary to the force N, if the friction bo propor- 
tional to the pressure (No 269), we shall have 

ft=/N, 
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f being a coefficient which will depend on the nature of the 
sui faces in contact Consequently, we shall have 

crfN = /Ncfe, 

and, by integrating, 

N = AC s 

\ being a constant arbitrary, and e the base of the Napeuan 
system of logarithms We shall also have at the same time, 

t =: acc «, fjL=zAfe<. 

At the point c, 5 r: 0 and t = f, hence we have 


A 


F 
€ ^ 


and denoting the length of the aic cmb by ?, we shall have 
szzl and t = A, at its other extremity b Therefore, we 
shall have finally at m, any point whatever, 

N=:~C<, T = FCc, fizZ^—Ci^ 


and moreover, the equation of equilibrium will be 

ti 

k ZZ VC* , 


Denoting the total friction through the entire length of 
CMB by f', we shall have 

f / II 

F'z=:^^fxd6 = F(ec^l), 

and the equation of equilibrium may be written thus, 


By assuming 
we shall have 


/e zz: F + 
e< — 1 =/', 

!■'=/% f = 

JD 

d Q 


1 
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fiom winch it appeals, that the total fiiction f' is equal to the 
least of the two foices /t and f, multiplied by a coefficient 
which vanes not only with the quantity but also with Z, the 
extent of the suiface in contact, and c the radius of the pulley* 
The diffeience of the foices k and f, at the instant the equi- 
hbiium gives way, will make known the value of f^, and then 
ratio, diminished by unity, will be the value of the coefficient f, 
from which it is easy to deduce that of/ When f is a weight 
as well as k. we should, foi gieatei accuracy, include as be- 
longing to these weights, those of ba and cd, the vertical 
, parts of the string. 

304* It IS easy, by means of the three equations (1), to shew 
that the six general equations of equilibiium (No. 261) obtain 
in the case of a peifectly flexible thiead 

For this puipose, let k and be the two extiemities of 
the thread, and Z its length, also let the origin of the aic 5 be 
fixed at the point k By integiating the fiist membcis of 
equations (1) fiom the point k to the point k', we shall have 



i r dicn 

1 c 

^ Xtds = 0, 



l+J 

(’1) 

-tl] 

l+S 

7 , 

Q Yeds = 0, 


r 

1 f 

7 

v' d& ) 


l+i 

pZEffs =: 0, 


the quantities compiised within the ciotchets lefer to the 
point K, and those which arc contained within the parentheses, 
to the point k' Besides the forces x, y, z, which act through 
the entire length of the thread, particular foices given in mag- 
nitude and direction, may be supposed to be applied at its two 
extremities , let k be that which acts at the point k, and a, j3, y, 
the angles which its direction makes with lines drawn through 
this point, parallel to the axes of a?, , and let Zt', j3^ y' 

be the corresponding quantities relatively to the point k'. 
i hese forces k and k' will be the extreme tensions, in magni- 
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tude and diiection , and as iheii directions must coincide with 
parts of the tangents to the curve, which the rod assumes at 
K and k', we shall have 


['" = [t§]=-Acos7, 

= (t^) = /.'cos/3', (a'g) = 4'cosY', 


consequently, the prccedmg equations will become 

cl 

li cos a + k' cos a' + V Q Xerfi = 0, 

AcosjS + /c'cos/3'' + ycds zz 0, 

Acosy +k' CO^y' + ^QZcds = 0, 


(«) 


audit lb evident, that they express the conditions ofequilibiium 
contained in the thiee fiist equations (1) of No. 261. As the 
following equations 


ui ,■ ^ 

dx 

zd,T — 
db 

dz 

‘a - 


, (h , /■ du dx\ 

yd r^ = d 

, dz r ( dt dz\ 

dtj ( dz dii\ 

-.d Tj; =d 


aie evidently identical, by equations (1) oi No. 298 we shall 
have 

d . T 2/^^ 4- (*Y — 2/x) £& = 0, 

d t(- - xz) ads = 0, 

*' ~ ff) ~ 

Hcnec, it the fiist mcmbeis of these icspcctive equations be 
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integiated from the point k to the point k', and if n, b, c de- 
note the values of y, z, relative to k, and a', b', c', those 
v,hich refer to k', we shaU obtain by means of equations (7), 

^(acos/3-icosa)+A'(a'cos0'— ycosa')-l-^Q(a:Y-yx)£<fe= 0 ,' 
A(ccosa— acosy)-|-^'(c'cosa— a'cos7')+^o(^^"-^2:)££fe=0, . (9) 
A(Jcosy-ccos^)-l-^'(6'cosy'-c'co8j8')4. ^^(yz - zy)£<7s=0, 

those expiess the conditions of equihbnum relative to the 
moments of the given forces, which are contained in the three 
last equations (1) of No 261 

305 Equations (8) and (9) will, m general, enable us to 
deterinme the coordinates aj, b, c, a\ h\ c\ of the two extreme 
points K and k', nevertheless, theie are cases in which some of 
these quantities must remain indeterminate If, for example, 
the given forces which act on the thread are the foice ot gra- 
vity and other forces that are independent of the cooidinates 
of their points of apphcation, it is evident that the absolute 
position of the thread in space cannot be determined, hence the 
thiee coordinates of one of the points k and k' may be aibi- 
tiaiily selected Equations (9) will determine the three coor- 
dinates of the other point , and, in order that the equilibrium 
may be possible, it is necessaiy that the given forces should 
satisfy equations (8) If one of the points k and k' be fixed, 
the first, for instance, equations (8) and (9) will still obtain, 
provided that the foice li is considered to be unknown, in mag- 
nitude and direction, and as lepresenting the pressure which 
the point K will have to sustain In this case, the values of 
a, cwill be given, equations (9) will deteimine those of 
a , b\ c', and equations (8) will make known the three compo- 
nents of the force h When the two points k and are fixed 
and given in position, their cooidinates are deteimined, and 
equations (8) and (9) will enable us to determine k and k\ the 
pressures exerted on k and k', in magnitude and direction. 
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In all cases, wlietliei the coordinates of k and k.' are given, 
oi whether they have been deduced fiom equations (8) and 
(9), the curve foimed by the thiead must pass through these 
two points ; this will enable us to determine the foui constant 
aibitraiies which the complete integrals of these two diffe- 
rential equations of the second older contain. With respect 
to the constant aibitiaiy which the function ^ of No 300 
contains, its value can be obtained from the given length of 
the thicad, that is to say, from the equation 



in which y and z aic rcgaided as functions of x. By this 
means, the pioblem will be completely solved 

III, Eqmlihtum of an Elastic Rodn 

30() By this term we undci stand a stiaight or curved rod, 
the hi>uie of which cannot be changed, without applying one oi 
11101 e forces to it, while at the same time it lesumes its natural 
foiin wluui these forces cease to act , on the contrary, a pci- 
iectly ilcMhle thicad ictains, without the aid of any force, the 
cuivatuio which it has been made to assume, and is clastic 
only in the diiection of its length. In cider that a lod may 
bo elastic with respect to its flexion, the material of which it 
is composed should be vciy little extensible and contiactiblc , 
but this is not solely sufficient, it is likewise neccssaiy, that 
the dimensions of its thickness, although very small icla- 
lively to its length, should novel tliclcss be of a determinate 
magnitude, foi, of whatever material the lod consists, its 
thickness may be always so diminished, as that it cannot have 
<iny sensible tendency to lesuinc the figure fiom which it has 
been deflected, by wliicb means it may be leduced to the slate 
of a peilectly flexible tiuead 
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When an elastic rod is deflected fiom its natural foim by- 
given forces, each of the longitudinal filaments of which it 
consists may experience three different effects , each part (the 
length of which may be as small as we please) may be con- 
tracted or dilated, its natural curvature may be either in- 
creased or diimmshed, and this pait may have been twisted on 
itself The tendency of each pait to resume its natural state, 
depends on the mutual attractions and repulsions which obtain 
between the molecules of all bodies, and which extend only to 
insensible distances It is the province of mathematical phy- 
sics to compute the total effect of all the forces which result 
from them, and which must constitute an equihbnum with the 
given forces. For information on this subject, the reader is 
leferred to a memoir by the author on the Equilibrium and 
Motion of Elastic Bodies^ which is inserted in the Memoites 
de H Academic des Sciences, tome viii In the present treatise, 
the equations of the equihbnum of an clastic rod will be 
formed, by setting out from such secondaiy piinciples as aic 
geneially admitted 

By an elastic plate is understood a rectangulai parallclo- 
piped of small thickness, which is bent in the direction of its 
length, so that it is always comprised between two cylindrical 
suifaces, whose heights aie equal to its bieadth. This di- 
mension may be of any magnitude whatever , by dividing it 
by planes very near to each othei, and peipendicular to its 
direction, the plate will be distributed into rectangular elastic 
rods. James Beinoulli was the fiist who determined the 
figure of an elastic plate in equilibiio, from considerations that 
we pioceed to develope, and by means of which wo shall then 
be enabled to solve the problem completely, In the case of any 
elastic rod whatever 

307 Let us considei an elastic plate made fast at one of 
its extiemities, that is to say, fixed in such a mannei that one 
of the two small lectangles which teimmate it peipendiculaiJy 
to its length, cannot be moved in any direction. If it be supposed 
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to be bent in the diiection of its length by means of a foice 
applied to its othei extremity, and which is the only one that 
acts on the plate, in oidei that the plane may assume a cylin- 
diical form, as has been stated, it must be teiminated at its 
free extremity by an inflexible rectangle, to the middle of 
which the given foice is applied in a plane perpendicular to 
the bieadth of the plate. All the longitudinal sections, that 
IS, those which aie perpendicular to this breadth, will be 
equal, that which contains the diiection of the given foice is 
represented by fig 77 , and the curves amb and a'm'b' are sec- 
tions of the two cylmdiical surfaces of the plate, which its two 
faces foim in its natuial state All the points which, in this 
state, appertain to the common peipendiculai to these two 
faces, aie still supposed, aftci the plate has been bent, to exist 
on the common noimal to the two cylindrical suifaces, which, 
in fact, agiees with what has been obseived to take place in 
its change of figuic Hence it follows, that if mm' is normal 
to the cuivc amb, it will be so likewise to a'm'b', and will 
contain all those points ol the plate, which, picviously to the 
bending of the plate, existed on a common pcipendicular to 
its two faces, it appeals also, that if the plate, in its natural 
state, IS divided into longitudinal filaments, and if the curve 
CND lepicsents what one of those filaments becomes after the 
change of figuic, it will intersect the noimal mm' at right 
angles in n. 

If m bo a point of the cuive amb, infinitely near to m, 
and if mmn‘ be diawn noimal to the thicc lines amb, cnd, 
a'm'b', and mteisccting them in w, lespectively, the 
productions of mnm' and mnm’ will meet in a point o, which 
will be the common centre of curvature of these thiec cuives 
Let p denote the ladius of curvatuie of the mean filament, that 
IS, of the filament which is equally distant fiom amb and 
a'm'b', or the pait of this filament contained between the two 
normals mnm' and mmn' , u the distance of any filament what- 
ever, such as CND, fiom the mean filament, and a' the length 
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of Kw 5 is to be considered as positive oi negative, according 
as CND exists, relatively to the mean filament, nearei to amb, 
the convexity of the plate, or on the side of its concavity 
no the radius of curvature of cnd will be equal to 
p + w, and the infinitely small lengths cs and a will be to each 
other as p + w to p, so that we shall have 



In consequence of the bending of the plate, the longitudinal 
filaments undergo small contractions or dilatations, which will 
destroy the equality that previously existed between cr and a'. 
If their primitive magnitude be denoted by 7, we shall have 

^ = 7 ( 1 +S), <t' = 7(1 + S0:, 

in which 8 and 8' aie very small fi actions, positive or negative, 
accoidmg as the mean filament and the filament cnd are 

lengthened or contracted The fi action - is likewise sup- 

P 

posed to be very small , hence if the product of 8 and - be 

p 

neglected, we shall have 

P 

which shews that, when the length of the mean filament is not 
* changed, the filaments situated on the side of its convexity 
are all lengthened, and the filaments situated on the side of the 
concavity are all contracted, and each proppitionably to their 
respective distances fiom the mean filament (a). 

This being estabhshed, let the form of each of the two 
parts of the plate, which correspond to amm'a' and be 

rendered invariable, and, for the sake of abridging, let them be 
denominated by h and k. The part h will be immoveable, 
the part K will be drawn towards h, 01 lepelled from it, by the 
tendency of the intermediate part umn'M' to resume its natural 
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State, and become again a section of a constant thickness such 
as y. The filament nw of this shce will tend to contract or 
dilate itself according as it shall have been lengthened oi shoit- 
ened, that is to say, according as the quantity S' will be posi- 
tive or negative- Consequently, the part ic will be diawn in 
the first case, and pushed in the second case, by a force applied 
to the point n , but as this force arises from the action of nw, 
we may suppose it to be propoitional to the quantity 8 and 
noimal to mnm\ as if this filament N?^ was detached. By 
adopting this hypothesis, the force in question leferred to 
the unit of surface, may be lepiesented by aS', and, conse- 
quently, the noimal foicc exeicised on the transversal element 
of the suiface k, which coiicsponds to the point 7 ^, may be 
repiesentcd by aS'Xrfw, a being a constant depending on the 
material of which the plate consists, A its bicadth, and \du 
the aica of this element Hence denoting the thickness of 
the plate by 2c, and repiesentmg the entiie foice which chaws 
or pushes K, according as it is positive oi negative, by t, we 
shall have 

and, by substituting foi S' its value, 

T z= 2aXtS. 

Moieovci, if /i be the moment of the foices normal to the 
suifaee of k, taken with lespcct to a tiansveisal axis equally 
distant fiom the two faces of the plate, we shall likewise have 



and, consequently (^), 


2aXe^ 



Hence it appears, 1st, that the foicc t, which tends to con- 
tract 01 dilate any slice of the plate, is proportional to the 

3 R 
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positive or negative extension of the mean filament, and inde- 
pendent of its curvatme, 2ndly, that its moment jul is, on the 
central y, independent of this extension, and in the inverse 
ratio of its ladius of curvature , 3idly, that, the material and 
breadth of the plate remaining the same, the value of t is 
piopoitional to its thickness, and that of ju, to the cube of this 
dimension. 

When the length of the mean filament does not undergo any 
change, we have 8 ::z 0, t zi 0 , the parallel forces which diaw 
01 push K are reduced to two, equal and contrary, but not 
directly opposed, the moment of which, relative to the trans- 
versal axis perpendicular to these forces, is always equal to fi* 
This quantity p. is what is termed the moment of elasticity ^ in 
each point, it is proportional to the curvature of the plate, or 
to the angle of contact of its mean filament (c). 

308 It is easy now to obtain the equations of the eqm- 
hbrium of this plate In the first place, if t' be what the 
force T becomes at the jioint m, it is evident that the infinitely 
small slice which corresponds to will he diawn or 

^ pushed on one side by this foice t', and on the other by a 
force equal and contrary to t , and since by hypothesis, no given 
force IS supposed to act on this shce, w e must have t zzl 
' Hence it appears that the force t is constant throughout the 
entire length of the plate, and, consequently, it is equal to the 
given force which acts at its fiee extremity, resolved in the di- 
rection of this length. In like mannei, the dilatation 8 will 
be constant, proportional to this force, and positive or negative 
according as this force tends to lengthen or contract the longi- 
tudmal filaments. It will not influence the figure of the plate , 
but by measuring it, it will enable us to determine the value 
of the constant a, with reference to the mateiial of which the 
plate consists If we suppose that w denotes a weight equiva- 
lent to the force which draws the plate in the direction of its 
length, and that w represents the area of each transversal sec- 
tion of the plate, we shall have 
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o) =: 2Xe5 T 


W = a(t>8j 


w 




In ordei to determine the figure of the plate, let there be 
drawn through the point a, in the plane of the mean filament, 
two 1 octangular axes \x and az/, of which let the first be a 
tangent to the cuive amb, and diawn in the direction of the 
plate m its natuial state, and let the second be directed from 
the side of its concavity Let x and y be the coordinates of 
any point of the mean filament, referred to these two axes, 
a and h those of its free extremity, which is supposed to be 
the point of application of the given force that retains the 
plate in equilibiio a p and q the components of this foice in 
the diicction of the productions of a and &, Let there be 
diawn thiougli the point indicated by x and y, an axis per- 
pendiculai to the plane of the figuie to which the moment 
denoted by jti refers, and let there be made a section perpen- 
diculai to the moan filament In older that the pait of the 
plate contained between this section and its free extremity 
may bo in cqmlibiio, it is necessary that the sum of the mo- 
ment ju, and the moments of p and Q with respect to the same 
axis, should be equal to zeio, regard being had to the direction 
in which the forces, of which fi is the moment, and the forces 
p and Q, tend to make this pait of the plate to turn, in this 
mannei we shall have 

fx 4 - v{b’--y) -- Q{a-’ x) zzO. 

By assuming the abscissa x for the independent vaiiable, 
and observing that the plate is convex towards the axis ax^ we 
shall have 



111 which the radical is considered to be positive. If, there- 
ioie, this value be substituted in that of /i, and the resulting 
expiession, mthc preceding equation, and if, in older to abridge, 
we make 
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I aXf* = (3, 

■we shall ha've 

/3 g = [Q(«-as) - P (J_y)] (i + (1 ^ 

foi the equation ot the curve formed by the elastic plate in 
equilibuo. 

Its integral will contain two constant arbitraries, which 

aie determined by the conditions « = e and ^ = 0 when 

dx ’ 

» = 0, or, if we prefei it, 2 ,= 0 and 0, for this value 

of a:, in consequence of the extreme smallness of s. If then x be 
made equal to a, and y equal to i in this integral, an equation 
between a and b will be obtained, and this combined with that, 
which IS furnished by the given length of the plate, gives the 
two equations that are necessary to determine the unknown 
coordinates a and b , and the elastic curve, pioperly so called, 
will be completely determined. 

309. If the plate, instead of being fixed, is entirely free at 

its extremity a, then in order to maintain it in equilibno, it is 
necessary to apply to 'this extremity a force, the components 
of which arc equal and contrary to p and q; by taking the 
corresponding extremity of tlie mean filament for its point of 
application, it is, moreover, necessary that the resultant of p 
and Q should pass through this point, in order that this should 
take place, we must have 

Qa =z i> (6 — t) 

This equation will be sufficient, when the plate is letained by 
a fixed axis, passing thiough this extremity of the mean fila- 
ment, and drawn m the direction of its breadth. If it is 
merely placed on a plane perpcndiculai to its length, which 
docs not pievent it fi:om turning about the edge of one of its 
two faces, it is necessary that the fiiction of this edge against 
the plane, or some other force, should pi event the plate fiom 
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sliding When the plate is not firmly fixed, the direction of its 
plane which is a tangent to the curve at the point a, will not 
be known , if, however, the origin of the coordinates x and y, 
be placed at this point, we shall still have y = cj or = 0, 
when £6 zz 0, but we can no longer take the axis of x on the 
tangent at a, since its direction is not known a prion. This 
axis will then be the given diiection of the force p, and in the 

dx! 

determination of the constant arbitranes, the equation ^ = 0, 

when a? iz 0, must be replaced by the preceding equation i da- 
tive to the moments of the forces p and q, which can be re- 
duced to Qa z: vh 

310. If p be supposed equal to cypher, the plate will be 
bent by a foice q pcipendiculai to its piimitivc direction , 
which is, for example, the case of a horizontal plate, one end 
of which lb fixed, a given weight q being attached to the 
other 

If in this case we make 

jS z: , 

c being a hnc, the given length of which is generally very 
gloat, unless the weight Q is also veiy consideiable, equa- 
tion (1) will become 



and by integrating it so that we may = 0 when a; r: 0, wo 
shall have 

^ dx^ 


dy = 


(2 ax — dx 

/4c'‘-(2aa!-ay 


(is = 


2c^dx 

V 4 c (2 aa; “/«:•*)* 


Hence wo obtain 
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ds being the element of the curve. These formulae may be 
exactly integrated by means of elliptic functions , but in con- 
sequence of the magnitude of c, we have s ^ x very neaily, 
and the value of dy may be reduced to 

dy {^ax ^ a?‘)dx^ 

hence we obtain 

6 cV = 3 ax^ — 0.^ 

for the equation of the curve. 

If the plate deviates very httle from the horizontal direc- 
tion, the abscissa a may be taken for its length, and the oidi- 
nate i will express its greatest deviation Because 

3 QC^ z: 

if, as before, we make 2 = o), we shall have 

a(jo^b zz 

when xzi a and y Hence it follows, that the natuic oi 
the plate remainmg the same, the quantity &, by which it will 
be deflected, will be proportional to the weight q and to the 
cube of the length a, and in the inverse ratio of the square 
of its thickness c and of the area of w its transversal section. 

If for aw, its value g , given in No. 308, be substituted, 

and if h denotes the total lengthemng aS of the plate, produced 
by a weight w, we shall have 



If w be supposed equal to q, it follows from this that when 
the same weight q, apphed to the fiee extienuty of an elastic 
plate, acts successively in the diiection of its length and pci- 
pendicularly to its length, the extension h and flexion 6, which 
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are supposed to be very small in respect to the length a, will 
be as the squares of the thickness and of this length(e). 

311 Whatever be the nature of the foices p and q, a first 
integral of equation (1) may be always obtained, by i educing 
it to the form of equation (2), by the transformation of co- 
oidinates We shall restiict ourselves to the consideration of 
the case, in which the plate being pressed against a plane, and 
not fixed in it, deviates little from its natuial form This 
will bo, for example, the case of aspiing, the lower extremity 
of which IS laid on a horizontal plane, its upper extremity 
being at the same time loaded with a given weight. Let us 
suppose that in bending under this load, the spring deviates 
veiy little from the vertical ab, and that thioughout its entire 
length, the tangent to the cuive, which it forms in its state of 
equilibiium, makes a very small angle with this right line 
Tiguie 78 icpiesents the different foims which it can assume 
in this state 

Let theie be taken for the axes of x and y, the vertical ax 
diawn in a direction opposite to that of gravity, and the hori- 
zontal line Ay. The quantity — being veiy small by hypo- 
thesis, its square may be neglected in equation (1) , we shall 
likewise have q= 0, since the force which acts at the extremity 
B IS vertical, in virtue of the equation Q,a zz vb of No 309, it 
follows that J = 0 , and as the weight p acts in the diiection 
from B towards a, the sign of this force must be changed in, 
equation (1), in which it is supposed to act in the contiaiy di- 
iection. This equation will thus become simply 





liy making, in ordei to abridge. 


/3 


In this equation w denotes the area of the section of the 
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spring perpendicular to its length, e its semi-thickness, in 
the direction in which it is bent, and a a quantity depending 
on the material of which it is composed These three quan- 
tities aie supposed to be constant, and, consequently, c is a 
Ime of a constant and given length. 

Since ^ 0, when a; = 0, we obtain fiom this equation 


y 


- TTX 
Asm — , 
c 


du irh , ttx 

— cos — 
dx c ^ c 


k being a constant arbitrary, which must be either cypher, oi 
very small relatively to c. 

When A 0, the spring will remain straight, and its 
length AB will be a little diminished by the weight p. When 
this coefficient k does not vanish, the spring will bend , at 
the point B, we shall have x — a and 0 , therefore, ^ 

denoting any whole number, itisnecessaiy we should have^/) 

azztc 

for the value oia or ab Naming I the length of the spring, 
we shall likewise have 



which, by neglecting the fourth power of - , and substituting 
its value for o, becomes(^) 



from which we obtam 

k-^y/L-i, (3) 

IT IC 


Thus then, the coefficient k will either vanish, or be ex- 
pressed hy this formula. 

312. The following remarkable consequences follow from 
this result . 
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1st As long as I is less than c, formula (3) will be ima- 
ginary foi cveiy value of the whole number the coefficient k 
cannot then be diffoient fiom cyphei, and the spring will not 
be hoit by the weight p. 

2iully- When by increasing the length of the spiing^ or 
by diminibhing the quantity c, (which last is effected by in- 
ci easing the weight p,) I is made to surpass c, the value of 
A, which IS difieient fiom cypher, and which corresponds to 
^ zz 1, will be leal, and the spring can be bent by this weight. 
If/ denotes a vciy small fi action, and if we make 



wc shall have 

» zz 1, ez zz c, A=/(iz, 

and the equation of the cuive of the spiing will be con- 
sequently 

, TT.r 

liom winch it is evident, that it does not intersect the curve 
between the two points a and B 

3idly l^he latio — still continuing to increase, if it sur- 

])«isses 2, the value of h which coiiosponds to z zz 2 will be 
ical, and the spnng can assume a figuie diffeicnt fiom the 
pieceding, Foi if denotes a veiy small iiaction, and if we 
make 

Z=2c(l + 7ty'0» 

*ve shall have 

^ = 2, a zz 26, k zz fa , 
hence tlieie will lesult, 

,, 27ra 
U bin — , 

fiom which it IS evident, that in this case, the cm vc will intersect 
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the veitical at the middle point of ab, winch concsponds to 
z =: 

4thly By continuing m this manner, it may be pioved, 
that if I surpasses ic by a small quantity, and if, ^ denoting a 
v^ei y small fraction, we have 


7 


^e can assume 


a zn tc, kzz (pa 9 
I))?* means of which we obtain 


, . zttx 

yzzpta sin — , 

(Xr 


which IS the equation of a curve that will intersect ab m the 
number ^ +1 of equidistant points, a and b being leckoned 
in this number(/i). 

When I surpasses a multiple of c, by a quantity which is 
not very small, the value of A, furnished by formula (3), 
ceases to be very small relatively to c , and as the value of 

^ IS then no longer a very small fi action, the figuie of the 

spring cannot be determined by the preceding analysis It 
should be observed, that in all cases, the rectilineal figuie, 
which conesponds to 0, is possible , but it is not necessaiy 
and stable except in the case oil A c 

313 By theyhree of a spiing, (which, foi greatei clcai- 
ness, we suppose to be vcitical,) is undei stood the gieatest 
weight which it can support without bending This weight 
r is detei mined by the equation c = which glves(^) 

2 2 
TT aw£ 


from which it appears, that, cveiy thing else being the same, 
the force of a spring is m the inveise latio of the squaie of 
Its length It likewise appeals, that when the spiing is a 
lectangulai parallellopiped, if its adjacent faces be bent, its 
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toice will be piopoitional to the squaie of the tluckiiess which 
IS perpendicular to the face that is bent With lespect to the 
absolute magnitude of p, it may be computed by substituting 
ill the preceding foimula the value ot a, which may be de- 
duced either fiom h the extension ot this spiing, oi horn its 
flexion Z, produced by a \veight w , now, it appeals fiom Nos 
308 and 310, and because aS = h and <2 zz Z, that these values 
aie 

_ wl _ wl^ 
consequently, we shall have 

_ ■jr*«0£® _ TT^Wl 

Zb’ 

314 The lesults of No 307 may be easily extended to an 
elastic lod, when it is supposed to be straight, oi of a single 
curvatuie in its natmal state, and that, when it is bent, i( 
continues to be of single cuivature, and does not expciiencc 
any torsion 

In this case, the mean filament will be assumed to be that 
which passes tluough the centies of gravity of all sections 
peipendiculai to its length, which may be eitlier constant, oi 
vaiiable, piovidcd that in each point then dimensions aie veiy 
small, with icspect to the ladius of cuivature of the lod Let 
tube the area of one of these sections, made through any point 
whatevei of the mean filament , il it be divided into elements 
peipendiculai to the plane of this filament, and if odu be the 
aica of the clement that is at the distance u from this same fihi- 
ment , in this expression the variables may be cithei positive 
or negative, and v denotes a given function of Likewise, 
if A and — k' denote the cxtieme values ot w, we shall have 



vdu = (i>, 



oiidu zz 0 


the second equation obtains because the ongm ot the vaiiable u 
IS at the centie of gravity ot w 
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Let CT, (T 5 85 S', p denote the same quantities as in No SOT, 
and let 7>y',r, be what <r, cr^,p, weie m the natural state of 
the elastic lod ; we shall hare for the two states of this lod, 


r=7+— » a 1=0 + —, 
and, for the passage from the one to the other, 
<r =7(1+8), a'=7'(l + 80. 


Hence hy neglecting the products ^ and ^ , we shall ob- 
tain (A) 


S.=S + e.(l + l). 


a value that coincides with that of the number cited, in the 
case in which the lod is naturally stiaight, when we have 


^ n 00 

Moreover, let t he the sum of the forces perpcndiculai to 
CO, which diaw or push one of the two paits of the lod that are 
separated by this normal section. Naming p the moment of 
these forces with respect to the axis passing through the centie 
of gravity of w, and perpendicular to the plane of the mean 
filament , we shall have by the hypothesis of No. 307 , 

a bemg a quantity dependent on the mateiial of the rod, 
which is supposed to be constant thiough the extent ol each 
section w, but which may vaiy from one point to aiiothei of 
the mean filament By substituting for 8' its pieccding value, 
and making, in ordei to abiidge(/) 

there will result 
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When the elastic lod is a curve ot double cuivature in its 
natural state, or aftei its change ot figuie, the expiession foi 
the foice T will be still the same, moieovci, the mean fila- 
ment being always that which passes thiough the ceiities of 
giavity ot all the noimal sections, and p, denoting the ladii 
of cuivatuie in the same point, bctoie and aftci tins change, 
this value ot p may be taken to evpicss the moment of elas- 
ticity with lespect to an axis passing thiough this point, and 
perpendicular to the osculating plane ot the mean filament , 
but it will be nccessaiy, besides, to take into account the toi- 
sion ot the lod, as will be done immediately, 

315 It appeals fiom a compaiison ot tins veliie ot p with 
that given m 307 , tliat the second diiTeicntial equation of 
the pLnie cuivo ioimed by the meen hlam^nt ot an clastic lod 
which docs not cxpeiieucc any toision, dill us iiom that which 
rcfeis to the elastic plate piopcily so called, only lu tins, that 
11 I 

it will contain m place ot and the quantity q instead 

p ? P 

of the semi- 1 hic I ness < 11 the lod is homogeneous, andif, lu 

its natiual st it iseithei a jniNin or .i cylindej of a small dia- - 
mctei, the tliiee quantities o, \kill I'O Mjj'^lant, and wc 
shall have / zz x Heme' it *p[)e"'S, <h li tlie llevnm o( a lod 
which IS iiatuially stun 'ht, punbued h/ ' wuglat i'' peipeu- 
diculai to its dnection, and thf* ^ tins spuiu*, liny bo 

deduced horn the v<‘bu'i oJ e a lul r louiid ni tios, d 1 0 and < 5! 3 ^ 
by substituting 7 in place ot v Ely means ot thn subsUtuUon, 
we shall have, (Z being the len<>dh (d this i(>d,) 




/'(i 

au)q^ 


IT 


or, what comes to the same thing, 


, 7r“/(i 

''--'Tr' 


i . 


n (I 

T 


-h 


virdii 


In the case ot two (lilteieut lotls, liaviiii> the same leiigtli, 
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the flexions produced by the same weight will be in the in- 
verse ratio of the forces of the spring, so that we will be en- 
abled to compare together the magnitudes of these forces, in 
the different hypotheses made respecting the contour oi out- 
Ime of the normal section 

Let, for example, the normal section be an isoceles tiiangle, 
and let it be proposed to bend the rod so that the face coi- 
responding to the base of this triangle might become a cylin- 
diical surface, either convex oi concave Let a and c denote 
the base and height of this triangle. When the surface is that 
of a convex cyhnder, towaids which the positive values of u 
(No 307) are directed, we shall have 


and theie will result horn this 


In the case of the concavity, we shall have 

J-c, ^ li) p 


hence we obtain(wi) 


p • 


12P ’ 


which shews, that in this second case, the force of the spiing 
is tuple of what it is in the first. 

If the normal section is a square lepresented byj^, and if 
It IS pioposed to bend the spring in such a manner that two of 
Its opposite faces may become cylindrical surfaces, we shall 
have 


VZZlfp 


p 


12P 


If it is a circle, the ladius of which 

k'-k, v — 2 


is A, 
Pzz 


we shall have 


and, if the aiea of the normal section be supposed to be equal 
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in tins and the preceding case, so that we may havc/^—TrA^ 
it IS evident that the force of the spring in the fiist case, is to 
the force of the spring in the second, in the ratio of tt to 3(w) 
Let the cyhndiical spring be supposed to be a hollow tube, 
of which the radii of the in tenor and exterioi concentiictil sur- 
faces 2LIQ g and g* In ordei to obtain the foice of the spiing, 
q and g' ought to be successively substituted in place of k in 
the last value of p, and then the results should be taken, the 
one fiom the other, this gives 

-4? 

If the aica v — of the normal section is equal to 
ttF, we shall have(o) 

fl-’a/c" (A* + 29") 

hence it follows, that the volume, the length and the mateiial' 
being the same, the foice ot a hollow spi mg is gicatei than 

that ol a full spiing in the ratio of 1 + -ff to unily , 2 r; being 

the intouoi diametei, and 7r/i~thc area of the noiinal section 

3l(). Let us now pioceed to foim the equations ot equili- 
biium of any clastic lod whalosevoi, all whose points aie soli- 
cited by given foices 

Let A and b be the two cxtiomities ot the motUi filament, 
7, //, c: tlie thice lectangulai cooidinates of any point m of tins 
cuive, s the aic am, w the noimal section of the lod made 
thiough the point m, y its density at this point, and conse- 
quently, yix)dh the mass of the infinitely slender slice ot the 
rod If x, Y, z, be the forces leteiied to the unit of mass, 
paiallcl to the axes of a?, ?/, c?, then xyu)ds^ Yyiods, zywrfs, will 
be the given foices which act on this mass "riie sum of these 
foices icsolvedin the diiection of the tangent to the mean fila- 
ment at the point m, and tending to increase the arc 6, will be 
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f dx ^ du ^ dz\ _ 

p 

Likewise, if t denotes the force arising* fiom the action of 
one part of the lod on the adjacent pait, applied to one of the 
faces of the slice y{x)ds^ peipendicular to o), and tending to 
inciease oi dimmish the aic Sj according as it is positive or 
negative, the other face of yo)ds will be drawn or pushed m a 
contrary direction by a foice equal to t + consequently, 
in Older that this slice may be m equihbrio, the force dT 
must be equal and contiary to the given tangential force, hence 
we must have(jp) 

dx + 70 ) (xdic 4- Ydy 4- zdz) — 0 , (a) 

which agrees with equations (3) ot No 300 

As the mateiial ol which the lod consist? is very little ex- 
tensible, 7 and o) m this equation (a) moy be assamed to be 
the density, and the noimal s.e<.tion ol the lod at the point m, 
in its natuial state If the' e two quantiUcs aic constant, and 
if the foimula computed between the paien theses is an exact 
diffeiential, the value ol t will be had by an immediate inte- 
giation, and, since i = c'w§ (No 307), it is easy to infei the 
positi\e or negative dilatation of the cloiuent cfe, which will 
be lengthened in the latio ol 1 + S to unity, but this will not 
make known ttie dilatacion ol the uo.mal section o), noi the 
change of density of the icd at the point u ITow, by what h<?s 
been established in the memoii cned at Jic coaiMeiicemont ol 
this paiagiaph, iic appo'iAS that the lergthenin^ oi shoiteiung 
of d6 IS Jwaj s eccompeuKt' a Lirn’iidnon oi incioase ol 
but such, that iLe voieme will inc'ea':»e did dimini'i.h with 

ds^ and the density 7 will vaiy in the 111 veise sense It follows 
from this, that when a pusmatic or cylindiKel homogeneous 
rod IS fixed at one end, and diawu at it** otliei c’^Ucmity by a 
foice acting m the diieetion oi the pioduction ol its length, it 
willexpeiience at the same time an extension and mcieaso of 
volume, propoitional tothic foioc, winch, in point of lact has 
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been confirmed by experiment On the other hand, if this 
rod IS placed vertically on a horizontal plane, and loaded with 
a weight at its upper part, which does not cause it to bend, it 
will be shoitened, and, at the same time, its volume will be di- 
minished in proportion to the magnitude of this weight 

317 If on AM the arc of the mean filament, a point m in- 
finitely near to m be taken, and through it a normal section 
be made, and if the part of the rod comprised between this 
section and the extremity a, be rendered immoveable, and the 
form of the part comprised between the other end b, and the 
section made through m, be merely rendered invariable , the 
conditions of the eqmlibiium of this second part, which we 
shall denote by k, may be deteimmed in the following man- 
ner. 

In virtue of the torsion of the rod, the points of the sliee 
comprised between the two normal sections made thiough m 
and W 2 , will be solicited by forces which will tend to untwist 
its different longitudinal filaments, and will act in planes pei- 
pendiculai to tliat is to say, to the tangent to the mean 
filament at m These forces will tend to make k turn about 
this hnc, m a direction contiaiy to that of its torsion. Let r be 
their moment with respect to this line, it will be what is meant 
by the moment oj tO) 6ion of the lod, coiicsponding to the point 
M If through this point lines be drawn paiallel to the axes 
of a;, y, z, then since the axis of this moment makes with 

these lines, angles whose cosines are ^ 5^5 we shall have 
(No. 281) 

da. dy dz 

foi the moments relatively to these three parallels, of the foices 
which act on k in the diicction of the torsion 

Let fx denote the moment of the elasticity with respect to 
the point M, that is to say, the moment of the foices of which 
T IS the sura, relatively to an axis diawn through this point. 
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and perpendiculai to the osculatnii? plane ol the mean fila- 
ment, we shall have (No. 314), (/ and p being lespcctively 
the radii of curvature at this same point, in the natuial state of 
the plate, and after its foim has been changed, and (3 denoting 
a positive quantity depending on the matenal and uoimal sec- 
tion at the point M,) 



and be the angles which the axis of this moment 

makes with parallels to the axes of a?, y, drawn through the 
point M, the moment of elasticity relative to these lines will 
be 

fxcosfy ft cos jUCOSA, 

Let m' be any point whatever of the arc mb, a?', y', its 
three coordinates, s' the aic am', and y', w', x', y', z', what 
y, w, X, y, z, become lelatively to the point m' If we denote 
the entire length of the mean filament by /, and make 

[y' (as' — a?) — x' {y' — ^)] =: z/, 

[x' (z' — 2 :) — z' {x' — 0 ?)] yw'd^' = Yi, 

[z' — y) — Ti:'(sf- z)] y V<fc' = Xi, 

these three quantities will be the moments of the given 
forces which act on k, with respect to the axes diawn through 
the point m, in the diiections of the axes of a?, ?/, 

Finally, if any particular foiccs be supposed to act at the 
free extremity of k, and if r, q, r, denote the sums of then 

components paiallel to the axes of x, y, 2 :, and a', 5', the 

coordinates of the point of application of then lesultant, then 
moments relatively to the same axes as Zj, Yi, Xj, will be 

— 7/), 

p (c' —•;?) — R {a' — £c), 
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and if b, c, be the coordinates of the extremity b of the 
mean filament, these moments may be replaced by 

Q (a _a?) — p (5 — 2/) + r', 

p (c — js;) — R (a — ■ a;) + q', 

- 2 ^) ^ 

in which, for the sake of abridging, we make 

Q (a' — a) — p ( 6' — 6) z= r', 
p (c' — c) — . R (a' — a) =: q', 

R (i' — 6) — Q (c' — c) iz p^ 

In general, the coordinates a\ b\ c', will be distinct from 
a, by Cy foi the extreme loices p, q, r, will not be immediately 
applied to the elastic lod, but will act at the extremities of the 
aim of a level. Whethei these forces have, oi have not, an 
unique resultant, the quantities p', q', r', will be their mo- 
ments with le&pect to axes drawn tluough the point b parallel 
to those ot a y i/y z, therefore, if at this point, we assume 

$ = cosa', cos/3', ± = cos/, 

(h ds ds 

and if we make 

p' cos a + q' cos fi' + r' cos y ' = L, 

this quantity l will expiess the moment of the extreme forces 
with respect to the tangent at the point b (No 281), hence it 
appeals, that l will be the moment of the extieme torsion, or 
the value of r icLitive to this same point 

This being established, m oidei to the equilibrium of the 
part K of the elastic rod, it is nccessaiy that the sum of the 
moments with respect to each axis, of all the foiccs which 
act on its diffoicnt slices and at its exticmities, be equal to 
cypher , in consequence of winch the thiec following equations 
lesult 
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ju cosy— r ^ + Xi + p' + R (5 — y) — Q (c — z) __ 0, | 

jucos^— r^ + Yi + a' + i‘(e— z) — R(a— a;) = 0, 

as 

dz 

u cos A— T — + Zi + r' + Q (a — !c) — p (5 — j/) = 0 

ds 

318 By the formulae of No. 19, we have 

- dyd^z — dzdPu 

dz^v — dxd^z 
cosg= ^ , 


(b) 


COS 


\ds^ 

^__dxd^y — dyd^x 


in which \ds^ represents the square root of the sum ol the 
squaies of the three numerators. Hence we obtain 

d.fiQOig-dzd ^-dxd 
Xdi* 


Xds* 


d u cos A r: darrf. — dvd 
Xds^ 

and, conseq^uently, 


fidPx 


dx j ^ , du , dz , - 

— a. jtt cos/ + -^d. ficosg + —a jn cos h — 

moreover, since 


<h? dy^ dz^ _ . 


0 , 


dx , dx dy , ^ dz dz 
ds ds^ ds ds'^Ts'^’d^ 


0 , 


we shall obtain, by multiplying the dijfifeientials of equations 

(b)by respectively, then adding them together 

Cus u$ ds 

and reducing(p) 
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dT-^dx,-V-^dY,Jr-jrdz„ 

but because the quantities subjected to integration in the ex- 
pressions of Xi 5 Yi, Zi, vanish at the limit in order to 

obtain the values of cZxi, dvi, dzi, it is sufficient (No 14) to 
differentiate undci the signs $ with respect to hence we 

have simply 


cZxi— dz \ 

\ — dy \ 


« 

)S ^ 

's 

II 

z'y'M - dz ' 

x'yWds', 

JS • 

JS 

11 

yL'y'tti'di' — dx ^ 

J^y'7'a.W, 


and if these Vtilues be substituted in the piecedmg equation, 
it will become drzzO 

Thus It appeals, that the moment of the torsion is constant 
throughout the entire length of an elastic rod in equilibrio , 
consequently, its value will be the same foi all its other points 
as at the two cxtiemitics of the rod, and it is easy to show 
that at the point b, we have rrr L, as has been stated above 
In fact, at this point, we have xzza, y:zzh^ zzzc ^ the into- 
gials Xi, y, , Z), vanish, and equations (b) become(^) 

r cos a zufx cos/ 4- P', 
r cosjS'zr/icos^/ + q', 
r COS y' 'zz fi cos h H- 

As the normal to the osculating plane of the mean filament, 
and the tangent to this curve, are pcipendicular the one to the 
other, we have at this same point B, 

cos a . cos / + cos /3'. cos £7 + cos y' cos a = 0 , 

hence, if the piecedmg equations be multiplied by cos a', cos /3', 
cos y', respectively, and then added together, the quantity fx 
will disappear, and we shall have 
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T . (cos^ d + COS^ ) 3 ^ + cos^ 7') n r 
= p' COS d + q' cos j 3 ' r' cos 7'n: L. 

It is only the moment of the torsion which we are cnablec 
to determine by the equations of equilibrium , with respect t( 
the torsion itself, it vanes along the rod, when the mateiial 0 
which it consists, or the normal section varies from one point tc 
another. When the rod is homogeneous, and the normal sec 
tion constant, the difference of the angles of torsion is th< 
same at the extremities of any two parts of the rod of equa 
lengths, and proportional to their lengths, when they are dij 
ferenU For greater clearness, let us suppose that a prismatic 
or cylindrical homogeneous rod, is firmly fixed at one ex- 
tremity, and that at its other extremity, two equal forces, 
parallel and opposite are apphed, this rod will remain straight 
but it will be twisted on itself proportionably to its length, and 
to the moment of these two forces with respect to its mean 
filament, which moment will be the value of the quantity l M 
Poisson proved m the memoir already cited (No 306), that 
if the normal section of this rod be a circle, the quantity ol 
torsion will be proportional (every thing else bemg the same) 
to the fourth power of its diameter, which accords with ex- 
periment. 

319 Two of equations (b), or any two combinations of 
these equations, will enable us, when its value is substituted 
for jLi, and l is put for r, to determine the figure of the rod 111 
equilibrio If in its natural state it is straight, and if all the 
forces which are apphed to it, exist in the same plane, the 
three equations (b) will be reduced to one which will be that 
of the plane curve formed by the mean filament 

If the plane of these forces be taken for that of the axes ol 
X and y , we shall have 


5 : =: 0, COS / ” 0, cos 3= 0, 
czzO, r'mO, RzzO, cosy'rrO, 
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hence there will result 

Xi— 0, YinO, q'zzO, r — L“0, 


and the two first equations (b) will vanish. Because r zz Xi ^ 
Q 

the value of u will be , in like manner we shall have cos A 
P 


r= ± 1 ; but as we should take into account the direction of 
the action of t on the pait k of the rod (No 314), it is easy to 
perceive that we must assume cos — 1 in the third equa- 
tion (b), which will consequently become 


[y' {x' — it?) — x' (y' — y)] yo>'ds' 

Q 

+ r' + Q(a — rc) — p(& — y) = - y 

P 


and we may remark, that if we retain the notations of No. 
314, the value of the coefficient /3 will he 



vu^du 


When the forces x and v vanish, this equation (c) will coin- 
cide with equation (1) of No. 308, for then the foiccs i> and <i 
in equation (c) act at the very extremity of the rod, which 
renders their moment n' equal to cypher In all cases, the 
integrals that occur in this equation (c), can he made to dis- 
appear hy successive differentiations, by means of which it 
will become a differential equation of the fourth order 

The figuie of the rod being determined by equation (c), 
is necessary moreover that the given forces which arc applied 
to it should satisfy the conditions of cquilibiium of No 261, 
which aie reduced to thicc, because all these foiccs arc com- 
prised in the same plan. Theicforc, if we denote by n and k 
the sums of the paiticulai forces which act at the extremity a 
of the rod, parallel to the axes of x and y, so tliat n, b, f', may 
be, with respect to this point, what r, a, ii', aic relatively 
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to the other extremity b , the three equations in question 
will be 

D + P + 5J,xyw'£fe' = 0, 

r'+ r'+ Q(a— oj)— p(b—y) 

in which the coordinates of the point a should be substituted 
for X and 

When the two extremities of the rod are entirely free, the 
extreme forces and their moments will be given If the lod 
is firmly fixed at the extremity a, the forces d and e, and 
also their moment f', will be undetermined , but the values of 

^ y ^ relative to this point a, will be kno^vn If the 
^ ax 

rod IS meiely retained by the fixed point a, the forces d and 
E will be still undetermined; their resultant will be equal 
and contrary to the pressure at this point of support, of 
which it will express the resistance, and we shall have 
for their moment f' =: 0 , the values of x and y will then be 

known, but not that of The same remarks are applicable 

to the point b. 

320 Let us suppose, for example, that the rod is homo- 
geneous, and in its natuial state either of a prismatic or cylin- 
drical form, the three quantities y, w, |3 will then be constant 
Moreover, let us suppose that it is only subject to the action 
of forces perpendicular to its length, which cause it to deviate 
very httle from its primitive position, and let the mean fila- 
ment in this position be taken for the axis of ic, we shall then 
have 


D=:0, x = 0, p=;0, 
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in consequence of which the first equation (d) will disappear. 
If the square of — be neglected, we shall also have 


ds- dx i-^y- 

and equation (c) will be reduced to 

(jPy P7 

P ^3 = R' + Q (ffl — a;) + 70 ) x)ds' 

By diffeientiating this we obtain 

Likewise, by No. 14, we have 


(e) 


= — Yds, 

theiefoie by diffeientiating a second time, and substituting dx 
for ds, we shall have 


The foui constant arbitiaiics which the complete integral 
of this last equation will conldin, can he dctci mined by- 
means of the conditions relative to the two oxtiemitios of 
the lod, and by observing that the value oiy deduced fiom 
this equation must satisfy the two pieceding for all values of 
Now, as equation (t) results fiom the two otheis by dif- 
feientiation, it will be sufficient foi this purpose, that this 
value of y should satisly these two for a paitieuhu value of ir, 
hence it will be sufficient if we have 




(g) 


for a: = rt , conditions which lesult from equation (e) and its 
first differential, by ascribing to x this pai ticulai value. If we 

3 u 
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ascribe to x the value relative to the point a, we shall have, in 
consequence of equations (d), 







(h) 


but these equations do not express new conditions distinct 
fiom those contained in equations (d) and (g), so that they 
may, if we please, be leplaced by the system of equations (g) 
and (h) 

321 These foimulae include the case of a heavy rod. 
The point a is then supposed to be fixed, and to be the origin 
of the coordinates x and and also the axis of a?, which re- 
presents the natural direction of the rod, is supposed to be 
horizontal If the direction of the positive ys be that of gia- 
vity, which we suppose to be represented by ^/, we shall have 
y z= and the integral of equation (f) will be (q) 


(3y=:^x^ + CO?" + cV + c"x , (1) 

c, c', c", denoting thiee constant arbitranes, the fourth being 
equal to cyphei, because at the point a we have x = 0 and 
y = 0 It the rod be firmly fixed at this extremity, we must 

also have ^ 0 when 0, hence theie results c" = 0. If, 

ax 

moreover, we suppose that the weight q is directly attached 
to the othei extremity b, so that its moment a' may be cyphei, 
then in consequence of equations (g) which belong to this point 
or to a; a, \i e shall have 

^ ^y(n)Cl^ + 6 Cffl + 2 c =0, 

“h 6 c 13 — Q 

By means of these equations the values of c and c' may be 
obtained, and il they be substituted m equation (1), of which 
the term c"a may be suppressed, there results by naming q the 
weight of the rod, in which case we have g = gywa, (r) 
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— l + 9 ) + 1 > 


if in this equation, the weight of the rod be neglected, and if 
Qc® be substituted in place of j3, it will coincide with that of 
No. 310. 

In the two cases of q = 0, q zz 0^ we have 


_ Qa 

■" 8 / 3 ’ 3 ^ 


foi the expicssion ot the oidmatc of the point b, which ex- 
presses the entne flexion of the lotl Ilcncc it cip})oars5 that 
if we suppose a = ^5 the flexions pioducccl by a weight q sus- 
pended at the hoe extremity ot a houzoutal lod hi inly fixed 
at its other extiemityj is to the flexions produced by the same 
weight distiibutcd unifoimly ovei the entire length of this rod, 
as 8 to 3 

322 If the point 11 is, like the point a, fixed and situated 
on the same hoiizoiital line, we must have y zzO when x zza^ 
in consequonce of which, equation (1) is changed into the 
following Qi) 

= + c'i(t,~a) , (‘2) 


q denoting as above the weight of the rod The dotciminatioii 
of the two constants o and c' fuinish the following cases. 

1st. When the rod is hiinly fixed at both ends, we must 

have^^ “ it z= 0, and xzz hence theie lesults (t) 

<uid cqu<itioii (2) becomes 

o (.1— «)- 

fi'-i = Tsr 


If J denotes tlie sagitta of the cuive iouned by this rod, 
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that IS to say, the value of y at its middle point, when 
a? = we shall have 

qa^ 

16 24 j3’ 

2ndly. If the rod is merely retained by the fixed points a 
and B, the foices e and q taken in an opposite diiection from 
that m which they act, will express the pressuies exerted 
against these points of suppoit, and their moments f' and n' 
will be cypher, (No 319). In consequence of the first equa- 

dij^ 

tions (g) and (h), we shall have ^ =: 0 for = 0 and a? = a , 
hence we infer that 


and also 


c = c'=:0, 




qx (a — a?) (a® + ax ~ 
24 ^ 




and the sagitta /will be 

^ ““ 16.24 (3 ' 

that is to say, quintuple of what it is in the first case. By 
means of the last equations (g) and (h), we shall also have 


E = Q= — 


which values also obtain in the fiist case, as is evident of 
itself. 

3rdly. Finally, when the rod is firmly fixed at its extre- 
mity A, and merely retained at its other extiemity, we have 

^ tz 0 for jc = 0, and ^ zz 0 for a? zz a , and, consequently, 


c z: 


5g 

48 



by means of which, equation (2) becomes 
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Sir 


?>y - 


qx^{a — x) (3a — 2aj) 
48a 


The second equations (g) and (h), at the same time, give 

Q = — 1^, E = — 

which shews that the weight of the rod is unequally distributed 
between the two points of support, and that the load at the 
extremity which is firmly fixed, is to that at the other extre- 
mity, in the ratio of five to thiee. 

323. The points a. and b being always assumed to be fixed 
and situated on the same horizontal line, and the rod being 
also homogeneous and piismatic, let us consider the case in 
which the other points are loaded with weights unequally dis- 
tributed throughout its entiie length. 

Let therefore 

— a ’ 


q denoting the entire weight, and <px being a given function, 
that vanishes when x zz 0 and xzz which implies that 



This function may beeithoi continuous oi discontinuous, 
that IS to say, its analytic expiession may change once oi se- 
veral times between the extieme values a, 0 and t =: a, or, 
in other woids, if it be icpiescnted by the ouhnatc of a line of 
which X IS the abscissa, this hue may consist of se vci al por- 
tions of difleient cuivcs If S denotes the length of a line ever 
so short, we may, foi example, suppose that ^>x zz 0 from 
a; zz 0 to a, = a — S, and horn x zz I a + S to xzz a, so 
that this function has not values different flora zcio except in 
a very small extent, such as S, on each side of x zz: J a. This 
case will be that of <7, a weight acting at the middle of the 
elastic lod, which we piopose to examine particulaily imme- 
diately- 
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Whatever be the nature of the function whethei it bo 
continuous or discontinuous, provided that it IS equal to cypliei 
for a; = 0 and for x-=.a^ we shall have from a; — 0 to x — a 
inclusively, 

- S sin c^xdocf). sin , (a) 

n denoting any entire and positive number, and the charac- 
teristic S indicating a sum which extends to all values of 
from z= 1 to w z: X. We are indebted to Lagiange foi tins 
formula, he first announced it in Les Anciens Memou es de 
t Academie de Turin^ tome iii p 261 , a demons tiatiou of it 
is given in No 325 of this section. Substituting tins value 
of 00?, equation (f) becomes 

^ S = J ^ (S sin sm 


and by integiating and observing that y — Q fora, = 0 and 
a; =: cz, we shall obtain(M) 


+ 07 (a— 0?) [ca? + c' [a —0?)] ; 


sin 


rtTTX 

a 


(b) 


c and c' being the constant arbitranes which can be dctei- 
mmed as m the thiee cases of the preceding numbeis- 

324 . Let us examine in detail the case in which the weight 
q IS suspended at the middle of the rod, that is to say, the case 
m which, as has been stated above, the function 0a.' is cypher 
for all values of o;' that differ, evei so little, from \ a. We 

TVrtx^ 

can then make x' I am the factoi sin , which contains 

a 

the integral relative to o?' , this will give(2;) 

Ca nirx^ . nirC^a . , , nir 

sin — - 0o7'ao.'=.sin — \ (^x'dx' = a sm — ? 

and cause all the terms of the sum S, in which 7i is an even 
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number, to disappear. Let i denote any number odd or even, 
then it we make m =: 1, and if the sum S includes all va- 

lues of t from i ~ 1 to * =: X, suice sin^ — 2 — ^ ~ — ( — 
equation (b) becomes (a;) 


^y~x{a — x) [ca; 4- c' (a—x)\ 
- 'S sin 


(2^-lr 


But by a known ioimula we shall have, as will be shewn in 
hJo 327, 


S 


(-ly 

(2i-l)‘ 


sm(2t— 1) 


b) 




TT^U) 


foi all values of w, fiom w zz 0 to w n If therefore a? Z 

2 A 

by making w = — , we shall have (j/) 

CL 


if, on the contiaiy, a!> J a, let w= , and as 

CL 

(2/ —1) 7r(a— ir) (2^—l)7^a3 

sm i = sin — , 

a a 

it follows that 

~ (a->T)* - Za\a- a;)]. 

In this inaiinoi wc shall obtain one oi othci of the following 
equations 

j3^ = \) [ca + c'(a— i:)] — 3a“a) 


^y = r(a- a) [ca;-f c'(«— .« )] — - a) 3a®(a — a)] 


( 1 ) 


It only lomains to clctciminc the constants c and c' in the 
tinoe tollowing cases: 
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1st The condition =z 0, 

obtains when the lod is firmly 
gives 

c' = c = 


foi rc = 0 and x zi a, which 
fixed at its two extremities, 

_x 

16 


Equations (1) will become 


(Sy = 


we shall have ^ = 0, at the middle point of the lod, as well 

as at the extremities , and the sagitta^ or the ordinate coires- 
pondmg to a; = ^ «, will he 

f- 

•' ~ 4.48 j3’ 

that IS to say, double of what it is in the first case of No. 322. 
In like mannei we shall have, in consequence of the second 
equations (g) and (h), 


which we know ought to be the case 

2ndly In the case of a rod meiely retained at its two ex^ 

tremities, in which case ^ = 0 for *=0 and foi x—a, there 
results 


c = 0, c'=0, 

and, consequently, 


4 a;'). 

^ [d a® (a — a) - 4 (a - a:'’)] 


The tangent at the middle point of the curve is horizontal( 2 ;), 
and the values of q and e aie — J q, as in the pieceding case , 
but the expression for the sagitta/is 

“ 48/3’ 
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so that it IS quadiuple of the preceding, and greater m the 
latio of 8 to 5, than that of the second case of No. 322 If a 
tangent be drawn to the elastic curve, through one or other of 
the points a and b, and if we denote its inclination by a, and 
by/' the vertical oidinate of the point of this line, which cor- 
lesponds to the abscissa equal to Ja, we shall have(aO 

hence we infei 

f = U 

In the second case of No. 322, the latio of J' to f would 
be I 

3. Finally, if the lod is fiimly fixed at the extiemity a, and 
merely suppoited at the other extiemity b, we shall have ^ = 0 

CLOO 

(Py 

for 07 = 0, and = 0 for a = a , fiom which there results 



and equations (1) will become 

= — Hr’’), 


15ox‘'“+ 12a®*— 2a‘’j 

They give when a? = ^ a, the same value for y, namely 
” 8 96 ^ ’ 

but this IS not the greatest oidinatc We shall hkewise have 

B = 


- 11 ? 
16 ’ 


-5q 

‘^ = - 16 ’ 


SO that the weight q will be distributed between the points of 
support a and b m the ratio of 1 1 to 5 

3 X 
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325. We now pioceed to dcmonstiatc the formula of La- 
giange, adveited to in No 323 

Foi this pm pose, it may be remaiked, that if the quantity 

1— 2Acos0 + 

which IS a rational fi action with respect to /^, and in which 9 is 
a leal angle, be developed with lespect to the powers of A, its 
expression will be 

1 + 2AcosO + 2A2cos20 + 2A'^cos30 + 2A4cos4 0 + &c , 

which is easily verified , for if this infinite series be multiplied 
by the denominator of the fi action, i e by 1 — 2A cos fl + 
the lesult will be its numerator, as will be evident at once from 
the consideration that 

2cosw0 cos0 = cos(% + 1) 6 + cos (^—1)0, 

whatever be the number n. If, absti acting from the sign, h 
be less than unity, this senes will be conveigent, and the frac- 
tion will be iigoiously equal to its development continued 
ad infinitum , hence since 

1— 2A COS0 4*^^= + 4A sin^^ 0, 

we shall have, on this hypothesis, 

1 — 

71 T A2 . .ix. TTa— 1+2274’"cosw0; 

(1 — + 4 A sm^ i 0 

in which, under the sum S, are included all values of the 
integial numbei n, fiom nznl to nzzzoo . Theiefore, whatever 
be the nature of the function fid and of the leal constant a, 
we shall have also 

Ctt {\^h^)fi9d9 
JO 1 — A-^ + 4A . sin^^ (0 — a) 

= Jo ^ ^ Jo ~ “) 

Let g be an infinitely small positive quantity, this equation 
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Will still subsist if we make A nr 1 — ^5 since it subsists for all 
values of k less than unity. For all finite values of w, we shall 
have 

foi infinite values of this exponent, hP- may dififer from unity, 
but by partially integiating, we obtain 

^/Ocosr^ (0— a)d0 n ~y0sinw(0— a)— ^^^^Sln7^(0— a)rf0; 

So that if fO does not become infinite, between the hmits 
0=rO and 0 = 7r, nor for these limits, the integral 

^q/0 cosw (0 — a) (19 

by which is multiplied ,will vanish, when w = x) ; hence it fol- 
lows that we can always leplaee A” by unity under the sign S 
In the numeiatoi of thcfiaction comprised under the sign J, we 
shall have I — (f being neglected with respect to 
27, in the second tcim of the denominator, we can substitute 
unity for A 01 1 — <7 ; and, by this means, we shall have 

+ 2^^f0cosn(0-a)d0 

ir gfOdQ 

0/ + 4siii^-U6>-«) 

The c'OcfEciciit of dO in tlus last integral is mfimtely small, 
except toi values ol 0 , that difFci fiom a by infinitely small 
(luanlities, which icinlci its clenominatoi infinitely small; con- 
sequently tlus nitcguil is lufinitcly small oi cypher, when the ^ 
(lifloicncc 0 — a IS a finite quantity , which will be the case 
thioughout the t'litiic intcgiation, when we suppose a ^ 0, or 
a'^ir , hence whoiiovcr tho constant o falls without the hmits 
zcio and tt, the following equation will have place 




\ ^Q/(ld0-|-Id^Q/0cosw(0 — «)(/(?=: 0 


( 2 ) 
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If, on the contiary, we have a > 0 and Z tt, there will be 
values of 6 which diffei infinitely little from a , therefore by 
making 

0 z: a + dO m du^ 

the integral in question will still vanish for finite values of w, 
but not for infinitely small values of this variable, whethei 
positive or negative , with respect to these, we shall have 

/9=fa, am^{6—a') = ^tc. 


consequently, the second member of equation (1) becomes 



gdu 


when a falls between zero and tt But, as this integral vanishes 
foi every value of u which is not infinitely small, it may now 
be extended, without altering the value, to any values what- 
ever of Ui whether positive or negative, so that we may take 
it, if w e please, from 2 ^ = — ootoz^ — oo, in which case, we 
shall have 

^ 00 gdtc 

and, finally, 

i + S ^fB cos n {B-- a) d9 = irja (3) 


This reasonmg will also suit the case m which a coincides 
with one of the two limits zero or tt , but if a zz 0, then we can 
assign none but positive values to and only negative values, 
when a zztt, in order that in these two cases, the vaiiable B 
which IS made equal to a + may not pass the limits of the 
integration In this manner, the integral relative to u will be 
reduced to the half of its value in the formei case, or to — , 

so that if /3 and 7 be the values of /a in the case oi a z= 0 and 
« — TT, theie will result 


i llfBM + cos nede=^T^, 

i ^l/9de + S (- 1)» cosnOrffl- 
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Now if we make 

and also 


0 =— , 

a ^ a 




and if, the quantity x being positive and less than the constant 


a, there be substituted — — in the place of a, in equation (2), 


TVX 


and — foi a in equation (3), we shall obtain by observing, 
that the limits relative to x' are cypher and «, 

1- ^ 1 !■ / WtT (tT x') 

^ ^ + - S So cos — , 


( 5 ) 


and, by subtracting the fiist equation from the second, there 
results 

which was to be demons tiatcd(6') 

^320 This foimula icjiresents the values oi the functionl 
(j)a'y foi all values of the variable x, which are positive and less ; 
tli<iii «, and even for a. iz: 0 and rzz a, when vanishes foil 
these extreme values. It is important to observe, that the 
senes indicalcd by S, will be always convex gent, when con- 
tinued to a consuleial)le number of terms, foi when the 
values of n aie veiy great, the intcgial relative to x' will be- 
come a veiy small quantity, which wall diminish more and 
inoie accoiding as ?? inci eases, and when w = oo, it will be- 
come cyphei, as was already shewn by means of paitial inte- 
gialion This lomaik is necessary, as it shews that we arc 
pistificd in the application which we propose to make of the 
pioceding formula 
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The different formulae, by means of which portions of arbitrary 
functions, either continuous or discontinuous, maybe thus ex- 
hibited m series of peiiodical quantities always convcigin^, can 
be deduced from equations (5), which have been dcxnonstiated 
above. We shall restrict ourselves in this chaptci to give two 
of these formulae, which will be useful hereaftei , the leader is 
referred foi more extensive developments on this matiei to the 
author’s Memoirs on the Integral Calculus^ inserted in the 
Journal de VEcole Polyteclmique^ where will be found a com- 
plete theory of this kind of transformations 

If equations (5) be added together, and also if the first be 
subtracted from the second, and if 2 Z be substituted for a, then 
X and jj' + Z for x and x\ and afterwards and <px^ in 
place of 0 (a; 4- Z), ^ (a;' + Z) , the hmits of the integrals rela- 
tive to x^ become ± Z, and these equations will be replaced 
by the following 

7 ^a;'cos — t 

, 1 ^ j ^ T A mr(x + l) 

= 7 ^ (L i — ' 21 2/ ^ • 


Let each sum S be divided into two others, of which the 
one may contain even, and the other odd numbcis. Foi this 
purpose, let z be any integer number whatever, then by making 
n successively = 2z, and 2z — 1, we shall have 


cos 

sm 


'll 

2 Z TT {^X -|— Z) 

(2z —1) 7r(a; + Z) 
■2Z 

(2z — 1) TT (ir + Z) 
2Z 


= (— 1)‘ cos 


ITTX 

“T’ 


/ ittX 

— /■ — l)7rt 

-(-!)■ sin 

_ / Tx, (2^ — 1)7^^ 
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and, in the same mannei, we can express the sines and cosines 
comprised undei the signs $ , consequently, we shall have 

1 


^ 4>oc'dx' + ^ ^ ^ai'cos-^^ dx^ cos 

^ j. ' (^*~ I)”’®* j A (2 j— I jira; 

=:yS^^_^^^a'sin-^^c?a!'^sin-^^ 

, 1„ ^ , (2i — l)7ra!' A (2? — 1) ttX 


( 6 ) 


in which the sums S extend to all values of fiom ? = 1 to 
* = 00 These equations will obtain foi all values of x that 
are compiised between the limits ± I 

Tlus being established, if the function is such that 
<p(^—x) z=^(pXy theie will result 

^^l<^x'dx'zzO^ S ^^0a3'cos-^^rfa?'=: 0, 

^ ^ ^ </>a7' cos ~ dx' = 0 , 

and, moieovei, 

cl. ^7^£C' j , ^ . ITTV* , , 

^ ^^a?'sin~j-^a; = 2 sin da', 

C I .» (2e — l)7ra' « j ' (2? — Otto:' , 


by means of which the second equation (6) will coincide with 
formula (a), by changing in it, a into /, and the fiist will be re- 
duced to 



21 



sm 


(2*-l)^ra; 
21 ' 


If, on the contrary, the function is such, that ^(~ a) 
= <j>x, wc shall have 



(2/ —1) vx' 
2i 


dx' = 


0 , 



0a' sin 


twx' 

~r 


dx'zzO, 
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and the other integrals may, by doubling the results, be ex- 
tended from :r=:0toa=:/ IfZ— £rbe substituted for a:, and 
for ^ (Z — a?), the second equation (6) will comcide with 
equation (7) The first equation (6) will become 

^aj'cos dx^ cos (8) 


These formulse (7) and (8) will represent the values of from 
^ = 0 to a; = Z , those which can be deduced from them, by 
differentiating with respect to it, will express the values of 
d(j>x 

within the same mterval Formula (7) supposes that 


zz 0 for a: == 0, and = 0 when xzi I ^ in formula (8) 

= 0 for a; zz 0 and xzz I When these conditions are not 
dx 


satisfied, neithei these foimulse nor their differentials have 
place for the extreme values of x{c^ 

327. Conveisely, formulae of this kind make known the 
sums of numerous periodical series, which have been obtained 
by different means Thus, foi example, in order to infei 
from them the sum of the seiies made use of in No 324, let 
— a be substituted in place of a in equation (2), and then let 
it and equation (3) be added together , there will result 


+ 2 cos nddO^ cos 72a = wfa 


If then we assume /9zz 9^ we shall have 



cos nOdO zz 


cos WTT — 1 


which is equal to cypher for all even numbers, and to 
2 

for n = 22 — 1 Hence the pieceding equation 


( 22 - 1 )^ 

becomes 


cos (22 — 1) a TT 


(22^1)^ 


= 8(’r 


2a), 
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in which the sum S extends to all values of the whole num- 
ber i, fiom z zz 1 to i = x. 

Multiplying by da^ and integiatmg, we obtain 


^ sin(2z— l)a 7r, . 

^ (21-1)-' -g( 7 r-a)a. 


It IS not necessary to add any constant arbitrary, for 
the two members of this equation vanish for a =: 0, and 
for a “ TT 3 so that this equation obtains for all values of a, 
from a ~ 0 to a zz TT inclusively , if we make a = ^ tt + w, we 
shall have 

sm (2z — l)a = — (— 1)* cos(2z — 1) o), 
and, consequently, 


^(- 1 > COS( 2 z-l)o> TT^ ^ 

^ — r 2 Tn )* — = 8 


fiom (t) = — ^TT to zz ^ TT. If this be multiplied by d($) and 
integrated again, there results 


^ — ly sin (2? — 1) o) ^ TTco® 

(2z~l)^ TT ““ U" 

which was requiied to be obtained. 

328. If 2a be substituted in place of a, and then a? 4- a, 
a?' + a in place of x and a;^in the second equation (5), we shall 
obtain, by making 0 (a + a?) zz Fa?, 


Fa? : 


^ C ^ Fcc'dvc' 4 i ^ Fa?^ cos ~^ — ^ dx\ 
4aJ--.a 2a J— a 2a 


for all values of x comprised between ± a 
By making 

TT nx 

this equation way he wiittcn as follows, 

p® = ^ ^ ^ ^ 'Ex*dx!+ i S p®' cos u (x'— x) da^ e, 

3 V 
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in which we suppose that u is sl multiple of s? and that the 
sum S extends to all values of u, from w = e to m = But 
if the constant a becomes infinite, c the diffeience of the conse- 
cutive values of u will become infinitely small, and the sum S 
will be changed into an mtegral which should be taken from 
or w =0, to M = oc. Consequently, making a 
« =: dUf and substituting the sign $ for S, we shall obtain, by 
suppressmg the first term of the preceding formula, 


^ COS u (a;'— a?) do/^ du 


This important formula, which extends to all real values of the 
variable a?, positive or negative, q.nd is applicable hke the pie- 
cedmg, from which it has been deduced, to any function ft, 
whether continuous oi discontinuous, was first given by 
Fourier 



CHAPTER IV 


PRINCIPLE Ol^ \IRTUAL VELOCITIES 

329 In the simplest eases of the equilibrium of machines, 
the power and lesistance are lecipiocally pioportional to the 
spaces which then points of application would simultaneously 
desciibc, if the equilibrium was destroyed But, since m 
consequence of the connexion between the points of applica- 
tion, the spaces which these points would describe, if they 
weic entiicly fiee, is diffeicnt fiom the spaces that they ac- 
tually describe, in oidci that this relation may always obtain, 
the infinitely small spaces which are described in the first 
instant, should be replaced by their pi ejections on the diiec- 
tions of the foices. This i elation has been a long time lecog- 
nizcd 111 the case of simple machines , John Beinomlli afterwards 
extended it by induction to any system whatever of material 
points solicited by given foiccs , and, undei the denomination 
of t\\Q p) uiciple ofvutnal veloatieb^ it is now become the ge- 
neial principle of equilibrium Wc piopose to demonstrate it 
hcie in all its generality, after having fiist verified it, in the 
following examples 

1st Let (fig 79) a, a', a^^ . . be a senes of pulleys con- 
tained in the same block, and constituting a fixed system, and 
b, b'j n", • anothei senes of pulleys also contained in one 

block, and constituting a moveable system Let us suppose 
a thread attached to the inferioi extiemity of the fixed system, 
to be successively lolled lound all the pulleys bypassing alter- 
nately from one system to the otheu To the fiee extiemity of 
this thread let a weight p be suspended, which may constitute 


I 
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an equilibiium with a weight r suspended at the inferior 
pulley of the moveable system The tension of the thread 
will be the same throughout its entiie length, and equal to 
the weight p , moreover, if the diameteis of the pulleys be very 
small, relatively to the distance which separates the two sys- 
tems, the strings winch pass alternately fiom the one to the 
other will be sensibly parallel and vertical , consequently, the 
force which sustams the weight r will be equal to the sum of 
their tensions, oi to n times the weight p, n being the number 
of these strings , hence, in the case of equihbrium, we shall 
have 

R = WP 

Now, if the equihbiium is destroyed, and the weight r 
ascends or descends by a quantity a, all the stiings which ter- 
minate in the moveable system will be shoitened or lengthened 
by this same quantity. As the entire length of the thiead 
remains the same, the pait to which the weight p is attached 
will be lengthened or shoitened by n times this quantity a, 
hence if denotes the space thiough which the weight p 
ascends or descends, we shall have /3 =: wa, and, consequently, 

Ra = pj3 , 

which contains the principle of virtual velocities alieady ad- 
verted to 

2ndly. abc (fig. 80) repiesents the wheels and a'b'c' the 
mtersection of the vertical plane of this wheel and of the 
surface of the cylinder, in the machine caUed the axle m the 
wheel , o is the common centre of these two circumferences, 
and Aoc, a'oc' aie their horizontal diameteis. A thread coiled 
round the wheel is attached to one of its points, anothei 
thread attached to one of the points of the cylinder, is in the 
same mannei coiled round its surface. A weight p is sus- 
pended fi:om the first thiead, and a weight r from the second, 
these two weights tend to turn the machine in opposite diiec- 
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tions, and are supposed to be in equilibrio. This being agreed 
on, if to the point c' there be applied two vertical forces r' 
and r", equal, and acting in opposite diiections, the eqmb- 
biium will not be disturbed , if, moreover, these forces are 
lespectively equal to r, the force r", and the weight r, will 
constitute an equilibiium, foi theie is no leason why then si- 
multaneous action should cause the machine to turn in one 
direction rather than in the opposite , there must therefore 
be likewise an equilibiium between the weight p and the force 
r', which act perpendicularly to aoc' at the extremity of this 
lever, of which the point o is the fulcrum Hence, r denoting 
AO the radius of wheel, and i ^ oc' the radius of the cylinder, 
the equation of equilibiium will be (because r^iz: r) 

pr 11 / ' , 

Now, if the equilibiium is destioyed, and if the weight r 
lises or falls by a quantity a, while the weight p falls oi rises 
by a quantity j3, it is evident, fiom the nature of the machine, 
that we shall have j3/ ' = a/ , hence we infei 

Pj3 rz Ra, 

confoimably to the piinciple which it was pioposed to veiify 

3idly. Let a veitical .9c/edu be loaded at its upper extre- 
mity by aweight R, and let a hoiizontal wheel, having its centie 
in the axis of this screw, be adapted to its inferioi extremity, 
let then a thread be wiappcd on this wheel, and fixed to its 
circumfeience by one extremity, while at its other extremity 
a horizontal foice f acting in the duection of a tangent to the 
wheel, constitutes an equilibiium with the weight r. By 
placmg a fixed veitical pulley in the diiection of this tangent, 
we can give the thread a veitical diiection, and thus replace F 
by P a weight equal to this force, and attached to the fice ex- 
tremity of the vertical pait of the thiead. Denoting the in- 
teival between the thicads of the scicw by A, and by c the cir- 
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cumference of the wheel, we shall have, by the known condition 
of equihbrium in this machine, 

PC =: ah. 

The two weights r and p tend to make the screw to turn 
in opposite directions , if the equilibrium is destroyed, one of 
the weights will rise while the othei falls , and if the weight 
R rises or falls by a quantity equal to A, the inteival botv-eon 
the threads of the screw^ the weight p will fall or use through 
a space equal to c the cii cumference of the wheel, hence it 
follows, that, in general, denoting the spaces simultaneously 
traversed by the two weights R and p, by a and jS, we shall 
have ac = and, consequently, 

pj3 = Ra, 

conformably to the principle in question 

4thly. Let us considei the case of two weights, p and r, 
placed on tv 0 inclined planes, and connected together by a 
thread passing over a fixed pulley situated above the two 
planes, which aie supposed to rest against each other. Figure 
81 represents a vertical section of this system, ac is the 
length of the plane on which the weight r is placed, bc 
that of the plane which supports the weight p, ab is a hoii- 
zontal line, and cd a vertical line, equal to the common 
height of the two planes Let 

AC = a, BC = 5, CD = A , 

the component of r in the direction of ca will be r and that 

of p in the direction cb will he p^ In oidci that theie may 

be an equilibrium, these two components should be equal, con- 
quently, we must have 

pa = rA. 

II the equihbiium is destioyed, and the weight ii slides on 
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the plane cb by a quantity equal to y, the weight p will slide 
by the same quantity, but in a contrary diiection, on the plane 
AC 5 denoting by a the veitical height by which the weight r 
IS elevated or depiessed, and by /3, that by which the weight 
p is depressed or elevated, it is easy to perceive, that we 
shall have 


a 




and, consequently. 


Pj3 = Ra, 


as in the preceding examples , but in this case a and ]3 are the 
vertical projections of the spaces simultaneously described by 
the weights R and p, while, in the preceding case, a and j3 
were those spaces themselves. 

330 It appeals from No 40, that two foices which con- 
stitute an equilibrium, thiough the intervention of any lever 
whatever, are in the mveise latio of the infinitely small spaces, 
described in the same time by then points of apphcation, pro- 
jected on the lespective diiections of these forces. 

This relation, winch exists in the case of the level between 
two foices in equilibrio, is tiuc also when two foices, applied 
to any otliei machine, are in equilibrio Thus, if wc denote 
the powei and losistance which are in equihbiio, by the in- 
tervention ol any machine whatevei, by p and n, when an 
infinitely small motion is impi ossed on this machine, we shall 
always have 

Pj3 = Rci, 


|3 and a being the piojections on the directions of these forces, 
of the spaces which would be simultaneously desciibed by 
then points of application , it is necessary besides to take 
notice that one ot these piojections must be taken in the di- 
rection of the corresponding foice, and the other on its pio- 
duction, as is the case* in the level 

It IS only lequisite in practice, that the motion impressed 
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on the machine be very small By measuring' the lengths of 
the pi ejections [i and the ratio of the power to the resist- 
ance may be immediately obtained, without knowing anything 
of the particular construction of the machine 

331 This mode of expressing the relations between the 
power and resistance when they are in equihbrio, is not only 
true in the case of eveiy machine, but it maybe also extended 
to any number of forces whatevei in equihbiio Therefore, 
let M, m', m", &c 5 (fig 82), be a system of material points con- 
nected together in any manner whatever , let us suppose that 
the forces p, p^, &c , act on these points in the directions 
MA, mV, &c , if these points be made to undergo infi- 
nitely small displacements compatible with the conditions of 
the system, and if m this way they are tiansfeired to n, n', 

&c , and if finally n, n', n", &c , be projected on the lines 
MA, mV, &c , to a, a', a", &c , so that 

ua = p, mV m"a" = p", &c , 

then these projections &c., being consideied as po- 

sitive or negative, accoidmg as they fall on the dnections of 
the coiresponding forces, or on their productions, we shall 
have, when the equilibrium obtains, 

pp + py + P"'p" + &c. = 0, 

j and conversely, there will be an equihbrium, when this equa- 
' tion subsists for all displacements compatible with the con- 
ditions of the system 

The infinitely small lines mn, m'n', &c , are termed 

the virtual velocities of the points m, m', m", &c , because they 
are the spaces that would be simultaneously desciibed by the 
pomts of the system, m the very first instant m which the 
equihbrium is destroyed. 

It should be observed, that the principle of viitual velo- 
cities contamed in the foimula stated above,* furnishes merely 
the couditiOTis of equilibrium which may be expressed by 
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equations, but not those which aie lelative to the cliiections 
of ceitam forces, and to the extent within which they should 
meet a fixed plane (No 266) The motions compatible with the 
conditions of the system, which furnish the equations of cqui- 
Iibiium, are such, that motions directly contiary are equally 
possible Foi example, if a material point is placed on a 
fixed plane, the motion will be possible in every diiection 
taken iki tins ’plcine^ and also in the corresponding opposite di- 
rection, but perpendicularly to this plane, it can only have 
place in one sole diiection Now, the consideiation of the 
motions perfoimedin the plane, will furnish us with conditions 
of equilibrium which may be expressed by equations, and the 
consideiation of the peipendiculai motion will only deteimine 
the(dircction of the noimal force, which ought to be contiai\ 
to that of the possible motion In the general statement of the 
pimeiple of viitual velocities, it is implicitly supposed, that 
each of the motions compatible with the conditions of the sys- 
tem, and the diiectly contiary motion, are equally possible, 
and if the piecedmg equation be successively applied to thcs(‘ 
two motions, all the quantities &c., will change then 

signs, and theie will only lesultbut one equation of equilibrium 
If the foice i» is the lesultant of seveial given forces 
Q, q'j &c , and if &c., denote the piojections of 

MN on then <lnections, we shall have (Np^ 3£), 

vp zz Q,q + Q'q' + + &c. , 

so that we can replace in the preceding equation, the term ' 
relative to the foice p, by this sum of terms of the same natuie, , 
which lofcrto its components, and we may make the same 
substitution m case of the foiccs p, p', p^', &c , if they are also 
the icsultants of several othoi forces 

It appeals from No 39, that in the case of an isolated 
point, the principle of virtual velocities is a consequence of 
this last equation, whether the point m question be eutnely 
free, or whether it bo constiaiucd to xemaiii on a given curve 

3/ 
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01 surface. We proceed now to demonstiate this general piin- 
ciple m the case of any system whatever of mateiial points 
M, &c. 

332 Let us suppose that these points aie connected to- 
gether, either by inflexible rods, or by flexible thieads, of 
which the fiist must be firmly attached to these points, 
while the second traverse them like moveable iings In this 
last case, these points or rings are fiee to slide along the 
thieads that traverse them, which, therefoie, must be per- 
fectly flexible It is evident, that, after the given forces 
Pj P^ &c , are applied to the points m, m', m", &c , and 
the equilibrium is estabhshed, the threads which connect 
these points two by two, must each of them experience a 
paiticular tension, that is to say, each of these threads will 
be drawn at its two extiemities by equal and opposite forces, 
acting ill the directions of its productions, as has been al- 
ready stated m the case of the funicular polygon (No 285) 
The intensity of this foice will measuie the unknown tension 
which this thread experiences. Any thread that is not 
stretched, will contribute nothing to the equilibrium, and, 
therefoie, need not be taken into account 

The tension may vaiy from one thread to another, but in 
the case of two threads, that are the production, the one of 
the other, through a ring, the tension is the same, in these 
two parts of the same thread, which must necessarily expe- 
rience the same tension throughout its entiie length (No 289) 
Thus, foi example, if m is a rmg traversed by the thiead 
the tension of mm' is the same as that of mm" 

When several threads cross each other in passing thiough 
the same ring, the tension is the same m the two parts of 
each thread, but it may vary from one thread to anothei If, 
therefore, beside the thread m'mm", the thread like- 

wise passes thiough the ring m, the tension will be the same 
in the two paits mm"' and of this last thread, and, in 

general, it will be different from that of the two parts mm' and 
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mm" of the fiist thread And, if anothei thiead, such as mm^' 
should terminate at the same ring m, to which it is firmly at- 
tached, its paiticular tension will, generally speaking, he dif- 
ferent from the tensions of the other threads that terminate at 
the same point m 

It IS likewise to he observed, that if m' is a ring as well as 
M, and if the thread after having tiaversed the iing 

M, passes likewise through the ring m', and terminates at the 
point m''', the tension will he the same in the three thieads 
m"m, mm', m'm'", foi then these thiee threads constitute only 
one m"mm'm'" In geneial, when a thread is distiibuted into 
several parts by moveable rings, the tension is the same in all 
its parts. 

With respect to inflexible rods, when the equihbiium ob- 
tains, they aie drawn or pushed in the direction of their length, 
by equal and contrary forces, acting at their extiemities The 
common intensity of these two forces, in the case of each rod, 
IS the measure of the tension or contraction that it under- 
goes. If theie be any lods in the system which aie neithci 
stretched or contracted, they do not contribute to the equi- 
libiium, and, being useless, they may be suppressed Hence, 
111 what follows it IS assumed, that the lods or thieads which 
connect the dilFeient points of the system, are stretched oi 
contracted in the diicction of then length by unknown foices 

The advantage of the pimciple oi viitual velocities, con- 
sists in this, that it furnishes the equation of equilibrium in 
each particular case, without requiring us to compute these 
inteiior foices, but as the demonstration which we propose to 
give of this pimciple, is founded on the consideiation of these 
forces whose magnitude is unknown, the following notation 
may be advantageously employed to lepiescnt them. 

The tension oi coiiti action of the flexible oi inflexible 
tliicad winch connetts any two points jvi and m'oI the system, 
wull be denoted by [///, In this mannei [/>/, /a''], [w?', /w"], 
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5 Will lepresent the tensions or contiactions of thicads 
which connect m and m' and m'', &c. 

333 We must likewise considei the infinitely small v<iii- 
ations which the distances of the points m, m', m", &c , taken 
two by two, undergo, when only one of these points changes 
its position, and also when they are both displaced simul- 
taneously Denoting the distance between any two points 
M and m', m and m'', m' and m", &c , by m'), (^9 ^^'0^ 
( 7 n' 7 n'% &CC , if we employ the characteristic Si to denote 
the variations of these distances relatively to the displacement 
of the pomt m, the characteristic 8 / to denote those which 
obtain when it is the point m' that is displaced, the chaiac- 
tenstic 8 /' to indicate the variations ansing from the displace- 
ment of and so on, and finally, if the characteristic 8 be 
reserved to denote the variation of the distance of the two 
points, resulting from their mutual displacements, we shall have 

8 (w^, m') zz mm' — nn', 

81 (m, m') = mm' — nm', 

8 / (m, m') = mm' — mn', 

for M has been supposed to have been transferred from m to n, 
and m' from m' to n' 

, It is of consequence to observe, that the entire vaiiation 
indicated by 8 , is equal to the sum of the partial vaiiations 
indicated by 81 and 8 /, so that for any two points whatever, 
we have 

8 m') = 81 {m^ w!) + 8/ mJ ') , 

this equation obtains, because the displacements of m and m' 
are supposed to be infinitely small, and it is only true on this 
' hypothesis In fact, {mm!") is a function of the cooidinates of 
these two points , and when m and m' aie tiansferied to n and 
n', these variables experience infinitely small increments, 
positive or negative, now, if the poweis of these mciements 
higher than the first, be neglected, it is evident that the entire 
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increment of any function whatever ot these cooidmatesj is 
equal to the sum of the partial increments arising fiom the 
vaiiation of each coordinate separately; consequently, the 
entire variation of (m, m'), indicated by the characteiistic 8, 
must be equal to the sum of its partial variations which refer 
to 8iand 

334 What piecedes being admitted, let any point M, to 
which the given force p is applied, be considered. This point 
IS connected with the others hy the threads mm^, mm'^, &c ; 
it is, theiefoie, diawn or pushed m the direction of each of 
these tin ends by a force equal to the contraction or tension 
which this thread exponences ; so that besides the given force 
r, the point m is likewise subject to the action of as many other 
forces as theie aie tliicads terminating at this point. These 
inteiioi foiccs being thus taken into account, we may abstract 
altogethei Iiom the consideration of the threads which connect 
M with the othci points of the system, and legaid it as an, 
isolated point, which is in equihbrio, in consequence of the 
action of tlie foice p, and of the forces [w?, [m, &c 

If u IS a fixed point, no equation of condition will result fiom 
them, hut if it is entiiely fiee, oi if it is only constrained to 
remain on a given cuive or surface, we shall have between 
these forces, the equation of viitual velocities, which has been 
alieady demonstiated to obtain in the case of a material point 
in eqiulibno 

In oidei to foim this equation, let a point be taken in- 
hiutely neai to m, and appci taming to the cuive or smface on 
which M IS conbti allied to exist, if it is not entirely free If t 
&c , he the piojcctions of mn on the directions of 
the toices p, m"], &c. ; by No. 39 we 

shall have 

vp + [/;/, /w'] t -I-. lin, &c = 0- 

IJut, as the line mn is by hypothesis infinitely small, it is 
oasj to peiccivc that its projection on mm', is q p. the dif- 
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teience of the two distances mm' and nm', foi if horn the 
point N (fig. 83) the perpendicular nh be let fall on mm', the 
line MH will be this piojection, and we shall have 

MH = Mm'— HM' 

We have also, by neglecting infinitely small quantities of 
the second and higher orders, 

hm'=: ■/ (nm')®— (nh)* = nm', 
hence, therefore, 

MH = mm' — NM' 

According to the notation explained above, this equation is 

8i (m, ?»') , 

and in the same manner we shall have 

<'= S] (?«, m"), t" — §1 (jM, m'"), &c , 
consequently, the equation of equilibrium will become 

pp + [m, m'] 8i (m, m') + [m, ?»"] Si (m, m") 

4- [»*, »»'"] Si (m, m'") 4- &c. = 0 

In the case of each of the other points m', m", m'", &c , of 
the system, similar equations may be obtained, these equa- 
tions will be 

p'p' + \m\ »i].8i' (m', m) + [?»', m"] S/ (m', m") 

4- [m', }«'"] Si' (m', m'") 4- &c. = 0, 
p"p"+ m\ Si" (m", m) 4- [»*", »»'] S/' (m", m') 

+ [m", m'"] Si" (m", m'") 4- &c. = 0, 
p'y" 4- [m'", m] S,'" (m'", m) + [m'", m'] S/" (m", m') 

+ [3»"', »i"] Si"' (m'", m") &c =0, 

p', p", p"', &c , being the lespective vntual velocities of 
m', m", m'", &c., piojected on the directions of the given 
forces p', p", p'", &c., which act on these mateiial points. 
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We shall obtain, by adding these equations together, and 
by observing, that \m, ?«'] and (jm, m') are the same thing’ as 
m] and (»', m), and that the same is likewise tiue for the 
othci points m", m"', &c , 


vp 4* Vp' + v''p" •s"ip" _|_ &c. 

+ \m , »«'] S {m, m') + \m, m"] S (m, m") 

4- [»«, >»'"] 8 (JB, m'") 4- &c., 

4- [»«', m"'] S (m', m") 4- [m' w"'] 8 (in', m"') 
4- [tb", j«"'] . 8 (m", m'") 4- &c , 

4" 8cc » 0. 


(a) 


111 which the total vaiiation of each distance is substituted in 
place of the sum of its paitial variations 

335. In what precedes the displacements mn, m'n', m"n", 
&c , (fig 82), aic supposed to be independent of each othei , 
and in equation (a) it is only implied that these points have 
remained on the given suifaces oi cuives, on whieh they aie 
obliged to exist, but, il we suppose, m addition, that, in 
consequence of these displacements, the points of the system 
which aie connected by a lod, oi stietched thiead, have pre- 
served the same respective distances, we shall have 


8 (pi, m') = 0, 8 (hi, m") =0, 8 (m', m") = 0, &c , 

and equation (a) will be i educed to the following 

vp + vy + T"p" 4- r"'p'" + &c = 0, (b) 

which IS piecisely that of the piinciple of viitual velocities 
(No 331) 

If in the displacements of the points m, m', m", &c , those 
which aie rings slide along the thieads which tiaverse them, 
equation (b) will still obtain, ‘provided that the total length 
of these thieads does not vary Let us, for example, suppose 
that M IS a ring which slides along the thread m'mm'', then we 
shall have no longer separately 8 (m, ni') and 8 (m, ni") = 0, 
but we shall always have 
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§ {m, m*) + S (mj m'Q = 0, 

since the entiie length of the thread continues constant. But, 
in this case, as the tensions [m, m'] and [w?, m'^'] of the two 
paits of this thiead aie equal, the terms which contain these 
tensions in equation (a) may be written thus, 

m'] [S(m, m^) 4- S(w2, 

and, consequently, they destroy one another 

In geneial, when a flexible thread passes through any 
numbei whatevei of rings, the equal tensions of its different 
parts will disappear from equation (g^), as often as the entire 
length of this thread does not vary. We can, therefoie, finally 
infer, 

1st That the equation resulting from the principle of vii- 
tual velocities obtains in the case of all infinitely small mo- 
tions which can be impiessed on a sohd body, whether fiee oi 
constrained by fixed obstacles , for in all these motions, the 
lespective distances of the points of this body are invariable. 

2ndly. That this equation obtains also in the case of all 
the infinitely small motions which a system of points oi rings 
connected together by flexible thieads can acquiie, piovided 
that these threads remain straight or stretched When this con- 
dition IS not satisfied, all the tensions would not disappeai in 
equation (a), and, consequently, equation (b) no longer obtains ' 

336 It IS necessary likewise to demonstrate that, con- 
versely, when equation (b) obtains for all the infinitely small 
motions which can be impiessed on a system of points m, 

&c , the given forces p, p', &c , are in equilibrio, as has been 
already stated, (No 331). 

If for one instant it be supposed that the equilibrium does not 
obtain, the points m, m', &c , or at least some of them, will 
begin to move, and in the fiist instant they will describe simul- 
taneously light lines such as MN, m'n', & c., therefoie, all 
these points may be reduced to a state of rest by impressing on 
them suitable forces, acting along the productions of these lines, 
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in a diiection opposite to that of the motions produced ^ conse- 
quently, ifwe denote these unknown forces by R, R', &C.5 there 
will be an equilibrium between the forces p, p', p", &c , and 
R, r', &c , so that if /•, &c 5 denote the virtual velo- 

cities projected on the directions of these new forces 11, r', 

&C.5 we shall have, by the pimciple of viitual velocities that 
has been demonstiatecl, 

vp + p// -I- + &c 4 - R/ + rV' 4- R'/y " 4. &c zz 0 , 

01 simply 

nr + rV 4. r"/" + &c. = 0, (c) 

in viitue of equation (b), which is supposed to have place 
As equation (c) obtains foi all infinitely small motions 
compatible with the conditions of the system of points ivr, jm', 

&c 5 wc may select foi then viitual velocities, mn, 

&c , the spaces actually descubed m the same instant; hut as 
these lines aie laid oil on the pioductions of the diioctions of 
R, r', r^', &c 5 it follows that all the pi ejections /, r', y &c. 
will be negative, (No 331 ), and, abbtiactmg fioin the sign, 
equal to those vciy lines mn, mV, &c. In this case, 

then, all the toiins of equation (c) have the same sign, and 
consequently, then sum cannot vanish, unless that each term 
in paiticulai is equal to cyphei , hence wo shall have 

R MN = 0 , 11' m'n' zz 0 , 11" m"n" = 0 , &c 

Now, if the ])U)(luct R MN =r 0, we must have cithci n zz 0, 

or MN zz 0 ; m bolli which cases, it follows that the point M 

cannot move, it is the same with lespect to all the other 
points ; consequently tlie on the system is in oquilibuo , which 
it was pioposcd to dcinoustrate, 

337 In the case ol fluids, it will he shewn hcicaftci, liy 
means ol then fundamental propeity, that tlio pimciple of 
viilual velocities obtains likewise in tlie oquilibiium of a sys- 
tem of toices, the actions of winch aic tiansmitted by the in- 
teivention of a fluid contained m a canal oi vessel ol any foi in 

4 \ 
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whatevei. So that this piinciple of equilibnum, being' appli- 
cable in eveiy case, will have all the requued genoiahty , foi 
when material points are detached fiom each other, the only 
way in which the action of these foices can be transmitted 
from one point to another, is either by means of inflexible rods, 
of stietched threads, or of fluids contained in canals, and 
moieovei, if some of these points are immoveable, others pei- 
fectly free, and otheis constrained to exist on given cuives oi 
suifaces, the system of material points thus constituted will be 
the most geneial which there will be any occasion to considei 
Nevertheless, it will be perhaps not unnecessary to give 
another demonstration of the same principle, foi which wo 
aie indebted to Lagrange, and which is grounded on notions 
that are more elementary than the preceding , in fact, it is 
founded on the possibility of our being able to replace all the 
forces applied to any system whatevei of mateiial points, by 
one weight acting in a manner which we now piocecd to 
explain 

338 If a point m (fig. 84) is solicited by a foicc i> acting 
in the dnection of the line ma, we may, in the fiist place, 
suppose that this force is applied to the point a, and that it acts 
by means of a cord ma attached to this point m Wc may 
then substitute for this cord, a thiead whidi is alternately 
rolled round a fixed and moveable system of pulleys, and is at- 
tached by one of its two extremities to one oi othci of these 
two systems, that which is fixed being supposed to lefer to 
the point A, and that which is moveable to the point m If at 
the free extiemity of the thread, a weight k is suspended vei- 
tically, its tension throughout its entiie length will be equal 
to K If the dimensions of the pulleys be supposed to be in- 
finitely small, the tensions of all the parts of this thicad, which 
terminate at the moveable system, will have the same direc- 
tion, and, denotmg then numhei by z, then lesultant will be 
equal to zk, which will act at the point m in the direction of 
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iSiA , consequently, if =: p, the action of the toice p may be 
lepldccd by that of the weight k 

The same will be the case with lespcct to the othei foiccs 
v'y &c 5 applied to the points m', &c , and acting in 
the diiections m^a', &c , each of them can be replaced 
by a weight equal to a submultiplc of its intensity, and acting 
111 the maiinci that has been explained with respect to the 
foice p Moreovei, it is easy to peiceive that, as is lepre- 
sented in figuic 85, we can always make the same thiead to 
pass successively ovci all the fixed systems at a, a', a", &c., 
and ovei all the moveable systems attached to the points 
M, m', m'^, &c Hence if wo make 

zz P, ^'K = p', ?"k zz v'\ &c (d) 

?, &c , being whole numbeis, wo can, by suspending the 
weight K at the fice exticmity of this tin cad, icplacc the system 
of given foiccs &c , by this weight, the action of 

which will be tiansmitted to the points m, m', M",&e , thiongh 
the in toi volition ol this thioad, and of the fixed and moveable 
systems Indeed, it is implied in equations (d), that the foices 
p, p', p^^ &c aie commcnsuiable , but this hypothesis is always 
admissible, because thou common measuie k may bo a weight 
as small as we please, and even, if nocessaiy, infinitely small(r) 
339 Let us now conceive that thcic is inrqncssed on the 
points M, m', m'', &c , a motion which, as also the dnectly 
coiitiaiy motion, may be consistent with the conditions of the 
system , aftci an infiiutely small poition of time, let n, n', n", 
&c , be thou positions, and let, as bcfoie, p, //, j)", &c , denote 
the piojections of mn, m'n^ m' n'^, &c. on the diiections of 
p, p', p", &c , or on then pioductioiis. The point n being 
pi ejected at a on the light line ma, each of the coids which 
issue fiom a to jvi will be shoi toned by a quantity am — an, 
which, if infinitely small inciemeuts of the second oidei be 
neglected, may he considoied as equal to ua , on the othoi 
hand, this cold will be lengthened by a quantity equal to Ma, 
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if tlie point a falls on the pioduction of am j hence it follows, 
that in consequence of the displacement of m, the weight k 
will descend in the first case, and ascend in the second, by a 
quantity equal to the product of Mct and i , which implies, 
agreeably to what was stated relative to the sign of p, (No 
331), that, in consequence of this sole displacement, the posi- 
tive or negative variation of its veitical height will bo ex- 
pressed by The same will be the case with ic&pect to all 
the other points m', &c , consequently, if Z, be an infi- 
nitely small quantity that represents, according as it is positive 
or negative, the entiie quantity by which the weight k de- 
scends or ascends in consequence of the simultaneous dis- 
placements of all the points of the system, we shall have 

? zz + i'p' + + &c 

Now, when the weight k tends to descend, as it is the only 
force which acts on the system, it is evident tliat nothing will 
prevent it from pioducing the motion in question, il this value 
of ? IS positive , and that, if it is negative, nothing will pie- 
vent the weight k fiom producing the diiect contniry motion, 
which is supposed to be equally possible, and foi winch the 
Sign of ? must be changed It is therefoic necossaiy, in ci- 
der that the eqmlibiium may obtain, that ^ should be equal to 
zero Conversely, as the weight k cannot produce <iny mo- 
tion whatever, without descending by an infinitely small quan- 
tity m the fiist instant, it follows that it will not pioduco any, 
and that if ^ =z 0, the equilibrium will obtain foi all the infi- 
nitely small displacements of the points m, m', &c., which 

aie compatible with the conditions of the system 
Now, if K be multiplied by the equation 

ip + + \'*p” + &c z: 0, 

which is necessary, and suffices to insure the equilibiium, it 
will be changed, by having regaid to equations (d), into 
equation (b), which is that of the pnnciple of vntiial velo- 
cities, it was pioposed to ohtam 
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340. In this demonstration it is not assumed, as in the 
foimer, that the pimciple has been previously demonstrated in 
the case of an isolated mateiial point If the system he re- 
duced to one sole point m, to which the forces PjP'jP'', &c , 
given in magnitude and position, are supposed to be applied, 
wc thould substitute for their simultaneous action that of one 
sole weight K, as in No 338 ; and, in the case of the equihbiium 
of these foices, the piinciplc of virtual vcloci-ties may he de- 
duced fiom this substitution by the same mode of reasoning 
as 111 the case just considered Now, this piinciple will at 
once furnish the equations of equihbiium of the point m, con- 
strained to remain on a curve oi a surface, oi which may be 
cntiioly fice, (No 39) In tins last case, if one of the forcesj 
bo considcied as hciiig equal and conliaiy to the resultant of 
all the others, the lules of their composition and resolution, i 
and also the thcoiem of the parallelogiam of forces may be de- 
duced from it. By applying tins piinciple to the cquihhrium of 
thicc paiallcl foiccs, one of winch is consequently equal and 
contiaiy to the resultant of the two others, the rules of the 
composition and lesolution of parallel forces may, in like man- 
ner, be deduced 

We may also, without difficulty, infei fiom the general 
principle of virtual velocities, the equations of cquilihrium of 
a solid body cntiiely free, which have hcen alicady ohtainccl 
in aiiothci maunei in No. 2b0. 

In fact, wo can, in the fiist place, suppose that all the 
points of this body desciibe light hues mutually equal to each 
otlici, and paiallcl to one of the axes of the cooichnates Dc^ 
noting the length of those lines hy Ih j 

tlic angles which their conunon diiection makeb with the di 
leetions of the given forces, we shall have 

p zz Acosrt, == Acosa^, j/' = A cosa^\ &c , 

foi the virtual velocities of M, &c , the points of the 

sohd body, pi ejected on the diicctioiib of the foiccs 



550 


PllINCIPLE or VIRTUAL VELOCITIES 


&c 3 ^vhlch aie applied to these points ^ therefoie, il those va- 
lues be substituted in equation (b), we shall obtain, by sup- 
piessing the factor A, which is common to all the tcims, the 
equation of equihbrium 

pcosa + p'cosa' 4- p^^cosa^”' 4- &c. z: 0 

If the motions of the body parallel to the two otlici a\es 
of coordmates be respectively consideied, two othei oqiuitioiis 
of equihbrium similar to this may be obtained in the same 
manner. 

We may also cause the body to turn about one of the axes 
of the coordmates In order to obtain the equation which 
corresponds to this motion, let the coordinates of the points 
M, M , M"'', &c , and the angles which the diiections of the 
forces p, p^, &c, make with those of these cooidinates, be 

denoted by the same letteis as in No 260 If the lotation 
takes place about the axis of each of these points will dc- 
sciibe an arc of a cucle parallel to the plane of the axes of cu 
and y, the radius of which will be the perpcndiculai let fall 
from this point on this axis Moreover, as the body is sup- 
posed to be solid, and theiefoie all its points to bo fiimly con- 
nected togethei, by the nature of the solid body, the angle 
described by this perpendicular will be the same foi all its 
points. If, therefoie, it be supposed to be infinitely small, 
and denoted by w, and if r',?", &c denote the distances of 
the pomts m, m', m'', &c , from the axis of then lespcctive 
viitual velocities will be r'W', &c , and if g, S', S", 

&c , denote the angles, either acute or obtuse, which the di- 
rections of these velocities make with those of the foicos 
P j p , &c , there will result 


p - 7 wcosg, p' ZZ /'wcosg', p" = /"a)cos8", &C , 

foi the expiessions of the projections of these same velocities, 
on the directions of these foices. oi on their productions, 
i oreovei, if B,i,c be the angles compiised between the 
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tliiection of the velocity uo and the parallels to the axes of 
ir, i/, drawn thiough the point m , the same angles lelative 
to the dncction of the foice p being aj jS, y, we shall have 

cosS = cosacosct + cos5cosj3 + cosccosy, 

but because rw is m the diiection of a tangent at the point m 
to the circle, the centic of which is in the axis of z, it is easy 
to peiceive that 

cos5 ± cosa = ip cosc z= 0, 

/ T 

and, consequently, 

rwcosSiz: ± (acosjS— ^osa) w 
In like manner we shall have 

y = ± (aj^cosjS' — 2 /' cos 

yj" ± (ai"cos/3"— 2/"cosa'0w> 

H- &c 

The signs will depend on the diiection of the rotation, wc 
should take the superior oi the mferioi signs in all these 
values at the same time , therefore, if they be substituted in 
equation (1), we shall obtain, by suppressing the factoi ± w, 
which IS common to all the terms, 

p {x cos|3 — y cosa) + y/ (ic'cos )3' — ij cosa') + &c =0. 

This equation ot equilibrium is that of the moments with 
lespcct to the axis ot ;r, about which the motion has place , the 
equations ol the moments, with respect to the axes of the co- 
ordinates of X and ?/, may be obtained in the same mannci, by 
making the solid body to tuin successively about these two 
right lines 

341 Equation (b) may be made to assume another foim, 
which will render it of easiei application m particiilai cases. 

For this put pose, let r, y, sr be the coordinates of the point 
M in its position of equihbiium , ^ 
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what these become, when this material point is transferred toN 
a point infinitely near, x, y, z, the components of the force p 
in the directions of the pioductions of a;, p, z, estimated posi- 
tively , these infinitely small quantities Sz, Sz will be the 
projections of the viitual velocity mn on the directions of 
X, T, z, and ifp denote, as before, its projection on the di- 
lection of p, we shall have (No 331) 

pp =r xSx + ySy -f zSz 

If the corresponding quantities which refer to the points 
m', m", &c., be denoted by the same letters with accents, we 
shall also have 

p'p' = x'Bv' + y'B/ 4- z'Sz', 
py'=x"Sr" -1- Y"gp’' + z"gz", 

&c 

By adding these equations to the preceding, we can wiitc 

rp + P'p' + p"p« 4- &c = S (xSaj + xSt/ + zSz) : 

the sum S being supposed to extend to m, m', m", &c , all the 
points of the system, and it, consequently, consists of a num- 
ber of similar parts, equal to that of these points By this 
means, equation (b) will assume the foim 

S (xSa: 4- rSp + zBz) = 0, (e) 

which it was proposed to give it 

Now, whatever be the connexion between the pomts of the 
system, it may be always expressed by one oi more equations 
between their coordinates Therefore if l, l', l", &c , be given 
functions of x, y, z, x', y', z', nc", &c , oi of a part of these co- 
ordinates, and if we suppose that these equations are 

L = 0, i/=zO, l" = 0, &c, (f) 

then as the simultaneous displacements of all the points of the 
system must be compatible with the conditions to which it is 
subjected, it is necessary that the coordinates x, y, z, x'y', &c., 
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of M, m", &c 5 and a;-|- Srt, y -f- 8y, 2; + x' + » the 

coordinates of n, n', n", &o , should successively satisfy these 
equations, consequently, if infinitely small quantities of the 
second order he neglected, we shall have 


+ + £ 8 *' + «'«=». 

&c 


(g) 


If the direction of the displacements of all the points of 
the system be changed simultaneously, the signs of Sa?, Sy, §2:, 
Si\ &e 5 will be dll changed at the same time, and these equa- 
tions will be still satisfied , so that the infinitely small motions 
to which they lefer, and the motions directly contraiy, are 
equally compatible with the given conditions, as is implicitly 
supposed in the geneial statement of the pnnciple of virtual 
velocities, (No. 331). 

This being established, by means of these equations (g), 
there can, in each case, be eliminated fiom equation (e) a num- 
ber of the quantities gx, gy, Sz, Sx', &c , equal to that of equa- 
tions (f ) , those of these quantities which will afterwards remain 
in the fiist member of equation (e), will be independent of each 
other , consequently their coefficients may he put separately 
equal to cipher, this will furnish all the equations of equih- 
hiiiim of the system, the number of which will be equal to 
thiee times that of the mateiial points M, m', &c , minus 
the number of equations (f).. When the positions of these 
points, that is to say, the values of their cooidmates a?, y, z^od\ 
&c , aie given, it is necessary that the components of the 
foiccs p, p", &c., should satisfy these equations ol equili- 
brium; when, on the contrary, these forces being given in 
magnitude and diiection, the positions of the points of the 

4 B 
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system are unknown, these same equations, combined with 
equations (f), will enable us to deteimme all their coordinates 

342, As equations (e) and (g) are lineai with lespect to 
Sr, S^, Sz, &c , the elimination of a part of these quan- 
tities may be effected by the usual method, i e by adding 
these equations together, after having multiplied equations (g) 
by indeterminate factors, and then, making in this sum, the 
coefficients of the quantities Sa;, S^, dz^ Sx'y &c , which it is 
proposed to eliminate, equal to cipher As the coefficients of 
the remaining quantities must be likewise equal to ciphei, it 
follows that the coefficients of all the quantities 8v, 8y, Sz, So;', 
&c , should be indiscriminately put equal to cipher, in the 
sum in question , hence there will result a number of equa- 
tions equal to that of the coordinates, between which there will 
remain, in each case, indeteiminate factors to be eliminated, in 
ordei to obtain the equations of equihbiium of the system. 

If we denote the factors by which equations (g) should be 
multiplied, by X, X^ X^^, &c., we shall have, by what precedes 


. dh , . dL' . rfu" 


dx 


V dh . dh' , dh" 

z+X ^ + + = 0, 


dz 


(p) 


foi the equations aiising from the coefficients of g®, Sy, Sz , in 
like manner we shall have 


/ . \ . ...dh" 


dx' 




(h') 


for those which arise from the coefficients of Sx', Sy', Sz' , and 
so on 
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Instead of simply elimmating X, X^', &c , their values 
may be obtamed by means of these equations, and vvc now 
proceed to shew how we may deduce from them, in mag- 
nitude and diiection, the foices arising* from the connexion ot 
the points of the system, winch act on all these points, and 
constitute an equilibrium with the given forces p, p', p", &c 
The dcteimination of these unknown forces is an important 
part of the pioblem of equilibiiutn, the geneial and complete 
solution of which will be found thus compiised in equations (f ), 
(h), (h'), &c , taken together. 

343 If all the points of the system, minus the poinl m, 
he rendered fixed, the cqiiilibiium will not be distuibed In 
virtue of equation l 0, the point m will be then con- 
strained to move on the surface of which l = 0 is tlie equa- 
tion, and ill winch the cooidmates .u, 0 , aie the sole vaii- 

ahles Now, if the resistance of this suiface be denoted by 
it will act in the diioction of one ot the two paits of the noi- 
mal at m, and wc can substitute for this suiface, or the equa- 
tion ol condition l = 0, tills unknown foice In like man- 
ner, we can icplacc l'= 0, by aloice jlc^ acting peipeiulicu- 
laily to the suilace which belongs to this equation , l" = 0 
by a foice fXj, noiinal to the coiiosponding suilace, and so on; 
therefoie, if these noiiHiil foices /x, ju,, &c , bo joined 
with the given foice p, oi its components x, y, z, the point m 
may be icgaidcd <is altogctliei free and isolated Conse- 
quently, il ay by Cy denote the angles which the direction ol 
the foice jix makoH with lines parallel to the axes of x^yyZ^ 
drawn tliiough the point m, and if ai, &i, Cj, be the same angles 
relative to the foice jui, and so on , wc shall have 

X -b ft cos ^7 -1- m, cos 4- fi„ COR a,, + &c =0, 

Y + fi cosh fif cos + /X// cos hj, +• &c 0, 

z + ja cobc + fx, cose, 4- /x,, cos 4- &c rz 0, 

foi the three equations of equilibiium ot the point m. More- 
ovei, if, in order to abridge, wc make 
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+(!)+©■. 

■j^ &c 


'we shall have also, by known formulae (No 21), 




1 dh 


1 dh 

V dx^ 

cos 6 

1 

II 

cos C =: 

V dz' 

_1 dL' 


1 di/ 


1 diJ 

Vi dx^ 

cos b, 

II 

1 

COS Ci = 

'’v,d^' 

^ 1 d-L" 

cos 

_ 1 dL" 


_ 1 du'' 

Vji dx ’ 

~ •«'// dy ’ 

COS 

v„ dz 


&c« , 


by means of which, the three equations of equilibiium will 
be changed into the following 


V djc Vi dx v/i dx 


vdi/ 


V, dy v,, dy 


V dif V, dz Vij dz * 

Now fiom a compaiibon of these equations with equations 
(h), with which they are identical, it appears that 


fX = vX, llj = V^X', fXi, = &c 

Thus, lelatively to the point m, the forces which aiisefiom 
its connexion with the other points of the system, arc expressed 
by the products vX, V/A"» &c , as these forces must be 
positive quantities, the radicals v, &c , must have the 
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same signs as the quantities X, X,, X,,, &c., and their directions 
will be completely determined by equations (i). 

If, m the same manner, /i', &c., denote the foices 

arising from the connexion of the system, which act on the 
point m', and are noimal to the different surfaces on which it 
is constrained to exist, when all the other points m, m'', m"', 
&c., arc fixed, we shall find 

fi'zz v% v/X', jLC;/ = &c , 

in which, in order to abridge, we suppose 



Similai expressions may be obtained for the forces relative 
to the points m", m'", &c 

344. It appeals Irom a comparison ot the values of fi an 
ja', that 

^i/= fji'v , 

SO that they aie as the quantities v and v'. When, therefoie, 
two mateiial points M and m' arc connected together, and also, 
if we please, with any number whatevei of other points, by 
an equation l 0, there lesults in the state of equilibrium, 
the foices fi and jn^ applied to m and m', the magnitudes of 
which aie as v and v', and these forces make with the axes of 
the coordinates, angles whose cosines are 

I dh 1 dij 1 dt 
V dx^ V df/* V dz^ 

for the loice ju, and 

Wl 1 dh 1 dh 
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lor the force |u'. The direction and magnitude gf these' loues, 
depend on the sign and magnitude of X, ■which in each cast* inav 
he deduced from the equations of equilihiium 

The consideration of the suifaces on ^vhlcll (mcIi of tlie 
points of a sjstem are at liberty to move, wlieii «dl the 
others are supposed fixed, deteimiiics the iioinial dneetions ot 
the forces ansmg from the connexion of these inovtMhh's, loi 
each of the equations by which this connexion is expiesstnl 
(No 290), but we cannot deduce fioin them any lelation 
between the forces relative to two inateiial points conneefed 
together by the same equation , and it is the ])iinciple of vir- 
tual velocities, or equations (A), (A'), &c, that have been de- 
duced fromit, which enables us to determine this latio a pt loi 
in the case of equilibiium 

345 For an application of these foimuhe, let ns consnlei 
the case of the funicular polygon, which has been alieady dis- 
cussed in the first section of the picceding chaptei , <ind h*( us 
suppose that the mateiial points m, m', m", &c , aic the suc- 
cessive summits of this polygon 

If Z, Z', &c , be the given lengths of the sides mm', m'm", 
&c , equations (f) will in this case be 

L = V {x—xf 4- {y-y'Y + {z~zy — / = 0, 

l'z= ■/ {x'—x"f + iy'—y") + {z'~z"y ~ r — 0, 

l" = V {x"—x‘"f \ [z"-z"‘)-— I" = {), 

&c , 

hence there will result(J) 

a;' a' — 

di~ I ’ dp~~ '(Up ~ 1 ’ ’ 

— — _ ^ — V—y' d'L'_ ^ (h! _ y'— yf' ^ 

dy dy'~ I ’ dy'~ dy'' ’ 

dh ^ dh z — z' d\I d\J z' j?'' 

dz^ dzf Z ’ ^ “ T ’ ’ 
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and all the othoi paitial diflerences of l, l', l'', &c , which 
occur in the pieceding foimulce, will be equal to cipher, 
lu the case of the two pomtb m and m', we shall have 


y— V' ± I5 fi = fX'=±X, 


ill which the superior 01 iiifenoi signs should be taken, accoid- 
ing as the value of A is positive or negative From this and 
the preceding equations, we may infer that the points m and 
M', will be solicited by equal and opposite forces, acting either 
in the direction ol the line mm' or of its productions, and the 
quantity A will, abstracting from the sign, expiess the com- 
mon intensity of these foices. The same will be the case 
relatively to the points m' and m", m" and m'", &c., so that 
in the state of equilibiium, the quantities X, A', A", &c , will 
express the con ti actions 01 tensions of the successive sides 
mm', m'm", &c Since, by equations (1), we have 


cos a = 


os — t' _ . y — y 

— j — , cos J = ± cos c = 




in winch the suporioi 01 iiifeiioi signs should be taken, accord- 
ing as the value of A is positive or negative, it follows, foi 
example, that the ioico apphed to the point m will be directed 
from M towaids m', and will express a conti action of the side 
mm' when this v<iliic is negative, and, when this value is posi- 
tive, this foice will act in the opposite diiection, and expiess a 
tension, and will indicate that the stung is stretched. One 
or othei of these cases is possible, if the sides of the polygon 
aic inflexible rods, joined by hinges, and the second case can 
alone obtain, it the sides arc flexible thieads 

Equations (h), (h'), (h"), &c. may be wntten as follows 
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principle of VIRIU^-L VELOCiriES. 


..+ v(i^)=x»(^), 
,»+x{^ = x«(^). 


It appears from a consideration of the tliree fii&t, that the 
tension X is the resultant of the forces x, y, z (c) By adding 
them to the three following, we shall obtain 



Y 



which shews that the tensioa X' is the resultant of \', y', z', 
and of the forces x, y, z, transferred to the point m, parallel 
to themselves By proceeding in this manner, we shall ob- 
tain, for the tension of any side whatever, the same value as 
in No 287. 

The numbei of summits m, m', m", &c , being denoted by 
n, that of the preceding equations will be 3 n, and that of the 
tensions X, X', X", &c , will be equal to » - 1 (d) Tlierefoi e if 
these quantities be ehminated, there will result 2 w -f- 1 equa- 
tions of equihbrmm, which combined with I, V, I", &c , the 
M - 1 given lengths of the sides of the polygon, will be suffi- 
cient to determine the 3w coordmates of its summits, and. 
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consequently, its figuieof eqmlibiiura. But this mode of do- 
termming the figure, &c , is attended with no practical advan- 
tage , it IS therefore prefeiable, as has been done in No 286, 
to trace the sides of the funicular polygon successively, by 
means of the given magnitudes and diiections of the forces that 
act at its different summits 

346 In the case of m, m', m", &c , any system whatevci of 
matenal points, if the given forces which aie applied to these 
points, arise from their mutual at ti actions or repulsions, or 
from similar forces which emanate from one oi more centres, 
we shall have 

S (xdiT + Ydxj 4- zdc) y, z, a;', y\ z', &c ) , 

in which (j> denotes a given function of the coordinates of 
M, m', ivi", &c , dependent on the law of these foices in a 
function of the distances 

In fact, with i espect to loi ces emanating fi om fix:ed cen- 
tres, this follows horn what has been established m No. 138 
Moreovei, let v expiess the mutual action of m andiw', which 
we will suppose to be attractive, let also ti be then mutual 
distance, so that u may be a given function u, it will be 
e'^epressed by the equation 

'»')® + 

The cosines of the angles which MM'" makes with lines diawn 
through the point m, in the diicctions of the positive axes of 
a, y, will be 



if these be lespectively multiplied by u, we shall obicun the 
components of this foice applied to the point m, and acting in 
the direction jmm' Those of the same foice u, applied to the 
point m' in the diicction m'm, will be equal and conliaiy, 
hence it follows that the pait of the sum S which aiiscs liom 
the action and leaction of m and w', will be equal to 

1 c 
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^ [{%'^x) (dx-rfrO + (y'-y) (dz-dz')] 

But, by differentiating the value of there results 
tiduz:z(x^—Ob) (dx'— dx) + (2/'“ y) (dy'—dij) -f {z' — z) {dz'— dz ) , 

fiom which it IS evident that the pieceding quantity is equal 
to — vdu, that IS to say, to the differential of a lunction of w. 
Similai expressions may he obtained for the parts of the sum 
S, which arise from the mutual actions of the other points of 
the system; consequently, its entire value will consist of terms, 
all of which will be exact differentials, and this value will be 
also the differential of a given function of the coordinates of 
all these points. 

In virtue of equation (e), this function, which we will de- 
note by 0, will be a maximum or a minimum^ lelatively to the 
values of thecooidmates that belong to a position of equilibiium 
of the system; and, conversely, if the mixrczmzm 01 of 

the function ^ be determined, regard being had to the equations 
(f) which may exist between the coordinates, the values that 
will be obtained for these variables, will rcfei to positions of 
equihbrmm Hence it follows, that when the system of points 
M, m', m", &c. is m motion, in which case their coordinates, 
and consequently, the quantity 0 are functions of the time, 
this function ^ will attain its maximum or minimum^ whenever 
the system passes through a position m which it would lemaiii 
in equihbno, if the points of which it is composed had not 
any acquired velocity. 

347 There is an essential difference between the maxi- 
mum and minimum of the function which, as it is of conse- 
quence to take into account, we now proceed to explain 

The state of equihbnum of a body or a system is said to 
be stable^ when, if the moveables be made to deviate, evei so 
little, from their positions, they tend to reveit to them, by 
makmg small oscillations which eventually, the frictions, and 
the resistances of the media in which they move, render 
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insensible, or finally cTctinguish. The equilibiium is instable 
or imtantaneoui, when the body, or system of bodies, being 
made to deviate a httle fiom it, recedes more and more horn 
this position, until it finally tennmates by being turned upside 
down If we assume that theie is no friction, which does to 
a certain extent retain the bodies in their positions, this second 
state of equilibrium is a case puiely mathematical, that can 
never be observed, since the least disturbing foice is suflScient 
to destroy it 

This being estabhshed, the equations furnished by the 
pnnciple of viitual velocities, oi, what is the same thing, by 
the condition of the maximum oi minimum of the function 
are common to these two states, but the maximum lefers to 
the case of stable, and the minimum to the case of instan- 
taneous equihbrium; and this is, in fact, what will be shewn lu 
a subsequent chaptci, when the nature of the motion that has 
place when a system of material points is made to deviate fiom 
any state of equihbnum will be consideied At piesent, wc shall 
content ourselves with fuinishing examples of these two states 
of equihbiium in the case of a system of heavy bodies, and 
with pointing out a icmaikable piopeity of its centie of 
gravity. 

348. Let gravity be supposed to be the sole force applied 
to the points M, m', m", &c , which are the centres of gravity 
of bodies, whose weights are denoted by w, id', w", &c , then 
as this force is veitical, and acts in the duection of the weight, 
we shall have 


/ = 6), 7 / = m ’, z" = w", &c , 

the other components will all vanish, and tlioic will icsult 
dip =: udz + w'ds! + w''dz" -f- &c 

But if n denotes the sum of the weights w, w', w", &c , 
and z-i the veitical ordinate of their centre of gravity, diavvii in 
the duection of the giavity, we have likewise ('No 64), 
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zz ci)-c; + w'-'+ , 

consequent! Vj there lesults 

d.(^ zz iitfejj (ji zz c “}“ 
c being an arbitiaiy constant. 

From this it follows — 1st, that the ordinate Zi is a 
quantity which should be eithei a maximum oi iiiinmum, 
when the system is m equihbrio, and conversely j Sndly, that 
the maximum of conesponds to the case of stable equi- 
librium, and its minimum to the case of instantaneous equi- 
librium 

Thus, the condition ot equilibrium of any system what- 
ever of heavy bodies, consists in this, that the centre of gravity 
of the entile system is the lowest or highest possible, the 
lowest, when the equihbnum is stable, and the highest when 
it IS only instantaneous, 

349 It follows from this theorem, that if a heavy chain 
attached by its extremities to fixed points, is in equilibno, its 
centre of gravity will be the lowest possible , this agrees with 
the result of No 296 

If a heavy material point is placed on a cuive, and if in 
several points of this curve, the tangent is hoiizontal, the ver- 
tical ordinate of the material point, estimated in the direction 
of gravity, will be a maximum for those of its points, in which 
the concavity is turned upwaids, and a minimum in the case 
of those points toi w^hich the concavity is directly opposite , 
consequently, the first will be positions of stable, and the last 
positions of instantaneous equilibrium 

If a homogeneous heavy ellipsoid lests on a fixed hori- 
zontal plane, its centre of gravity or of figure will be the 
lowest possible, when the ellipsoid touches the fixed plane in 
one of the two extrenuties of the least of its three axes , and 
in this case the equihbnum will be stable When it touches 
it in one of the two extremities of the greatest of its three 
axes, its centre of giavity will be the highest possible, and the 
equilibiium will be only instantaneous 
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Finally, if the point of contact is an extremity of its mean 
axis, the elevation of the centie of gravity will be a minimum 
for one part of the sections of the body, and a maximum for 
the other sections , consequently, the equilibrium will be 
stable or instable according as the displacements have place in 
the direction of the fiist oi last sections. As what has been 
now stated is evident a pnori^ it will enable us to verify the 
theorem of the pieceding number 

Let us now suppose that two homogeneous heavy liquids 
are poured into a vessel , if the surface of separation and that 
which terminates the upper liquid are lespectivcly hori- 
zontal^ and if this hquid be the one which has the least den- 
sity, the centre of gravity of these two liquids will be the 
lowest possible ; for it is easy to perceive, that if one or other 
of these two surfaces be inclined oi curved, the centie of 
giavity of the system will be always elevated. These tvo 
surfaces being always hoiizontal, if the less dense liquid be 
below the other, in the same manner, it will appear that the 
centre of gravity of the system will be the highest possible. 
Consequently, in oidei that these fluids may be in equilibiio, 
it IS necessary and siifhcicnt that each of them be teimmatcd 
by a hoiizontal plane , but in ordei that the equilibrium may 
be stable, it is moreover iieccssaiy that the densest liquid 
should occupy the inferior pait of the vessel When the dif- 
ference of the two densities is inconsulci able, it is possible, 
by talcing proper piecaution, to make the dcnsei liquid float 
on the other, but this instable equihbiium can only maintain 
itself sufficiently long to be observed, in consequence of the 
fiiction of the two liquids against the sides of the vessel. 




NOTES 


INTRODUCTION 


(a) As theie are ninety degiees in thequadiant of the ciicum- 
ference, theie must be 90, 60, or 5400 minutes, and 5400,60, or 
82400 seconds in it. 

(h) By stating this proporition we have 


U3 32400^' 


nr 

2 


32400'^ 2n 
nr ’ 


and by substituting the value of nt given in the te\t, we shall obtain 
the expression foi w. 

(c) In fact, if A, a', A'', be the projections of a given area I on 
these planes, and if i', be the respective inclinations of I on these 
planes, by what as been just established, wo shall have 


A = ^ cos X' = ^ cos t'. A" = c os i" , A* + + A'^* = 

P (cos^ % + cos® 4“ t") = since cos^ ^ + cos® i' + cos® zz 1 

See No 281. 


(d) See on this point Le Joninal de VEtoie Polxjtechnique^ 
18th number, page 320 

((?) By substituting in the cxpicssion foi r5— la, the values 
which have been deduced foi its second and thud terms, we obtain as 
5^, &c. are neglected 

rb-Ta-S2Xa-{-iS) + i;i(Jb-/,0-iS>(fb-fa)+ (J'b-J'a-), 

which IS evidently equal to the value of pZ»--T'« given in text , and if 
be expiosscd in a series, there results by obhteiating the 
5 Cb 

teim g/«, the expression for given in the text 
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NOTES. 


(J') When one of these equations is taken fiom the other, then 
difference, which is equal to cipher, becomes 


x)dA, 4 - 2 (y--y)^ 2 / 4 " + 

but dx\ d^^dss\ being infinitely small quantities of the second ordei, 
may be neglected 

{£) By Taylor’s theorem, if «= p^, when x receives an incre- 
ment dx, and w becomes -w', the value of V expressed in a senes is 


“'=« + — + To + 


d^u 


12^1 23 


■ &c 


if «z= cos a, when ol, receives an inciement and becomes a', then 


cos a' = cos a + 


d cos a . d^ cos a , d} cos a 


1 


1 2 


1 2 3 


+ &c 


Now if in the value of sin® ^ given in the text, we substitute foi 
cos a', cos ]3', cos y', their values, and omit all terms in the resulting 
expressions after the thud, as involving mfimtcly small quantities of a 
higher older than the second, we obtain 


cos 


sin** ^ 1 — j^cosa ^cosa 4 

d coi /3 cos |3 


€?cosa . c^^cos 


-)■ 


cos/3-1- 




( , ^^cosy , d^ cosyN"! 

cos7[^cosy4- — 


Now since cos*a -h cos® /3 -|- cos'" 7 = 1 , and therefore cos ad cos 
a 4* cos / 3 c? cos /3 4- cos yd cos 7 = 0 , the expi ession between bi ackets 
becomes equal to 

—■ [1 4“ i cos a d' cos a 4 - i ocs /3o?® cos -j- J cos yc?® cos y]®, 
that is to 

— 1 “ cos ad"" cos a — cos cos /3 — cos yd^ cos y, 

as infinitely small quantities of a higher oidei than the second aic 
, neglected; hence it is evident, that the values of sm®c? is that given 
in the text 

(h) By substituting in the expiession for d cos a, the values ol 
(fi® and dsd-s we obtain 


, _ ((^^®-|-c?y®+ dsf^) dx — {dvd^A 4- dydy 4- dzd^x) df, 

ds^ 

which IS equal to the value of c?cosa, as will be evident by oblite- 
lating dA’^d^Xf and concinnating the othei teims. 
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(/) II the squaios of r^coba d co^ |3, d cos y, ho taken, andtben 
added togethei, we obtain 


{d cosccy+(^d cos(3y+{d cosyy=^^:^Ml^d^dH-dvd^y+ 

^,0 i-dicl^) + — _ ^dzdhj^d^clz) +-^ 


(dyd i did If) {dzd' i — dtd — (did^i/^dyd^z) 
(d<>d’i/-d^d'^) + 2^^^^ (rfi d'z-.lz,dH){dyd^z-dzd^y) 


Now if the factois in the thiee last teinis be lespectively naulti" 
plied togcthci, they 'vsill bo equal (by concinnatmg and obliteiating 
the quantities which mutually destroy each othoi) to 

dss^ 1 * 

{dijd'i,-did'ijy-\r'^^^^ (^dzd't -d\d'zy-y^^ {dzd-y-dyd^z')\ 
hcnco Uion v\e obtain 


{d cob a)’ + {d cos j8)' + (d cos y)’ = 

j [dfjd' %^did*yYJr{d':id^h---dvd''zY--\‘(dzd^ij^d}fd*s^j^\ 

which IS evidently the same as the c\piObfaion foi given m text 
(Jc) By substituting these o\piesbions ol a, b,c, it is easy to pci- 
ceivo that the lesulting expi ebc»ioii's will be identical 
(0 When the equation 

{if—,i)di ^{if—y)dy + {^^—z)dz = 0 , 

IS dillcicncod with icspoci to ?/, c, theie lesults 

(i'— i)d' i + (/—?/) d'y — di^— dif’-d^z^ 

( I t) ^ + (y ^y)d y + (e'— — (h^ zz 0 

Now it the equation 

(z' — t )dt ■+ (y'—y) d// + (z'—jz) dx' z= 0 

be multiplied by d^//, and if fioin the pioduit, the value of 

(a.'-a)d i 4- (f/-'y)d^i/+ {^sf-z)dz = 

multiplied by <'/y, ho subtidilcd, tlioic will losult iiy conciunating 

1 1) 
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^ [did^y d^dh) = + ds dif^ ( 1 > 

and if the same equations be multipliod by d ^ iUmI dk i('spe< (n oly, 
and then the second be taken fiom the fust, wo ohl uii in like man 
nei, 

(y y^{dijd?-v^d\dr‘\j)‘=:> -‘is){dxd^z^du\ k) ds d\ (ii) 
Now if equation (1) be multiplied hy dxfd'z-^ihd /y, and oqualion (2) 
by did'ss^dzd^v^ theie lesults 

[%'^%){d^d^z-^dzd^lj){d%d^y—d^d'i)z=.{z'—z)(d\fd z - dzd //) + 
ds^dij(dyd^z!— dzd'tf ) , 

(y ■”^) (d%d^S!-‘dzd^i) (dyd^ i-^d ^^?’^) =( c' — z)^dtd‘^Z’-dzdU) + 
ds‘'djb (d vd'z ~ dzd' i ) , 

and if the second be taken fiom the first, wo obtain 

\_{y^ — i){dyd'z^dzd‘^y)-\--(jy^-‘y)(did'z~-dzd-x )'\(f x d'y^dxid x )= 
{z^-^z)[^dyd^z^dzd-yf-\~(dzdH Hdxjd 

— (^dzd^v — dAd'z)dx ] , 

out fiom the equation of the osculating plane given al)o^o, it is 
evident that 

— (z' —z) (dxdhj — dyd- x Y , 

theiefore by substituting this last quantity foi that to wlnib it is 
equal, we obtain 

[{d^d^a-dsdijf + {dzd^iL-drd^zy + (d>d’j/- d^d' 0 ‘ J = 
<f {di/d'z — dzdri/) —di(dzd^i — dnlz)\, 

and, consequently, 

di>’‘[dif(dyd^z-dzd:'ij) - d^{dzd’t-d^d‘z )'] 

{did y—dyd^iy (dzd'x — dxd-^y Jf- {^di/d z — d~d //) ’ 

and if for the denominatoi of this expiossion its value ho suhsti- 

d s^* 

tuted, the value of z'—z given m the text will bo obtained , tlio o\- 
piessioiis foi a,'— ^, tj'—y, may be obtained in tlio same lu.ninoi 
(»i) When the value, of Q,>.yy, 

togcthei there lesults, aftei all leductioiis, a factoi ofi^ oiiual lo 
7- as IS evident fiom the value of ^ doteiminod in note (/) 
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BOOK I 

CHAPTER I 

(a) This Its, in fact, a paiticulai case of that a\ioin which was Ubcd 
bv” Ai chilli ecles in deaionstiatiiig some of ilio luiidamental piopo 
sitions of mechanics, it was LeibiiiU howcvci who fiist announced 
it as a gcneial punciplc of philosophy m the following mannci 
Nothing exists in any state that is not dotei mined by some 'iecibO'it 
to bo in that state lathei than in anothei ” Hence il, as in the pie 
sent case, theic aio two conditions, and noicasonto doieimiuo a 
subject to be m one of them rathei in the oihci, wc aic to conclude 
that it is in neither. It has been denominated the piinciple of 
cient'iecison — Sec King de Ongine Bfcih JBishop Laiv*s Notos^ and 
also Theoo le Analiftiq no des P'i ohdbthties, Introduction^ ^ Ihis 
piinciple IS fiequeiitly assumed m the following tieatisc 

(6) As cos/3 = cos--^-|S — sin®-^/3r3 2cos® — 1, 

/Sy = 2cos/3 + 2 = 4cos^ JjS 

(c) Foi by peifoimiiig the multiplication we have 

R cos BMO =: R cos a cos ^ + R cos h cos A + cos c cos k = 

X cos + V cos h’\- z cos k , 

and if equations (c) be multiplied by cos^, cos7t, cosTt, and then 
added together, tlieie icsults 

\ cos ^> + Y cos A + z cos Ji =: 

V (cos g* cos a "h cos fi cos (3 + cos A cos y + &:c ) -f- 
r' (cosg' cos a' + cos h cos jS' + cos A cos y' -p ) + 
p" (cos £ cos a" + cos h cos /3" + cos h cosy'' + &c ) , 

that IS, 

11 cosRMO = r cos PMo + p' < os P^MO + &c 

(d) By means of these foiinulm (b) wc have 

r/L dh dh di. 

dt rry di ajj 

CHAPTER 11. 

(a) Since q, q', the components of s' aic loss than s or s', and 
the cfTccl of ii' IS doslioyod, because it is supposed to pass Ihiough 
the pi op, the only tones that irniain will be s and i), and biiico they 
act in opposite direction-,, then uMillaiit will bo s — o 



572 


NOTES 


CHAPTER 111 

(a) By similai tiiangles we have 

^G m'h mn mm' p' p + p' . (p + p')ng = M'n p , 
and by adding the identical equation to both mcmbeis ol this, wr 
obtain 

(p + P') (ng + Gk) = p MQ + p'(m'ii + = 

(as NG + gk) = Nk, and mq = 5^, m'h + iiq' =r m'q' = 
the expiession in the text 

(b) It IS not implied in the prool that these planes aio at light 
angles to each other, and it is easy to demonstrate tliat il this condi- 
tion IS satisfied with lespect to any two planes paiallel to tlie coiii- 
mon diiections of these foices, it will be so with lospcct to all 
otheis 

(c) This follows hom equations (1) of No 55. 

CHAPTER TV 

(a) By adding these equations togethei, wo obtain 

m (m + m' + + &c ) (m + m' + + Sll ) •+• 

wi " (m +■ m' + m" + 8cc ) &c = — 2 ^ + 

+ i''- - 2 1 1") + -h 

that is, 

(pi + m' + m'' + &c ) -J- = 

M (rn ) = 

+ + i'0“+ 

CHAPTER V. 

(it) By making this substxtution, in the fii&t of equations (1), \m 
obtain 

^ads 5sf?5Cosa, 

and by integiating between the limits Sq = 0, Sj = thcic iCbult« 

I, 

hj =z + -cosa, *ii = a + -cosa 

(b) = acos — , %ds = a cos— ds, and ^ids zz , when 

« a 

tuii integial lo taken belvvecn the linnts - -L ^.hallevulonlh 

2« 
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obtain the value of h, given in the text , and as the choid of an ai.. 

IS equal to twice the sine of half the arc, c = 2 a sin =ac When I 

2 a 


IS a quad! ant, and oqualto^.then c=r aV^2, , when f is, 


2 ^a 


^(t 

ccjual to ctTty then i j :z: and a zzz i e. in this casG ct — qiiadi 

of the ciiclc whoso ladms is , and when l=za, 

(c) In all conic sections, the two last crjuations (2) may bo inte- 
giated m a finite toiin, as is immediately evident by substituting for 

^ "value in function of for example, the two last 

equations become, in the case of the parabola, m which if^psL 


ant 




\vhith equations can be lutcgiatecl in a finite foim, consequently, if 
the value of I was also given in a (inito form, and will be ob 
tamed in fiuKtions of a and jS, in the case of an ellipse, of which 

4i 4 « o ov 7 c?^ . , 

the equation is ?y- = — , («*•— i )^ds'=. — ^ ^ — , which 

ay ar — sc- 


by making « = 1, a- — = e\ can be reduced to 






and in tlic hypcibola of which tie equation is — dr). 


(h 


^di's/ [n- 4 " 

a tr — tr 


, wliicli by making or =1, + b-zz 

1 4 “ e\ can be i educed to f > now these \alucsof 

J 

f/i, in the case ol the ellipse, cannot be obtained in a finite foira, 
thougli when they aie iospcc1i\cjly niultiphed by ^ and 3^, the intc- 
gials ol theiesulliiigc\pic&su)us can be obtained in a finite foim, and 
ihoieloio the \alues ol and 

{d) See the Journal ot ilio Polyteclmic School, 18 th Nuiubci, 
page 4^1 
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(e) By difFeientiating this equation we obtain 

dp^-j^L=> 
s/^cq^q" \/ihcq—q^ y^2c(i—(f 


dp • 


Icq^q' V '‘2cq--q^ 

(J^) By substituting the value of dy' m the equation = dtj' -|- 
da,\ theie results 

\ a^ — ^ J 


that is, 




=( 


o' — a % — 


ax — A- 


^ d' ^"9 


= . ds = \/ld. 

Ob (L ““ X Xt 

(g) In the equation ^ zr J ^^/a, theic losults by iiite- 
giating, 2.ri\/ z = | -Oii zz^, and in the equation 2?/^ \/ 1 z= 

by partially integrating we obtain 

2yi\/ zz2?/v/ A — 2SV^ 
and by substituting foi dy^ we obtain 

2s /i-ij = 2 = 2 /ji:; * , 

^ y % Y a—x 

the integral of this last quantity, taken between the limits e-. and 0, 
^)2 — d^j) consequently the value of ?/j will bo that given in 

the text 

Qi) When a semi-circle 1 evolves about its diameter as in this case, 
2a 

2/1 = — (see note (£) = Aitc^y 1 e the suiface of the sphere 

is four times a gi eat circle of a sphere 

(^) In the equation i a^c zz ^ ch^ ch) x ,, if for c and h, 

their respective values 2a sin r — and a cos— bo substituted, it bc- 

2a a ’ 

conies 

1 = 4a» sm^cos*^ + i(ai - 2a» sin Aco. A) , 
and as cos^— = 1 — sin’—, 2sin^ cos A=: m,, theie losulls 

sin A = 1^3 g,„ A _ |«3 sin’ A + ^(^1 - ^ , 
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l)y oblitoiatiiig the quantities winch aio common to both sides of 
the equation, and dividing by «, thcie icsults 

I 




when I = air, the fiist membci of this equation becomes 3 and 
the second 

(k) By equation (a) of No 73, we have ((^ z= and 

y ft i — 

(rn— ^ _ 

=7/ ^ = Y di, and • a i r’dt 

y Cl t ““ i”' 

= i dt \/ai — 2 *dz 9 

and because ^\/ ai— i^di =: y, we obtain 
XV, ^ 

(/) Since 5 lydij ^=2 a i — by substituting foi y its va- 

lue, there icsults 

^ %ijd\j = S(a^ — + 1^3 V = 

(m) dj — V av-i^ da! = ^ -> - - 

4 Vax^ ,% a/ 

^“4^^7^7315 “ ( 2 “ *■)'/«« - i' -S/a*- i-* dr, 

hence asyrzjv^ar— 5 ? = ^ l-hcrc icsults by 

substituting y and z loi these values, and concmnating 


2 y=i^-. i\ 

dx 


as dz = if the fiist member of this equation bo mul- 

tiplied by dz^ and the first tcim of second member by dz^ and the 


second teiin by its equivalent 


dx 


\/ ax 


=, tlieic icsults by dividing 


by two, and intcgiating ^ydzzzi—z' — J — ? ') 
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(fi) Now if these ^^alues of and y ho substituted in 0([uali()n 
(6), theie results 


2t 

fiom which it IS easy to obtain equation (7) 

(o) In this case as dx) = ^ ^ d ~ — ydi-^ and 

s=27r^^adij sv^=:27r^^ zdi, s=2;r«(|3 — a)? s? j=:7zr?(/3“— ct") 
Ja ja 

(f) By P^ifoiniingtheintegiation, we obtain as dtj^—^zz— - dx, 

Vat~~X'‘ 

s=: 47ry\/aA--4'7rS1/a^ di/z=:(—4:Tr\/a a— x d\^ 

«(a— '?)^+ c 
o 

4 2 

Now as s = 0 when ^ = 0, c must be equal to Iicncc 

the value of s is that given in the te\t. In like inauiun wo bluill 
have 

= |9r\/ al7^dy{z=. -- \7r\/ x \/ a — x dx) 

(as i) 'P i di = — - t (« — - 0 )> 


sti=:f9r\/ rt a(a-^)2+ J * ^rl/ / V + (', 


when 1 = 0, c'= — ^|•9ra^ and the value ol si, is that given 
in the text 

(cf) In this case, the aic of the geneiating cuivo whoso \ duo is 
given in the first of equations (8), becomes (as y is changed into i) 
equal to the expiession foi s given in the text 


we 


(9 ) The third equation of No 75 is A?/, = h 

have 2^7X9/' = (/-/O dizzv. This is called the Ccriti o- 


banc method of detei mining centies of giavity, it was discovoicd by 
Pappus, but from the fiequent applications made of it l>y Guldiii, it 
IS more commonly denominated Guldin’s method It follows lioni 
jit, that if seveial solids aie geneiaied by a levolution of suifa(os 
/about a common axis the sum of them all is cciual to the tiuuin- 
feicnce desciibed by their common ccntio of giavity, nuiltiphed into 
the sum of the generating sui faces 



^0'^I s 


Ji i 


(i) III tills case we ha\e the lollowing piopoition 
L 27rX7/^ I 27Ci/^ l = /a 

(^) If the aica of the base of the cone v' be denoted by b and 

the height by h, we shall have v' = ^, m this case h — —, diid 

4 

(s) As s lb equal to 29 r«(/ 3 —a), (see No 81 ), in the case of 
a spheie, /3 — a = the diiroience between the ladius and cosine 
of the spheucal segment, and thcieloie equal to y, the sagitta ot this 
segment It appeals fioni this e\piesbion S^rq/, that the entiie sui- 
face of the sphcie is equal to toui limes the aica of a gieat ciicle oi 
the sphcie, as \^c know fiom othei consideiations should be the 
case 

{t) It appeals liom No 81 , that the distance of the cciitie of 
gia\ity of the suifacc, gcneialcd by the lovolution of the aic v'dV, 
fiom the cetilio,is equal to -\(cd' -1-cl') = “j cd — 
foi = -I f 

(<0 If m the equation ] 7 ra — / ) + v^, thou lalues 
be substituted foi ( and /, theic will icsult 


of. ^ I 

I — c os — I = d TT* f ^ sm- — a c os -r- 4 - \ 
\ "^(ij 2 a 2 a 

n J. 1 , I I \ 

riOi J “Cos^T ^5 sin ~ cos~] = v,, 

V 2a “ 2ii 2a) 

and if these \alucs be substituted mtho equation 

\ Tea'/ (a-\f) = f.', , B-i ' {(I _y V, 1 ,, 


we shall have 


(l-cosA) 


that is 


i su.' 1 (s.u« 1 _ s.u' 1 ) 


and, if the tcims which aie common to the two sides of this equation 
be obhtciatcd, theie will icsult by suhstitutinf* foi v, its \ahio, tlie 
expiossion ioi wliidi is given m the text 

1 i< 
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(^) Each section of an ellipsoid, made by a plane paiallel to one 
passing through two of the piincipal axes, is an ellipse, the majoi and 
minoi axis of vihich aie the oidinates of the ellipsoid conesponding 
to % the distance of the plane fiom the centre of the solid, when the 
cutting plane is paiallel to the plane of the axes b and c, the axes of 

the ellipse made by the section aie — \/ and — “V/ foi 

a a 

they aie evidently the oidinates of the ellipsoid conesponding to the 
abscissa and in this case \di :=z Trbc Idi the integral of 

which taken between the limits a and jS, is tIc ^/3 — a — 

= 7 r 6 c (/ 3 — a) ^1 — — because / 3 ’ — a'’= (a--/ 3 ) (a’ + 
a /3 + / 3 ^) In like maniiei zz (when the 




/ 3 ^-a- / 3 ^-a* 


)’ 


integral is taken between the limits a and ‘2 4 ^ 

evidently equal to the value ofv^i given in the text, from which, by 
substituting foi V Its value obtained above, tlieie lesiills the value 

of vlj 

(j/) In this value of v, if foi its value 5 (t/ ai — t-^ + ^az)di 
he substituted, we have 

V— 5r^^/‘'— 2?r5 (flJA — at — dt, 

1 e , by integrating and substituting for this last quantity, its value 
given in No 80 , 


(ajb^ 




3; 

16 

izza 

and 

ttCX 

’/=T’ 


^a— 3"] — value of v when iho aic is 

a seraicjcloid With lespect to the value of vij, then as ^ =: 


Y^e obtain Vij = — a,^) — 

azxs/ ai— in this case we must make -y = $ i V^ai 
= ]) V" rti* — iV/i, and the value of y ma^ be wiitten as follows 
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“L— j and il we make ~ — ^ z=^ we obtain — i- = 


y= — C—- ^ — — — C . the second tcim can be 
y J V a?’— 

treated as the con esponding teim in Number 80, and the fust 
_cC ? 

“4 

Ctf 

^ — z' and =-c?s — by means of which the \alue of vi, 

may be obtained 

(xf) M dQd\l/=z A^^d\pc/9 sin 9 = A.(a'— a.).^sin0d0i=: 

A (a-' —a) (cos w — cos :<;')> in like mannei as $ sin 9 cos 0^f6 = -^cos’ 6, 
= (between the limits 9 = cv, and 6 = uj^)^(cos^uj — cos’ coO? it lol- 
lows that the 'value of is that given in the text, likewise, «ns 
5 sin^ S = — “V sin 9 cos d + ^S = — | sin 20 + ^9,= (between the 
limits (v,ou^ ) — -f sin 2uj'+ ^ sin 2a; + V co'— ^cju, it is evident that 
the value of is also that given in the text 

(a^) When M is a complete ling, that is, when a'= a+ 2^*, it is 
evident that the factoi sin a'— sin a m the value of and cosa— 
cosa' in the value of aie lespectivcly ciphci, consequently, in 

B 

this case, and aic cipliei, and — (cc'— a)(cos'* w — cos’ cv') 

becomes by substi luting foi n its value = ~(cos ud cos a;') 

(b') When w = 0 and a r= 0, then n z= ] pa^\ A = ] conse- 
quontly, =-j^(l + COS CO^) 


(c') The base of the paiallellopidcd=:u/4'X^ &iri9f/0 = > ’sin0r?0f/vj/, 
and when 'i = 1, the integial of this cxpicbsiou is — cos 0 wliidi 
taken bet vkcen the pi esc iibcd limits, gives the integial = 27 r 2, in 

7 ’ 

the same way the volume of the splieio is g-47r ^ 


CHAPTER VI 

(a) The body whose mass is m and volume v being supposed to 
be condensed into its centic of giaviiy, p tlio density which is equal 
to — must bo that ot the centic oi giavity, now il the shape o( all 
the molecules be the same we shall h,no when llicii ^luinbci is 7i, 
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{b) m'’ = (a— + (^ — 2 /)^ + (7 — bocoinos, by oxpanclmg, 
= a®+ /3^ + 7^ — 2(ai -f- ^ 1 / + ** + » 

and if we make 


+ /3^ + /= = ij^ and 2(a* + +7~) — (‘'+ '/’ + ^')=Jh 

\»e shall have 


2 


52- 


■i> 


and 


— ^ -Ll^ 4- JL 


Now if theie be substituted foi 8 and jo then icspcctivc values, ihcic 
lesLilts when no poweis of j/, -c?, highei than the squaio, aic taken 
into account 


1 ^ J , , I 3 /^2(a^ + /37/4-70\-’ 

^ ^ V 5 y’ 

which IS e\identiy equal to the value ol - given in the Icxtj and if 

ac 

this value be substituted in the expiession t = it IS evi- 

dent, that when the oiigin of the cooidinatcs is at the tonlio of gia- 
Mtj, the second teim of its value given in the text will vanish It 
likewise appeals, that when od or S is so gioat that the value ol i is 

leducedto its fiist teim, then ^ = -— and 

da S' 4' 

(c) 1 thieefold integiation is to bo poifoimcd i datively to 
a?, 0, d/, With lespect to vj/, as neithei this quantity noi any hmclum 
of it occuis undei the sign of integiation, the integiation lelativo to 
may be effected by writing 2 t without the sign $, foi it shonldlie 
integiated between the limits 0,27r, and then Ihcic only leniouns the 
double mtegiation to be peifoimcd relative to 0 and ? With ic- 
spect to 0, the ladical 2a» COS0 + 7 becomes, when fl — 
-/a-* -f- 2i)'j + } and when 9 =0, v' a’- ‘2m -f now as the iii- 
deBnite integial lelative ‘o 3 is i /a'-2aj cosfl-f- -f- toiist when 

taken between the limits fl = ^ and fl = 0, it oecoincs when the a(- 
tiacted point is within the stiatum, 

- [(» -}-«) — (» —a) = 2, 

M.iiseriuenth iii tins case the \alue of i will not Jepoiid on «, ai.il 
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A = — ^ Wlien the point is without the sliatum the 

value of ~v / — cos0 taken between the same limitb tc 

a 

and Oj IS 


^C(a + «) -(«- 0] = ^> 

ot, a. 


if tins value be substituted in the c^picssion foi T, thoic results 

47ro C Cl - 


which, integiatod between the limits a and gives 

Od ^ 

and as the masses of the sphcics, whoso ladii aie ^ and b, aie lespci - 
Lively — 3 — g- — = M is equal to the diueicnce ol the 

masses of these sphoics. 

(^fl) — dm = ^u^diuljjt Losg = ^ 

p/iSS P cos^ diido}) and when p is constant, by intogiating with icspcct 
to diij horn = 0 to w = 3 , we obtain a =r 3 w^z/duu 

(e) Ey making this substitution we obtain 

f / /3 + ^ (os// y* ^ /'yd- 3*cos/».y __ ^ 


(hib hecomcb by dovolo[mig and com iiiiialing 

ycos/i> 


I (OS'*/! j COb-7t 


winch, by subbtitiUiug (j' loi then lespcclivo \alnes, betouies 
the eiiprcssioii m the text 

(/) Since the paits of the value of 9 undci the laclual sign niu- 
lually dobtioy each othoi, thcie unnainb only the quaiititv — -to h(‘! 

1 2^ i 

taken into account, and it loi y iN laluo he buhsUtnlotl, theie icsuUbl 
the oxpics'^ion in the text ^ 
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(§■) If ji) and itb value given above, be multiplied by a^b^c\ theio 
will result bv substituting for cos^, cos h, cos A, their values, in teims 
of the polar cooidinates, the expression in text , and if in value of a 
the expiessions foi dw and cosg be substituted, we obtain this value 
of A „ 

(h) When if/= |, 4 . (= tangij/) is oc, hence when — is intcgiated 


between 0 and J the equivalent expiession 






COS-0 + a* sin®0) V + + a-* sin'0) 6^*^^ 

must be integiated between the limits 0 and x It is easy to show 

that the two expiessions aie equivalent, foi if theic be substituted for 

and p then respective values, namely, 

di> , COS'S + (c^ cos'-J/ +■ sin^^) a' sin ‘0 

— and > 


1+4^ 

and also foi cos’\{/ its \alue 


and 


<(>’ 


foi sin^ 4 '> thcic ro- 


suits the second expiession gi\en above 

^ Now if (&’ cos’0 + a? = W 2 , and (c’ cob®0 + cd zz «, 

9 10 — - 

then ah c ( 6 ' cos^Q + a’&in’S) c- -f- (p'cos'6 + r6-bin’0)/> <(>•* 




30 




I 0 Qil 

the integial of this last expiession is equal to 
7 ^ tang 4>y-, 




which, when taken between the piesciibcd limits, becomes, by sub 
sUtutingfor 7n and n then values, the integial given in the text 
(i) That is, if tbeie be taken any two points in the ellipsoid, the 
foice acting on these points, lesolved paiallel to an axis, is piopoitional 
to the ordinates of the lespectne points 

(k) Since h = Ci the pait undei the laclical in the value of a is 
equal to 

a cos-0 -f- rtV cos’0-(- a-siir0 = a’(l + c' cob*^0’) , 
and by subbtituting this value iii A, we obtain 







atid as 


, r C h^cos'QsimdQ 
A — Q ^2^1 >j. e-co&‘ 0 ) ’ 

=: a’(l + ^“) and 4;r^ = 


3?w 


a®(l + 

it IS evident, when these values aie put foi h‘* and 4t7rp in the value oi 
A, that the expiession gnen in the text will be obtained 

Now in ordei to integiatc this expiession, let e^cos-^ 9 ^ I 

cos^ 0 sin W6 ?/Vy 


1+e^ cos-^ 6 


-, of which the integral is 


e^G+r) 

(y — ai c tang = ^) = i (e cos 0 — ai c tang =: e cos 0), 


and this expiession, when taken between the limits 0 and becomes 

~ — arc tang =: <?), hence we obtain at once the value of a 

G) If vie suppose as in the last note, that ^?cos9 = //, then 
have 

S p^Jaia.^ cos^0sin0t® ^ y'djj 

«' (I H- e^J 0 v/T+ f>siii’e ~ 0 e’ 

Now the intogial of — ■~L=L=z ctidenlly equal to 

Vi + e^-r 





aic Ung = 


and iffoi ?/ Its value ccosO he suhstitulcd, and il the inleguil be 
then taken bet vs con the limits 0 = 0, 0= it becomes 

Jt 



2 


ai c tang = f', and 


f e 

«V ’(l-h tf') 2 




c^‘(l + r 




arc tang 




which when concinnatod is the expiession in the text 
(i>i) By siihstiluling loi ai ( tang = e we obtain 


A 





3 
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IJOlli'- 


= + -e + . ), 

2ae \ 8 5 J 

oqual, by duiding as befoie the terms of the sqiics by 


(9i) If in the value of a theie be substituted foi ?i w', ////, dz'^ 
then values in teims of 0 and \p, it is evident that ^vhen in lias o\- 
piessioii, 7- — 0 IS put foi 8, it will coincide with the fa st tci ni, so tlial if 

the second be mtegiated between 0 and the ic&alt is the same 
o 2 


jts if the hist was integiated between ^and-yr 

(o) or- =z a/cos^jo, |3- = Zi/sin^jo cos-^ = «/biu7) cos*^^ -f- Asm 'jx os^ 

z= sin^j} sin^^ = af sin'^jo siii-*(^ + /i sm p sin-^y, 
cC COS-0 -f- A” sin- 0 cos^\[/ + sin® 0 siii-rjr , 

" (bv substituting foi and C then iospccti\o values, iiamcl} , 
«“4- A, -f- Aj) a- cos^Q -f a^sin®0 4“ h sai^0 cos-^if/ -J- L siii-O sia“\}/ , 
hence b\ corcmnating these evpiessions, and substituting loi a, /3, 
then respective values a^cosp^ bpnp cosq^y c^sia/i sinj2'j vve obtain 
the >alue of R^gnon in the te\t 

(p) Ifu be zeio, the fiist menibei of equation (4) is leducod to 
u i and the second to zeio, and if u be oo the fiist nicinbei bocornos 
^ "h ^ "h 7^^ while the second membei is oo, conscquciitly la the' 
passage fioin zeio to infinity theie must be a value ol ?o, which loa- 
deis the first membei equal to the second 

to) f ollows at once fioni the qquation^A^&c = a A/, 


NOTI^S 
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BOOK IT 

CH\PTEll I 


(ft) Wo havo 


V 7f as V =r tify Jc th 

CIIAPIER II 

(«) 4 _ -a—— 

[log (Jc 4 - «) — lop (A — «)] = ^ log 
^ [h) If both sides of the equation 


•— /> /r 


Pf 


and 


/* + y 

be miiltlpliec] In tlioio losnlts 

(^r+i;j ^ - ») e = (* + «) « , 

hence we obtain the \«xlue of r mvoii in the text 

_ .J 

(f) If both inembcMs oi tlie oqualion t = ^L.^- 1,p nuilti 

plied bj and (lien iiilcf»i ated, we shall obtain 

> = t6// = -I log C ^ ^ ) -|- coiivt 

and as by hypothesis r = 0, when t =z 0, 

const = - ^*-l»g(f.o_^ , -«) _ _ i„g 2-^"' log ; , 

g o ^ fe - > 

hence it is evident, that the value of r that given m the text 

/ j j, k'vdi) k. A”- 

(d) gdi = horii = r — ^ y log— 7 - = — 

ft* — 75“ Vtff A 

4 r 



NOTES 


(e) Fiom note (d) it appeals that 


^ — log ^ ^ ) — A log 2, 

=£? 

T^hich when e * is neglected, becomes, as log , the \alue of 

/if 

t given in the text 

(y*) It appeals fiom No 124, that the accelerating force vanes 
(every thing else being the same) as but as in this case it varies 

follows that mass vanes as A;, hence as A is the uinfoim 

velocity to which the body continually appioximates, the gieatoi the 
mass or the density, the greater will he tins final velocity 

(g) Generally log (1 + w) zz — 2 hence as 

(h) By integrating — - — - = we obtain, as 7 ) = a when 

AT ’ 

/ zz 0, 1 c , at the commencement of the motion, 

aK(ta„g=j)_a,c(tang = J^ = _|^, 

hence from the known expiession foi the tangent of the difleietKe 
of two aics we have 

ak-vJc_^ .«■< '’"r 


k ("a 009^-''- A ‘5.11 4 ^) = ». frisini-'-J-/, 


fiom which It IS eas^ to obtain the value of r aivon in the text 

(i) rile integidl of the difieiential equation 


di = vdtzz 


h (^a (o«. j — A ''in^^) dt 
asm - — [- A cob p 

/k. ic 
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0 ? = — const , 

when ^ = 0, and z= 0 this expression then becomes 


consequently, 


fc^ 

— log k + const = 0, 
const = log A;, 


hence as — ^ log A; z= ^-log p it is easy to infei the value ot 

given in the text 

(k) By integiating we obtain 

i = log (kf* + i?*) + const , 

when t = 0, then y = a, hence 

A,2 

const. =: ^ log (A?^ d- a®), 

<& 

and, consequently, by substituting this expression for const , we ob- 
tain the value of x given in the text 

(t) By expanding into a senes the value of v given above, we 
obtain 

4[«{i-g:+ te)-4(f- ,-GL+to.)] 

this expression becomes, when ^ 

And by a like expansion of the expression for a,, we obtain 

jg- 1.2 8A>+ 12AH^1.234A‘ J’ 

and as generally 

log (1 + m) = Y 


this value ut ,x becomes, when ^ 
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NOl t*.. 


yfagt \ - at - 

^ U * 1*2 ^‘)~ 2’ 

dll the highei poweis being neglected as being equal to (iphci 
(m) In this case as t; =z 0, we have evidently 

g'^l J A ^ 

ftr/* I fannr 1 — ^ u — i #<iv^/v — _ \ 


tang=- 7 j=^, and 0, = - arc ftangrr- 


(n) When tlie numoratoi and denominatoi are multiplied by thi‘> 
quantity, we obtain 

0'= — log , 

{\/a + k^—ciy 

which IS evidently equal to — loer — ■ ■ — 

^ \/ k^— a 

D> ^ 

' (o') In fact, as zz — , and y^zn — , we have 

yp yp 


(/>) idt z= z= ~ ^ v/ a 
const , and since -r = 0, when t = 0, 




consequently, 


^\/ af^ = const , 
aV ak . If /-t\’ 


and «so_ J ^d/o* -yA the ago of the second meinhei leekjje 

the same, direction of motion is the same as befoi o 

(?)^ = ecosit\/i, when »=0, ( \/^=-,antl<z= f i/ * 
» a 2 ^ g 

(t) The integral of the value of ^ is in this case 


■L^' , f 1 \ 


^ ® A =r 0, we must have C = - and 

when t =^, the expiession for ^ become^ 
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(a) By reducing to a common denominator we obtain 




*) 2jg»® dP 

dt^ (1 4-A) (» 4- A - t) i -T+h ’ 

and if nuraeiatoi and denominator of the first membei of this equa- 
tion be multiplied hyi + h - a, and then the square root be taken, 
we shall obtain the expiession in the text 
(t) Since 

l±h r+h -r 

= d/ ^ dt, 

^ »-4-A 

we shall have by iiitegiating 


1)0, — 




and because 


_ ^-l-A — 2.^ _^ / 

,+A -y T+A*’ 


\/ 1- ( l±Az?lV- 2 \/ 

\ »+A j y T+h ’ 


It is evident that 


» + — 2 


2t/(i 4-/i-a^ 


thclofoie we shall have 


* --jyT= •/ 0 +A> — t'-H !■(» -f A)tt7c Tsin = — - 


now as the sine is very small, it may be assumed equal to the arc, 
consequently 

2 )/ (-?-(- /i) ^ ^ = 2‘\/(?-|-/i)~^)* = (when 9 +^ — ^ is reduced 

to 7) to 2 7 t 
dz 

(u) Since = 0 and z zz:h) v/e have by formula (c) 

2a^ 
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Norts 


i_ ci 26 * 26(a4-6) 2o’ ("rt 4- i) 

^~^—rjrh’ ;; — t — — :: — , and -j- = 2 ai— , 
a^l) c—h c h c 

and, consequentljr, 

4. ^ — 2g (a + b) + 2b (a + b) ^2 (a + by 
L ~~ h h c c ^ 

lienee we obtain 

/•2- 2 (a + &)2 

c — a c 

. , ac ac c 

(i;) h = — --7 = — = . 

« + 0 « (I 4 - v/75) 1 + v/75 

(w) This is the case, because the mean nnotion of the moon in its 
01 bit IS equal to its motion about its axis. See Vol II No 433, note 
I (^) The piojectile desci ibes a because it is acted on by 

dissimilar foi ces See No 144, note 
Of) Fiom the equation 

{2a? — + cyy = 8a’c*y, 

we obtain by solving it for y, 

y-2a\/^=2<<^^,iad \/y- \/^ a = ± \/-(>, 

c c c c 

consequently, 

Y = ^(a±bfi 

and if we substitute 8a^cy for (2a® — 6" + oy)® in the expiession 
uiidei the ladical, it becomes 

V 2a®c —2aV 2cy sr+ysr®= (a\/ 2 c— l/ yy=av/ 2c— ;c t/y, 

now, it foi 's/ y, its value v1 . {a ±: 6), be put, the expiession be- 
comes aV^2c — (a± which it is easy to peiceive 

how the denominatoi in the expiession for dt, may be lendeied 
rational. 

(;^See equation (c) of No 139 

2a?:=7d*a^ the value of when velocity is cipher, is 
ocs and, consequently, in this case, a body pi ejected at the dis- 

tance a horn the centie with a velocity ar-zz will ascend to oc, 
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where its velocity becomes ciphei » if then the body, when 

it has attained an infinite distance, has still a finite velocity equal to 
Jc-x— it IS evident also, that when that ^can nevei 

become infinite 

If a body falls ficely without any initial velocity from a distance 
a, towaids a centie of foice \aiying inversely as the squaie of the 


distance, the 


squaie of the velocity, is = 


30, then = — , now it is evident from what will be established in 

No 239 , that thesqiiaic of the velocity in ciicle at unit of 

cC 

distance from the centie of foice, and — = the squaie of the vc- 

ss 

locity of a ciicle whoso ladius = sr, consequently, v\’e have, when a 
body fa*ls horn an infinite distance to the centre of foicc, the velo- 
city at any point of the descent, to the velocity in a ciicle at the 
same distance \/ 2 1 Hence, if a body be pi ejected fiom the 
centie of foice with a velocity which is to that in a cnclc at the 
same distance 2 1, the body will ascend to an infinite distance 


This indeed is evident fiom the expiession 2a' = /r’a, oi 7v- 


Gi 


foi — is the square ol the velocity of a cnclc at distance a, and 

0(t 

the conveise of this is tiue, namely, if a body falls liccly fiom an 
infinite distance, when it aiiives at the distance a fiom centie, it 
will have acqiuied the velocity L' If 2a^ is >> than Jt'oc, then c the 

distance at which the body is an c&lod = 

•' 2(( — ocA'- 


CHAPTER III 

(rr) If the toiins of the functions aio all the same, so 

that 

i/=:hft, ^z=i(fU 

it IS evident that the point will move in a light lino, niid 
a b 0 

' l/rc + />“+ < c«“-l- b |- c * 

evpiess the cosiucs of the angles whiih the du ectioii of tins line 
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makes \iith ?/, The constant quantities (t^ />, c depend on the 
nature of the fiinctionyV, if, foi example,/*^ = then Z>, c i epic- 
sent the unitoim velocities paiallel to ?y, and the uniloim vclo- 
cit} of the point = , if ft zn then a, 6, c aie pio- 

portional to the accelerating foices paiallel to 7, T;, and the point 
will be moved with a motion unifoimly accelerated, and lopiosontod 

bv -H + c’ 

If i =: -{• ^ c/t+ dfU, jc? z= +• gf^f^ the point will 

move in a cuived line, which howevei is ot single cm valine, foi by 
eliminating we obtain an equation of the foi m a' t dz^ 
vvhicb IS the equation of a plane The simplest case of tins fonn is 
.zr = + hdi yzzet-^-dt^ zzz et-\' gt\ and eliminating t between 

the two first eqnations, we obtain an equation of the second older 
between ^ and 3/, which fiom the relation that exists between the 
three fiist teims, is evidently that of a parabola 

If, asm text, i =z ft, ^ =/% - = f'ty llif? cnivc doscubed will 
be of double cuivatuie, 

ds di ds dx d\ 

^b)^ = ^^,<.o^o=^, .'cos« = -^- d: = 7 i=J> 


(c) CO = tdt = -T-ttt, cosa = — , . CO cos a = -7- (u = 
clt as 


r/s di 


da, 


-j-dt zzdi =1 pdf, by equations ( 1) , in like mannei 

ut 


s cosa 


consequently 


= iw cos adf z=: (iib u=z — — p'df, 


-ycosa + s cos« a' — t 


(d) If each of the thiee piecediiig equations be squaiocl, and then 
added togethei, theie results 


( + {f — vT + (-' — = to’ (cos-* a -|- co&2|S 4“ toiy^y) 4- 

f ^(cos‘’a 4" cos^6 4“ cos“c) -j- 2 vO£(cosa cos« 4“ cosjS cosh 4- cosy 4- ( osc ), 

and It is evident that the fact 01 of ous is equal to the cosine oi the 
angle contained between mh and mk 

(^c) L<et^ denote the infinitely small angle then the component 

nti in tie dnection mm' =z 4C0sJ, = v (j a,,,! fcy 
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ii^pothosib S IS 111 finitely small, its squaie and higliei poweis may 
be neglected, and this lendeis the component of v in the diiectioii 
mm' =z 

( / ) See Ila) Ti anslalion of the S if stem of the Wot Idy Book 2, 

cliaptci in , and Mecliamque Celeste^ Book 10, No 15 When the 

body IS lot ftdl ficcly at the equatoi, the deviation is — I io h\ h being 
tile lieiglit of the towei, foi if ? be the radius of cquatoi, and a, a' f 
the aics (lesciibed hy the bottom and top of the tower duiing the 
l.ilh vve haio 

u a' 1 q j^Ji 

now IS — I to the time of the fall, and it vanes as t/ conse- 
quently (if — c*, 01 the deviation is — ^ to h\ for » is constant 

ijg) In ocpiation (d) by substituting — foi and multiplying 
both sides by (h\ we obtain 
c/s- , , , . 

^77- ^ ^ ^ ~ ^ P (-i, ^) — 2 f(«, &, c) dt^ • 



in winch by sLbstiluting foi a-, their values in functions of we 
obtain the evpicssioti given in the text 

(/<) When the elevation of the point a above the hoiizoutal plane 
passing thiougli n and c is equal to /a, the gcncial cxpicssion foi the 
velocity at this point, iicunely, '\/2^±^bccomesthen 2^ (^— A), 

</s . - — . — - db 

* ^ — V A — //, and dtz=. which is infinite, 

but if the elevation of this point above the plane is less than then 
the velocity altei passing tins point becomes negative, which indi- 
i atofa that the moveable nnist descend towaids thcjioint of depaituio, 
whole it IS in piecisoly the same c iiciinist.iiKi's as at the coininenco- 
iiunit of the motion — See No IB I 


(^) As cos A =: V ■ 


fh (h 

(osw=:v— , eosyzrv-— , theie lesults 
ilif (U 


by niultiplying cquatioiis( 3 ) hy ( 5 c, h/, 5 c icspectively, and then add- 
ing thorn togothei, the cxpicssion in the text, foi 

4 (x 
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NOTEfa 


-f" + Z(Jc: +• n(cosX-5 t + cos/;^/y 

at at'' dr 

+ cos/o^) 1 e (by substituting foi cos A, cos / a, (os v,) 

(/.) ^ds zz Miiltiplyinj^ bolli shIcs by 


C ?5 


» = and obsei ving that = dH, &c , we obtain 


di ds 


dy ds 


d:;d 9 




ds dt 

which ^as becomes the expiession in the text 

? 

(n) If 7 he infinitely small, then e "zz 1, conscquciilly the ex- 
pression of the force is then equal to a, on the otboi hand, wlioii r 

0 

is a consideiable multiple of a, ^ ® is ciphei 

d^ 

(^) When z is consideiable, the expi ession foi ^ the vclodtv ol 

a body that has been piojected fiom the suifaco of a sj)heio is, l)\ 
No 143, 

^ _ y 

dt 

• in this case 

30950”* = Vl^— 2^a7 

and as^ zz 27^ the teirestrial giavity g, and a zz llOi, donolmg 
the ladius of the earth, we obtain 

= (30950”*y + 5J5G IIQ,^ , 

by means of vihich it is easy to compute the dimmution in the text 


d6 dt 


CHAPTEK IV 

fa) The -velocity along the side mm' = iicosJ, thoicfoio llic vo 
locitj lost IS equal to v (1 — cosJ) =r v 
la evidently an infinitely small quantity 


e \ 

[ 2 - 1234 ,'^^' )> 
of the second oidei 
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7 

, ^ , /. , di^th^ 1 I* . 1 

(&) By substituting foi its value value 


d ds , , / ds , ,df/ d-i/di — ^/^ £/y\ 

— — — , we obtain ( as u = -7--and -j- == —, J 

d6 dt \ dt dsu di^ } 

_ Ji" ^ T^ J (Piidt-d^7d,/_ JcP->f dv-d^tdii \ 

7[^ ch ’* di,M^ di,' J 

(c) The value of ^ given m No* 20, is 
2 

i — . ^ (J, ^{jd I — d yd- ^) — dz(dzd^a —di d^s!))y 

now if foi did^y — dyd^i, dzd^x — did^Zy wc substitute then values, 
which maybe deduced fiom equations (2), tlieic lesults 

»-•*' = = |r [« { (J S (£ 

COS <Z*“ ^ cos 


^cosa,-Jcas«-)|] 


hence, elitrunaiing quantities winch occur both in numciatoi and dc- 
iiominatoi, wo obtain llic value of - cosy given m the text; andcoi- 

lesponding expicsbioiib may be obtained foi -cosy', —cosy" 

(d) The cocfliciont of Q in the value of — cosy is equal to 

V p 

dudt . dy- dz^ didv 

i 17 ^ ’ 

and as 

du I X dz di 

_cosr/+-cosry"=-^cos2', 

we have 

dkdif , didz ,, dk- 
_ 'cos cos |7" = — 7 ,7 cos f/, 
ds ds ^ ^ ds ds ^ ds- 

consequently the coelliciciit of (i 

ill the same mannei it may be shown that the cocfllciciit of — P is 
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- eos^^^, &o Now It .. easy to venfy that p .s the lesultaot of the 

forces^ anda, foi hysquanng these equations, and then adding them 
togcthoi, wc obtain 

(cosV + cosy+cosyV) (cosycos,^+ cos/cos!?' + 

cosy-cosy'O+Q •(< oVy+c <'-VH-coJYO=P^(cos>a.+cosV+co. VO , 

now as tin hutoi of > and also the factoi of and p^, aie ic- 

sjioctivoly equal to unity, aud as the factor of «is c.phei,.! isevi- 

P 

dent that tho foicc p is the losultant of - and q 

P 

tlio aicds aie pi opoi tional to the times, the velocity v 
\aiicb as p being the poiponcliculai let fall fiom the ccntie of farce 
on the tangent , it is easy to sliow that this expiession coincides with 
tho gciieial cvpicbsion foi (oiitral foice given in teirns of thepcipen 
(hciilai and clioiil of cuuaCmo, for if this choid be equal to c, and if 
the ladiiib voctoi be denoted by 7*^ have by hypothcsib, 

, // Ji2 / 

^ ^ = -ii = — , = (asc zz 

P c V 

Sec Newton’s Piincipia, Book I , Sections 2, 3 

(^) cosine of tho »iiigle wdiich the laclius makes with the 

vei tical lb equal to the part of the eight /ny which actb in the 

dnection of the stung ib equal to mg and this must bo added to 
the ceiitnfugalfoico m 01 doi to obtain the entiie tension , as long 
as tile moveable is below the lioiizontal plane passing thiougli c, 

IS positive, and cliicclecl from the centre, but m the uppei pait, 
negative, which shows that it is there diiected to the ccntie , 
on the other hand, which espiesses the centafugal foice, 

IS always dnectodfiom the centre; hence in the lower half of the 
Clide, the tcusioii is the sum of and and in the 

uppei half It IS the diflcicnce of these tveo expicssions If the pen- 


dp j p'^ d? 
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duluin fiom the horizontal plane, h vanishes, and the en- 

tiie tension is the entire tension is thiice that pioduced by 

7 

the weight, when sustained by a foice equal and contiaiy to the tan- 
gential foice, and the tension arising fiom the ceniiitugal foicc is to 
that pioduced by the weight 2 1 If which is the same 

as if the moveable descended fi eel) fioin the highest point of the 


4- 3<c?\ 

cii de, 0 = 'ing f j, is at the lowest point wheie x? zz 7, equal 

bmg, 1 e the ciiliie tension is five limes the weight , when 0 z: 




when the entne tension is equal to the weight, 
1 - 2/4 


/27i 4- 3x.\ 


) 


3 


hence if there is no initial velocity, i e when the 
body falls fiecly, the stiaiii is equal to the weight when the move- 
able has fallen ficely tliiougli onc-tliiid of the height, will evidently 

24 

vanish in the uppei half of the ciicle when z zz — , but as z can ne- 

vei exceed 7, it is evident that llio value of h may be such that 6 will 

iievoi vanish, o g \i /L — the tension will nevei vanish, the 

«3 

moveable will 7 about the cciitio, and the tension will be the 

sum of 2ih^ and in the lowei hall, and the dilTciencc 

of these quantities in the uppei half of the ciicle 
2h 

(It) If zzz -Y IS less than 7, the weight at this point resolved in 
o 


the cliieotion of the ladius is equal and opposite to the ccntnfugal 
foice, beyond this point the tension due to the weight is gicatci than^ 

the ceiitiifugal foice, and thoiefoie if the lod was not inlloMhle, the 

24 

moveable would pait liona llio ciiclc when zz=:—, and dcsciibc a 

paiabola (No 209) having a common taugont with the ciicle at the 
point of dcpaituic If the moveable was made to desciibe an cntiic 
cycloid 111 its oscillations instead of a ciiculai aic, it would be easy to 
show that if it moved fiom its hoi izontal base vvitlioui any initial ve- 
locity, the tension at any point aiising liom its ccntnfugal foico is 
ecpial to the component of its weight acting in the diiociion of the 
stung, and at the lowest point the enliic tension is equal to Iwicc^ 
the weight of the moveable 
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NOTES 


(i) In proceeding fiom the poles to the equatoi^as the atti action 
vanes in the inverse ratio of thesquaic of the distance, it must diini- 


ni&li, and this diminution is neaily piopoitiorial to the incienient of 
distance Foi if the attraction at the pole be denoted by and the 
ladiub oy m, the atti action at any other point by a', and its distance 
fiom the centie of the earth by wi + 

a' a (m + dniy 


and 


a' = A 


(on 4 - diny 



q p 


4 — a' 01 the deciement of gravity is piopoilional to dm, hut dm 
\aiies as the squaie of the cosine of jw, q Sec Nos 254 and 19*3, 
note 


CHAPTER V 


ds / — — 

(a) If both sides of the equation y Ig ( 2 ; — c ) be mill 


dt ' 


tiplied by dt, we obtain 
ds 


-yit-^zds zz 2^> — c) dt 

Clt 


(h) Foi ED IS equal « (1 cos at), if Id = 2ga (1 -f- c os u) , 
the initial velocity is equal to that acquired in falling ihiough the 
height ifD, and if we substitute for this value, the cxpiession foi 

dt gi\en in the text, will be efi = — — 

V 2^ya(ld-cosG) 

(c) By hypothesis, 1+ cos^= 1 -}-cos2iir z= 2cos*4r,and c?(3=2r/i|/, 


2^a(l4-cos0)=4^acos‘’4/, dt 


__ —2cfd4/ 




d^J/ 
g co*.\|/ 


2\/ ga cosxp 

now let sin d/ = A, then — the inlcgral of tliij last 
cosu/ 1—a ® 


quantity is | log + c = 1 log + C , when « = 0, wc 

, l — sin-tti 

have 5 i log r — [-c = 0 , substituting the value that may 

i-t-sin 5 <^ ® 

be obtained in this way fore, we obtain the expicssion in tc\l- 

(d) It IS evidently the same thing wliethei the moveable sots out 

from the point m, which is very neai to B, with a small initial vclo- 

fity denoted by A, oi whethei it falls without any initial velocity 



NOTES 


599 


linm a point so much liiahoi than m, as that when it has loached 
M it would have acquiiod the velocity A 


(^0 When 6 ^ multiple of ^ zz and when ^ V" — is 

^ a 

an odtl nuilliple of tt, 0 = — a, and in each case — = 0 

at 

( /’) Bji making this substitution, wo liaie «'= acos {t + t)^/ ^ 

Oi 

t’V ^ t0ST \/' ^ — asiiu\/^siii T \/^,whiche\pres- 

Is when TziTrX/ becomes — cos ^ \/ — 
g ^ a 

0*) ^3 ad^ lb the dilfeicntial of the aic of the ciitle, ex- 

dt 

piosbcs the velocity, and theiefoie as ^ = ±^c6 \/l at the lowest 


V^: 


=r Oi OOS 


Sion 


j)oint, the velocity at this point = ±lca \/ ga, and as hzzi^aA% we 

have a = — , and u=z Y^2ob- 
oc“ 

(A) llelaiuing the louitli poweis of a and 0, the oxpiessioii foi 


dt: 


:-v/" 

^ /if 


r/0 


a-*— +"!’ 

11 “li 


m]ii< h lb eviilently lodiitibic to the cxpicsbion in the text , and as 

Li-rV (-+o)]-^=i + 0 ^), 

the piossion loi dt is evidently that given in text 


(/) The nitegial ol — 
r/O 0 


db Q 1 i» 

—7Z lb aic cos that of — — 

fit 24 

0 


0 , , , O'dO u J — 

— aiccos-, that ot -■■:■■ .= 7;: V 0'+ 




cd 9 

~ .11 ( ( OS — , the 1 n( cgi al of 
4 o fit 


tho last Icim vanishes at tlio limits a, — and the olhoi teims become 
at these Inn its 
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2 arc cos = 1 4- Sdiccosrr]. 


=\/“ 




(7c) Let t be the given time, the duialion of each oscillation 
when the amplitude is infinitely small, and T the duration of the os- 
cillations wheie the amplitudes aie only \eiy small, wc have 


w't =z r 1 e , War\/ - z= n^7r \^ ^ f 1 + 

« ^a\ 16/ 


71 n' ^ 


(Z) cos^ 6=1 — 20^-1-*“ siii^ 6 = 2 ^ and ■ ■ - — ■ — , 

V 2 

. dtzz ~“V - — . — — which IS evidently equal to 

the expicssion in the text , now when ii = ]S, 1 — cosO = 1 — cos a, 
6=0', and when ^ = 0, I — cos 6 = 0 6 = 0 

(m) If in the expiession t/ di, we multiply and di- 

1 1 /n I r «-2 , ^Cct^’~^dx C tVr 

vide by V Bi — i , we obtain J i di = d\ — ~ \ 

(ti) Foi the manner in which this intogial is obUined, see 
cioix’s Ti aite du Calcvl Dijjei ential et Integi «Z, loin 2, page 314 
(o) By differentiating with lespect to t, we obtain 

^=[_-Wl ■■■ 

Now in this expiession the factois of the cos mutually deslioy each 
othei, and those of the sine aie 

- 0 ,y\/i- 
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(p) When the fiist oscillation is completed, 


consequently, it is incicased 


a y ' 9 

Now in a vacuum the value of t is 7 v\/ 

9 

ill a lesisting medium in the latio of 1 -y 

In the expiessions foi the amplitude, the quantity by which 

e IS multiplied becomes the same at the end of each oscillation, 
__e£ 

hut e evidently diminishes as t increases, theiefoie the amplitudes 
continually dimmish , now as 

y g ^ ^ a 

theiefoie, the value ol 0 after the oscillation is equal to 

oittV ga 

a. cos nyr e = (as cos w = (— 1)^)? a (— 1)^ c ; 

hut the value of 0 in this case is by hypothesis ( — l)"a„, honco then wc 
obtain the value given in the te\t , liom which it evidently appeals 
that these values of a, constitute ageometiicalpi egression of which the 

latio IS e 

(r) In this case when the cos and sin aie e\picsscd in exponen- 
tialsj the value 0 is equal to 


5 = 05 . 1^- 


e » 4* ^ V (/a 


0 — e 

2 'pAT V 2" 






fiom which it IS evident, that if 2A ^ ^ will he ciphoi when i 

is infinite 

(5) The inlegial of the equation 
















( 19 , 


and as by hypothesis, <70 =: y, ami = ^» orpiation ho- 


comes, by substituting those values, 

4 H 
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^cose - i^y=0 
d& €t ‘ 

Let ^ zr 05 r, © being a function ot then substituting for if and 
— then lespective values 05r and^j^ - 1 — the pi cccding equation 
becomes, by multiplying by cHp 

©c? 5 ?+ — — cos 6d6 — 0 

Now if we assume (Lacioix’s Tiaite Elemental'! e. No 257), 

2^7 

0t?;2? — = 0, zds ^ COS = 0, 

from the fiist equation we obtain is = and substituting this value 
of s! in the second equation, theie results 

a® cos . © = ^sinOe^*‘’+-^Csin0</Oe-'’"’ = 

a ^ a a j 

f _ cos « ^ C cos 6die->^0 + c. 

\ a a J 


and, by continuing the parbal integiation in this mannei, the value of 
0 will be found equal to 

sin 6 [( 1 — &c.) — |u. cos 0 (1 — -- iw.'' + )] ? 

but we know fi om the expansion of a binomial, that 


therefore, 


1 

1 + P^ 


1 — — jU.^’ + &c 


© 



0 — ju cos 



consequently, n ©^ rz 0 

/ sin^-^cobA „ 

« \ 1 + f*'* / 

(t) If in equation (5), — bo substituted foi <*, ihon as the ve- 
locity is by supposition ciphei, the second mcmbci ot this equation 
becomes ciphei, by means of which, the expiessioii in the text can 
be deduced, now, when in this equation, the squaie and higher 
poweis of ^ aie neglected, = 1 -j- consequently, the membeis 
at each side of this equation become 

cos a, (1 + /^a^) - p, sin = cos a (1 - pa) + p. bin a, 
which is evidently the expression of the text 
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(u) As 8 IS veiy small, cos J == 1, and cos oCi rr cos a + 5 sin a, 
and sinai=sin«)6 + coss« S, asi cosa^ ^)cos(«»— J))=:flftCos « — 

5 cos G& + cc^ sin j)fi, cos — |W/ (sin ac^ — cos tfCi) = cos a + $ sin et •— 
sin ec + ^dftcos oi = cos a+/xsin ct — ^acosa, ^ sin 2ft (sin ^t — 
«cos a) 

(/^ sina = Y — - ^T ', and a cos a = y — (neglecting the fouith 

X 1 A o X X ^ 

^ a® 1 1 ar^ , 

powe.s), sui«-«cosa = -3.— = -^ = -p + — , 

** 12 3 


^ . /'sm a — a cos a\ 2Ata® 

S-J )=-5- lT+r¥3) = 

(as tlio foul til powei is neglected) , consequently, 


a.rra — d=;a — 




(£) Foi the integial of this equation, see examples on the dif- 
iei oiitidl and integial calculus, page 387 

(«a) By substituting foi sin 2t dividing all the terms 

by cc and V^> winch occui as factois in all the teims, we obtain 

the o\piession in text when u = 0, and as the factoi sin t v1 = 

sill ST, wlion t = TT A/ -) it IS evident that loi this value of t, « = 0 

(«) If i>\/ ^ = ~+S, then cos t'y ^ = cos + 5^ = — J, 

CL ^ ^ / 

COS ^ = cos(7r + 2J) = — 1, the given equation becomes 

^ a 

-(‘-¥)*+¥-S=«- 

which, db the product a5 is neglected by hypothesis, gives 


( t) By substituting foi V its value - + and neglecting 

the cube and higher powei s of <y,, wo obtain 
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sin«'\/f = (l+f ) = 1 s>n 2 i'\/|=sin =^, 

and if these values be substituted in the geneial expression foi v, wo 
obtain, inasmuch as the cube of a is neglected, 

(y) £his case the general value of 0 becomes, by substituting 
^ foi t "^^9 equal to 

j cos^ + _+_ cos 25 r, a, = a 

{z) See Mechamque Celeste, Book III Nos 24, 25, 38 
( a') When y =: 1 this equation gives tang V \/ ^ =r — ; 




, foi 

V^2ira 


^as 


tang + =3 tang + tang ^ _ 

) l-tang|tang1^» 

9r \ I 

2 IS infinitej — but when k is veiy great, 

^ tang 


“ -tangl^^if l/2^a Vsa— 2^ 2A 

(i ) If any of the exponents of this seiies were negatives then 
when A = 0,s would be infinite , and if any of them wei e cipher when 

J = 0, s would be infinite, also as ^ = the secant of the angle which 

a tangent to the cuive makes with the axis oi x, at the lowest point 
, ds 

dl~dl’ tangent is perpendicular to the axis otx, and 
therefore ^ is ao, hence it is at once evident, that the least of the 
exponents a, |3, y, Lc , must be less than unity. 

(O') As if = A r', dv = hdv', we have = h—^v'^-ikdr' _ 

/ h-x V'h-hx' 
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Tja— j j and the limits of the new integral are evidently zeio 

and unity 

{W) It has been pi oved in a former note, that one of the expo- 
nents, a, /3, -y, , IS less than unity, it appears from what is es- 

tablished heic, that the value of the least exponent is hence 

ti,o„ folio.., th,. =C‘ 

and the integral of — — rr — 2aic ftang = — ■ ^rrfwhon 
taken between the limits of 1 and 0) jr, as stated in the text 

V d%^ dx^ \jdx di~dt difju 

now thecntiie integral of-^ ^ = — Jc? (- 

® udx dz udx ^ \u di) 

and as at the limits jS, a, ly is ciphei, ~ vanishes, wo have 

Vi dz 


u, d% dOi ja \u 


a \u da 


(yO The fiist equation (c) gives x-^ = w a, and ^suzz\ 1 4- 

az Y dz^ 

by multiplying both sides by w^e obtain 

X ^ = ^/d^^•^ dz^ a 

ezoa 

It lb evident that this equation may be made to coinddc 

with that gn on in No 72, by changing the oiigin ol the coidiuatos 

on the axis of v 

(fi^) Lot i •— a==a;2?®,theni?«‘=r2a(foxr,and 


= the intcgial of this last is — ax? y 1 — x?-* ■+• a are sin rr 

jc- 4“ = ft)y substituting foi z its value — — a \l LSZJt 

\ Y a / ^ ^ 

aicsin=Y^i^+c=- /a (.*-«)-(*-«)* 


l/ «((*-«)-(! -«>) 
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+ a aic cos = + c, but aic cos = 


1 / a — ^ + a aic 

\/a 2 


=f 


2c& — 2^ + 2a 


\ aic 

-lj=_ C03 = 


a 2^ -f- 


conse- 


quently, the integial is evidently that given in the text 

(*0 As 1 = «» = 

V a) — 

a (% ~ a) — ( i?— ■ a)^ + («?— aV __ a 
a (.» — a) — (^— 

(A;') Let^— a=3/^ aandeZdi=:2 a^c?j/hence 

_ 2ayd^ 


a— (* — a) 

V a dk 


Vcbi^i — a)— ( ^ —a)^ 

7 ^ = 2 /«aicco 8 = l/riy = 2 l/a. me 


'co3=y^ 1-— , 2/aarccosz=V''^^^I±Lf= 
Oj ^ a 


ai c cos = 


2a— 2t + 2a 


— 1 1 =z y' a 


ai c cos 


a — 2A'-|-2a 


equal, when 

the expiession given in text 

//AM a— 2/3+2a — 2i3-i- jJctV 

(V) Nowaiccoszz — = aicsinz= \/ l-T 

a V 

+ 4a(/3 — g) — 4(/3 — _ o 4 (/3 — a) — (/S — a)*^ 

— K > 

when the ladius is infinite the sine equal the arc, and if m 

the expression foi — a' given above, theie be substituted foi 

« a -2/3 + 2a 2y'a (j8-a)-fiS-aV 

gaiccosr: ^ , VP„ ^ 

expi ess the value of a' will be equal, and have contiaiy signs, 
therefore, /3^— a' in this case is ciphei, and the value of tj becomes 
evidently equal to a', for the second membei of the equation 
vanishes, likewise in this same case when a is as , the pait of 
the expiession foi in which a does not occui as a facioi, vanishes, 

lelativelv to the othei pait, so that it becomes equal to — ~ 

^ 'V/2tf ’ 

2v a(^--cf) _ '/2 (/3— a) 
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By substituting foi 1. ^ ^ its value 

dt^ 

fdi^ + df + dz^ _ 

V dt^ 

vvG obtain the value of n given in the tc\t 

(») 'i IS the aic of a ciiclc dcsciibed with a radius =: 7 in dt^ 

w, and ijif — yd% = = cdt^ = w == ~ = 

«* ai 7 


(as 9 = \/ a-^ — 



0* 

(o') = « cos 0, cos 0 = 1 — — , c =: a— ^ 0% it-* = & + 

by substituting for and y, then values, we obtain (3^ =: h + 

2^«— b=Z‘-‘2^ri + ga(oc^ + jS^, /) = 

— “j zn ^'(jci(a^ — + a^cx/) = foi by supposi- 

tion the fouith powei of a is neglected. Now dz zz — ac?0, and 

— ;c-* == a- — (ci — = %/« — gct^\ 

(l?j/cr + ^) — == aOX2ga — ^720"‘-- 2ga -h + |3-^)) — V/S*^ ,= 

(«*2 0-i (a^ + |3^— O’) — «- /3’), t/ (a-^ — {2gz + ^) — = 

€t\/ if {jx. — 0)(0 — |3")a, as = — w"0cZ0, by substituting foi 
\/ :? ) and also foi dz then values, wo obtain the 

cxpi cssion foi dt given in the text , and as 


d\l/ zz 



V (fid oL^dt 


« 


by substituting foi dt its value, wo obtain foi d\l/ the expiessioii m 
text. 

(//) It appeals horn equation (b) that the incicmont of the angle' 
xj/ Av ill be always positive, it ivill (onsequenlly increase indefinitely, 1 

, ^ do <7 fa' — jS-^) , I 

with lespect to 0, as ~ ^ 0 always lies between 1 

u and /3, tlieicfoio when these two quantities aie equal, 0 must also' 
be equal to c<ith of thorn, 

(r/') The base of the cone will be ciuulai because 0 is constant, 
and the motion will be uinfoim, because xj/ is pioportioiial to the 
time t , when a 1 evolution is completed we have 

2^ zz T 4 / ^ and t zz Stt if 
^ a ^ g 
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{ 7 ^) When 0 = a, cos 2^^/ £ = 1, ^ = 0, and when 0 = /S, 

^ a 

cos 2t 4 / £ = — 1, \ /i- = (when 0 = (3) tt, ^ ^ l/^ 

a C6 ^ ^ (I 


By substituting for cos 2^ 


\/t 


and observing that cos7 


" ' 9 

Vl+ 


sin®i'y'^|=:], weobtain j}'’=^(a*+ jS^) (sin^t'V^+cos^^'i^ |j 
COS^# \/f — sin® i v^) zr cos® t V^+/3 *sin*« 


(0 Dividing this value of by a* cos* < -> ‘hcio will lesult 

a 

we call tang t 


a CL 


cos® ^ V^~ 


ef ^ V\ ^ yz 

now = = d tang ty -9 . if 

cos® i /i. ^ 

a 

shall have 


we 


^ dx a 

d\]/ zr — , and \p =: arc tang ^ , 
1 + ^ a?® ° « 


consequently", 
when 


tang 4/ = -A and atangif^ = /3 tang 1 1/ £ , 


(w') From the equation 

a tang \Jf = /3 tang 


we obtain 


consequently, 


1 — cos® ^ ^ ^ 


COS®\f/ 


cos' 


if\/l 



^ OTEs 


b09 


a* cos^ t y/ - '=>(oC COS'* t - +j3'* sui-* tt^ cos-* \p , 
^ d y ^ d ^ a J 

?^ut the quantity within the biackcts = 6*, consequently, 


cosrt 


yi=, 


*cos'*vJ/, and a^O'cos^ =: aWcob^t 




111 like mannei it may be shown, that 

sin-* xj/ = «’/3-* sm-* i ^ 

a 06 

CHAPTER VI 

(a) As the medium iinitoim, and e\eiy thing consequently the 
same on both sides of the vciiical plane, thoie is no icason why the 
piojectile should deviate to one side lathei than to the othoi ot this 
plane 

t^) ^ 177777.5 ^nid if this value of ^ be substituted ui the c\- 


acosa 

piession foi y, wo obtain ^ tang a — i- </ - 


cos-a 


27? 


thcic lesults foi ij the oxpiossiou given in the text, and as ^ 

Cl f 

tang a — -y - ■— v '‘'5 at the veitex whci c = 0, 1 = 2 // sma cosa, // = 
° 2fi cos-^ cc di ^ 

Jism^a i it appeals horn these cxpiessioiis loi the cooiilnutes of the 

veitcx of the paiabola dcsciibed by the piojcctile, that when the vii^ 

locity of piojcction oi h is given, the lociib ol the voitues ol all paia- 

bolas which can be dcbciibcd, is an ellipse whose iiiiuoi axis is vertical 

and equal to h, and whose iiiajoi axis is hoii/oiital, and equal to 2/^, 

for vve have ,9* = 47d biii^a(l — sin a) = 4/ny — 1//** 4//* + — 

4Ay = 0, which evidently is the t'quation of such an ellipse as has 

been dcsciibed, in which the oiiginot the cooidinatc's ib it the lowei 

ovticmity of the iiimoi tivis Fioin the ecpiation i zz/cccosg:,' 

7j z= ^«sina — \gt\ii a]>p^ais thui when f the lime is given, tludocus 

of the points aiiivcd at in a tune is a ii'»ht line paialhd to the 

chicction of piojectioii, and intcMseclino the aM** ol // at a di t.iiiie 

fioui the Olio m equal to As the (In ectioii ol piojediou hisecU 

the angle between vciticil and lmi‘ chawn lioin point ot piojeition 

4 1 
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to the focus, and as h is always equal to the JisUiico of the oiigut 
fiom focus, if i'' and y" denote the cooidmates ol the locus, and a, 
as befoie, the angle between the hoiizontal axis and dnectioii of pio- 
jection, = h cos (2a — 90°), sin (2x^90^), i c , -—h 

yff 

sin 2a, y'^zzJi cos 2a, 4* // ““ 

X' 

equation shows, that when the velocity of piojection is given, the locus 
of the foci is a cncle ladius equal to the second piovcs that when 
the angle of the pi ejection is given, this locus is a light lino , likewise 
111 the same cii cuinstances, that is, vihen diiection of projection is 
given, it appeals fiom the equations x =z2h sin a cos a, y = /isin*® a, 
that the locus of the veitices of the desciibed paiabolas is a light 


line of which the equation is y rz - tang t a 


/ \ c/y , ’ + du- 

\p) ■^ = a cos a, -^ = asma— v = =« (sin- a 


+ cos^ a) — 2a (gi sin a) + g'‘f = a® — 2 agt sin x + g't^^ and us 
or zz 2gh^ 2 agt sin a — = 2^y, =z 2g (fi — y), as wo know 

fiom othei consideiations If the equation ^ tang a — — 

® 44 cos- a 

be sohed for 4, we obtain hzz — lionco we can 

4 cos a (^^ tang ot—y) 

deteimine the velocity, with which a body should be piojoctod in a. 
given diiection, in oidei to leach a given point 

(i^) It appeals fiom inspection of the value of that the pait 
undei the ladical is the equation of a paiabola, and it iollows fioin 
^ TV hat IS established in the text, that allpaiabolas desenbod, with a 

Telocity of projection equal to will touch the concavity ol this 

paiabola. 

It IS evident, that the f}xaxiin.w]n% lange on a gwen plane, passing 
through the point of piojection, is when the diiection of piojcction 
bisects the angle between this plane and the vcitical, consequently, 
the given plane passes thiough the focus of the paiabola, vvliith is 
described, and if ^ be the inclination of the given plane to the ho- 
iizon, we have (? = 2a - 90®, and tang a = tang ^ (4 + 90 °), 

_ 24 

^ tang a tang i(<f> +. 900 ) gieatest lango winch is equal 

^ - 24 24 
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1 +■ tang| sin ^ + cos I x x 

as cos<f) = cos"5 — sin*-^, cosA 

l-tangf cos|_sini '^2 2'^ 

tang ■!(({) + 90) =zl 4-2 sm I cos^ — 1 -H sincf) 

(e) m = — 5 — > and the smiace of the sphere is equal to 47‘V, 

3 

Rr 

if these values be substituted m the value of — , the result will be of 

m 

the foi m in the text. 

R R dOD 

(^) By substituting foi — in the equation — = — 


ds d% 


dt^ ^ dt ds dt 


^ dt dt^ 


multiplying both sides by dt^ and intogi ating, we obtain 


. dj} , , di 

log ^=-ca.f.log.A -^ = A 0 

dx 

Now when 5 =: 0, ^ cos a, a = a cos a, consequently, the 

d X 

value of -j - ii> that given m the text 
dt 

(^) III fact, by substituting foi ^ m the value ol^~,thcieicsultb 


dH] dit ds 

— ■ (J— - ^ **"* C 

dV dt d6 dt ® 


ds djj 

dt ‘'S 


and it IS evident, fiom inspection of these equations, that wc may 

du djb . - 

assume = jd P being a new unknown 

dJli (Lu 

(Jh) Differentiating the ^ = and dividing by 

theic icfaulis 

dhi dp dab . dsdif dsdh d^x 


dtdt dtdt ^~^dt‘' 


da dp 

dt 


(^) Multiplying both sides of equation (2) by diX^ wo obtain 


dp = — ? 7 r— = ““ 2/iC‘os‘*ao"*‘‘^^ V7p, also ^ ^dtzzz 
^ 2hco6^a dt 

i e , and^ ^ dt d x dp) zz --- ^dr * 
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(A) 

de 


dt^ 


= (1 + P=)^=(as^=r^,>(l+F> 


^ dp^ 

tl) (\/l+p'^ — p') (V'l+p'* 4-j»') = 1, tlieioioie, tho sun. 
of the logarithms of the two factois is cipher, consequently, one # { 
them IS equal to the other affected with a contiaiy sign. 
cdi'zzhj sustituting for p and dp 


— dp^ 

— /)' V^l + log ( l/ 1 + — jO') — y 

— dp d/y 

^p' V^l +. . log — y ’ 

(m) For very great values of p' may be assumed equal tt 

l/l +y‘‘, for in thio case when t / 1 is expanded, the fii st teiiii 
isp', and the powers of which occui in the second and lollowiiig 
terms are very small with lespect to it, theiefore, 

y + log or 7 i log jo'* -h log 2 =: p' ; 

and from the equation e^zz 1 + ^ , it appeals, as is stated 

in the text, that the logaiithm ofa veiy gieat nurnbei is always veiy 
small relatively to this numbeu 

(n) In this case the expression becomes, by substitutipf/ — p* 
for JO, 

cx^ z= - 

7+i>' '/i+y^+iog(y + )/r+p^' 

which becomes, by neglecting y + log 2 and | lo£ p% 

cv^zz£, and — - 
c 

{ 0 ) By taking the diffeiential ofe^w, we have evidently 
du = dij cos ^ ~ ifa sin /3 =z {dy - d% tang |3) cos /3, 

and if the values of dy and dx be substituted in this equation, and 
the sign of the common denominator be changed, wo have the cv- 
piession foi ifu given in the text 

Bj integrating this equation, we obtain ^ o, , 

d'^ 4c7icos^a 

4- c, and because ^^hena, ^ = 0, tang a zz — -111— 

4c^ cos^ a 


+ c, c =: tang a 
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+ T- 7 — by integiating a second time, we obtain wc:— — — 

4c^cos®a ° 8c^/icos^a 

Off 

tang a a? + j-r j- + c', and when a? and ^ = 0 in this equa- 

^ctti cos 0 ^ 

tion, we have c'=: — 3^’ hence by concinnating, we obtain foi ^ the 

the expression given in the text As ~ 1 + 2cv + 4c^a,^ + 8c® 

/e2ca; «. 2c^ •— 1\ ^ , 

ir®5&c A - ;, 1 ^,whencr: 0 , hence w = tang a.^ 

\ 8c^Acos^a J 2 Acosta ° 

— 2 )^gQ^ 2 ^ which is, as wo know, the equation of a projectile in a 

vacuum See on this subject the twenty-fiist NumberDw Jomnal 
de VBcole Polytechmque, page 191, and Vol II. Nos 358, 359 

dt~ 


(q) Fi om this equation we obtain z= ^ zz 

djL^ dJL 2 A cos*a 


dffb 


aJ '^gh cos a 

1 


-and^z:- 


qCX. 


A, when ^zzO 


^ gh 6 cos a 
the value of t is that given in the text 




\/ 2^A c cos a 

(a) The planet was in this case supposed to move in the ciicuin- 
feienco of a ciide of which the sun occupied a position at some dts^ ‘ 
tancej-'iom the centre, it was on this account that the motion was 
said to be pei formed in an eccentitc circle 

(A) It is easy to dclcinmic when 9— nt, i e the equation ot the 
cenLie is a mazimum^ for if about the locus of the ellipse, which the 
sums supposed to occupy, as centie, a (iicle ho desciibcd whose la- 
dius is a mean piopoitional between the sennaxes of the ellipse, the 
aioa of this ciicle is equal to that of the ellipse, and if we conceive a 
body to move m this ciicle with the mean angulai velocity n fiom 
the ladius which coincides with the pcuhehon distance, at the instant 
the eai th passes tlnough the pcuhehon, and in the same diiection, 
it IS evident that as the earth’s velocity in this point is gioalei than 
the mean angulai velocity, the earth will pi ecede the body wine h 
moves in the cnclo, and it will continue to pi ecede it, until the an- 
gulai motion of the body becomes equal to that of the eaith, i 
until the eai til’s angulai motion becomes ccpial to the mean angulai 
motion, aftci this, the angulai motion of the eaith being less than the' 
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n>ean angular motion, the body ^xll begin to gam on the oaitli, and 
will evidently ovei take it when the eaith ainves at its aphelion, hence 

tity, and the equation of the centie is a maximum when the angulai 
motion of the eaith is equal to that of the body , this is eMdently, 
when, the ladius oftheciicle, is a mean propoition between the 
aemiaxes, o. i = « (1 Por if ii be, as in the text, the moan 

angulai velocity, we have ^ = the area described in an indefinitely 
small poition of time in the circle, and if,/ and «'be the coiiosponding 
quantities m the ellipse, we have = the indefinitely small a. ea de- 
scribed in the ellipse in the same time, consequently we have n n' 
as the synchronous areas m cii cle and ellipse divided by the squai os 
of then coriespondmg ladii r and but in the ciicle and ollinso the 
synchi onous areas aie equal, being as the whole ai eas divided by thepe- 
iiodic times,! e ma.atioofequal.ty, hence theangulai motions n,«/aie 
equal, and9_«< the equation of the centie a maximum, when , =,/ 

1 e atthepoints wheie the ciicle, which has been described with a 
Jj radius equal to a(l-e->, intersects the ellipse It appeals f.omthis 
’lalue of n that the gieatest value of the equation of the ccntie de- 
pends on the eccenti icity, as is stated in the text 

(c) Fiom equation (2) theie lesults, cos 6 = _ 1 

67 

a cos9 = - sinfide = _ , thei efore as sin*0 = 1 _ cos®5 = 


and, consequently, 

sin 9 r V - (, -JT^ ■v/nT?* 
which IS evidently equal to the expression in the tcM, and as 

, 

substituting for r and d 7 

then values, theie results nadt = a (1 ^ e cosu) a^si mcdzi 

^2^/1 \ r \/a>^6* — cc,-^e^ cos**i4 

a^e ( 1 —g) cos7i sinW^ 

ciB sinw ^ c)cos'Mc?w, likewise, by sub- 
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stituting loi 5 and di tlicii values in tlio expiession foi 4 ^ 0 , it becomes 

d& = e%n\%idu _ \/l— 6f- du _ i — du 

^ (1 — i?cobw) «esinw 1 — e cosm 1 — e cos'* w -J- d? sin '-V?* ’ 

now if both the nuiiiciatoi and denominatoi of this expiession be 
divided by cos-^w, and if we obseue that cos‘ i w + sin- ^ w = 1, 

we shall obtain _ by - 


— — _ by + 

cos^Vw cos-^?^ 


e cob“-^ 2 i , csin -Vw 


luting foi lan|M and fo, tho.r 

respective values), the oxpicssion m the text Now in this value o( 

>70 1 1 I ai, mn dz 

a0, let 1 — e =z ?? 2 , 1 + 0 = then — 


1 — c+(l + ^);:* -f" 


("by making z = ^ consequently vve ha\ o = aic hum 

V m J t-rj/*' a ° 


zzyzz aic tang : 


— j J VVU iiaVL? M'l'' 

1 “1“ 6 _ t ^ 

-—==, and tang ^ 9 = — — ■ — tang .V u 
Vi-e /l_e* 


(d) CostiU cosiOi^= + «0»<+eos(i-»0»t^ 




C0s(? — cos(^“-^0^^^ 

■“ ■ 2 ’ evident that if these \ allies 

be substituted for cos^'/^^ cosiw^, and siiu'zi^ suu7i^, and if the intc- 
gials be taken between the limits 0 and w, the icsulls will bo those 

indicated in the text, and as + = 

1 — cobStrt^ 111 

, it IS evident when those values aic substituted in the 

cxpiossions ^^cos2*7i? (^?^f,^^slll’^?/^^??/^, that the losults will he in 

each case ^ When ^ = 0, ^ ^ cos?»/ d nt = ^d ntf aniltlioictoie 

Ao^ ^(Zntzz AyTT = ^ Q ^ 

(e) The mtcgial of (0 — sin int d nt is = ^ 

~^cosiwi{<i (0 — 7/0? when taken betw'ccn the limits ni = 0 , 

ntzz w> it is ovidcnh tlic value of ^— 7 t^ given above, that it is 



NOTES 


reduced to ^^cosint d{&— nt\ hence it appeals tlial the Aalno <>t 
Bt IS that given in the text 

* (f) As int = ^^^ — le sinw, we have cost7it = cos — siiu/), 

and if we leniark that d (d — nt) = dd -- d nt 2 = ,/// - 

(1 — ecosu)dn, it IS easy to deduce the valuo of n* given in the text 
(g^) As cos(iw— sin = cos ^ cos {le binit) + sin(/rsiiu/) 
by expanding cos (lesmu), sin (e^sinw) into a sciies accoi ding to (lie 
formula expiessing the sine and cosine of an aic 111 tcims of tiu* ^lu , 
ve Vrill obtain the expression foi cos(ew— ^£? sin m) given in llic text 

(h) By substituting foi 7 and d nt in the value of wo oht un 

-'0 = -^ 0^^“^ cosa)=£?tt = -^ ^ |^l_2ecos*i + ^ -H ^ oos 
equal at the limits k =z 0, « = " (,r + i <?%), i o «( 1 + \ i ) 

(i) By substituting these values, wo obtain, « — r’ ‘ ^ 4- 

V ({■) 1 


(1 4-2ecos« + e^)c’, but 2 + 2tf cos(3, ami - ^ 

^ / 

-l+e*=l+2ecos9 + s* (t ~ 0 (l-«^)= 14 -S«i>s 0 +' , 


c°(l + cosfl 4~ cos'’^) 
a’(l— e®)-* ’ 


(1 4. 2ecos< + e^)c’, but — — ^=2 4-2tf 


and - u’ (l-a-)i =c= - l) (I - e>), and « = 

^ «/!_<• 

y , *> 'i;r ■=^ > “ appoms liom this .>V- 

j 1/^-1 

^ piession.thatat the mean distance the velocity is oiiual to voloiilv 
m circle at same distance, and also that at this same disfa.i. 0 (Ii.. 
angle ^ is a minimum —See page S 74 

(/r) Smcesm 6 = siny sin (« -[-«,), assinyis always + wlioii sn, 

IS 4 -, then ^ H- tu IS Z 180 ^ 

^0 From the equation langvf,^ cos^ tangA we obUiin ta.i'it, , os , 
= cosy sm->, . e tan^y ( 1 -s.n^A) = iosysui% = 

tan’vS 

-os-y+tan'i,’ = sin y sill A = . . 

■»/cos y 4 - laiig p 
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(vn) The comets do not appear to have exeited any sensible at* 
traction on the planetaiy masses, oi in any way to have deranged 
their motions, when they are observed through veiy poweiful teles- 
copes, and under cucumstances in which we ought only to peiceive 
a pait of the illuminated atmospheie, we aic not able to discover any 
phases, stars are said to have been seen thiough the densest pait of 
the nucleus 

(n) See Dorpat Catalogue of Double Stars, by Stiuve; Philoso- 
phical Transactions, 1802 and 1803, Connai^sance des tempSy 1830 

(o) The force p ~ acts m the dnection of the tangent, and this 


foice resolved in the diicctions of the axes of a and ifi equal to 

ds^ das d^' dy dA ds dyds 

^dt‘ ds’ ^de aie lespectively equal 


^ d:ff , dy 
to ^ and -f-, 
dt dt 


become the 


second membeis of equations (2) given 


in the text 

(/>) If equations (2) be lespectively multiplied by and rfy, 
and then added together, thoie results, as 



dty 



dt^ 


d id'ai + di/d^y 
dt^ 




which, since — = — and » =r k »'+ y*> is equal to 

1 j ^ j 1 /'rfH + » , 


and in like mannei, if the fiist equation (2) bo multiplied by y, and 
then taken fi om the second multiplied by a, we obtain 

td^y yd^A _ f ffdy—i}dTi \ _ ds fydi yAd\ 

dt^ \ dt^ ) ^ ^ ^ dt ^di 

. ardy ydv ^ d9 
and as — we obtain 

d 

dt ■ dt 


*1 K. 


( 7 ) See No, 232 
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0) ^ + s -(- 3 now 13 a peiiodic function ananged ac- 

cording to the sines of the mcieasing multiples of -f-g — w, when 
jJ 0 IS increased by 360, it is evident that we arrive at the same point 
as before If there was no peitmbation the value of the time lapsed 
between two consecutive letuins to the peiihehon would be equal to 
that of a return to the same fixed point. 

{s) If the first of these equations be multiplied by 1 — ecos?/, 
and the second by OieswiUy we obtain by adding them together, 


(1 ecosw) — a cosw^l — e Qosu) de ae sinw(l — acos^ 4 )c?^^ + 

ae sin — dtxi) d- cte swU^ude — aasin 1 — e cos " m) du^ 

which as cB6(sm‘’«-|-cos‘w) zz ae^ is evidently the expression in the te\t 
(t) As by the third equation (a) 

l — e 

tang2 i w zz tangS ^ (0 - or), 

if this value be substituted in the expiession for cos^z^, theie lesults 


coswzz 


1 

T 


__ 0~-e)sin°i (g— a) 
(l^-g) CO&HCf> — a) 

~ (1 — c) sin^iC^^— 
(l-fe)cos»5(e^-a)) 


— (5— ct^) — (I— e)sin®(9 — o;) 

(1+ e) cos’-J ( 0 — 0 ?) + (I —e) sin2(0— 


which as cos 2^(9-£(;) + cu) zz 1, cos^^(0— cc;) — sin2^(5 — w) 

zz cos(0— w) IS evidently equal to the expression given in the te\t , 
hence we have 


(l^acos?^)® 


(l+ecos(0ll^’ 


a (e^cosu) 


— — a;) 


ae sinw zz 


1 + ^ cos(0-- a;) ^ 

ae\/l — e^ sin(0 — cv) 

I e co&(0 — a;) * 


now if these values of (1— e coste^, a(g— coszz), «gsin?cbo substi- 
tuted in the equation 

(l--ecoBuyda -f a(^e^cosu)de + ae simi(d$>--du) zz 0, 
we will obtain, by multiplying by 1 + ecosfl-a, and dividing by 
1 — the equation (f) 

(u) It appears fi om the equation 

>V9 = /fta(l_^y< I 
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tliat tliesynchionoub aieas desciibed about dilfeieut cculies ol ioices, 
vaiy as the squaie roots of tlio paianieteis of the coaic sections dc- 
scubed, multiplied into the squaie loots of the sum of the masses of 
the attracting and attracted body, see Piincip, Book I. sec 3, 
piop. 16 




,, „ /2 1\ 


d » = — P'1 ^dkh =:V^ [ji,d ft(l — er)dti —pi/ cltdj> 

=z \/ pj d \/ a(i—e^)dt 



(*) a = 2, (2 _ 1)* - ^ = 2, , •«<! .t ... 

this equation iheie be substituted the value of we shall obtain the 
e'spresbion given in the text 

da(l 2aede 

d \/a{l-e^)z= ~ 0 e 2 / 0(1 ZP )~~ “ 

^\/a[\^e^)di> 2ede = ^ = 

(by substituting foi da its value) 

2p(l — €-)ds—2p(l 4“ 2c cas(^ - w) + 

which, by oblitci ating the quantities that destroy each oihci, becomes, 
by dividing by <?, equal to the value of de given in the text 
Equation (c) becomes, by perfoiming the dilTeien tuitions, 

»'cos0 cos ojde — re cos0sin (jjdcu -f- t sin 6 sin (vde 1 c sin & cos wdw 
da(l — e-) — 2 ai>de, 

that IS, by conciunating and substituting tor da and de m the second 
incmbei , 

a cos(d — ct})de + re. sin (G — uijdw = — 2pa(l -f* cos(d — w)’^e )dh 
+ 4pae{e 4* cos(0 — M)df, (= — 2pa(l— e , 

now if in the fiist membei of tins equation we substitute fot *» and de 
then values, the preceding equation becomes by dividing both sides 
by the common lactoi, ri(l — 

2p(g cos(G-a;) 4" cob(0 - 4- sin(0-a;)go?cu _ _ 

1 4- gcos(^— oy) 
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and consequently 

efl?wsin(d— a;)=— 23(l-f-^cos(d — cos(^— to)+cos(^-- cuy^ds 

= — (1 — cos(0— cyy)c?5 = — 2psixi(d-^toyds 

eduj = — 2^sin (0‘^uj)ds 

If in equation (f) there be substituted for da^ de^ and edco then 
values already obtained, theie results 


[- v(' 


1 + cos(d — w) + 

1 + ^ cos(d — a;) 

2 pa sin(^— cy)®’ 


^ + 2j£ja(ecos(^— w)+-cos(^ — co)*^) + 


VT 


(^-^r \n , , aesm(6-^cp) 
—e* /-* 


reducing the two first terms to the same denominator they become 

-jpa (l-f 2 g cos(g— <fl) ^ e«)-^-2pfl(6 cos(g— mH cosfg — g>)«M 2 pa(<“cos(tf^w)’' J e <.os(f#— 

r-f <gcos(tf— 6 )) ~ j 

= (as ^ cos(^-.cy)3 = ^ COS(0 -cy) (1 -sin(^-. a;)2) 

_ 2pa(l+€^) + e cos (^-cv)sin(&-^ujy 

l+^*cos(d — a;) ’ 

and thus equation (f) becomes 

a;)]sm(^— a;y 2ypg sin(^--.gy) ^-| 

L 1 + ^ cos(0-£y) T :7r^i J 

^ Sin(^-a>)* ^ 

,+ ae. — - L - = 0, 

V 1— 

dividing by sin(0- w), and then reducing to a common denominator, 
we obtain 

- 2^a[sin(«- w) (1 + e cos(d-w) + «*) / 1_«*_ (1 + « tos(8 — w ) mu 
( 9— + ae (1 -|- e. eos(9— a)))«?s = 0, 

multiplying both sides by 1 + l/l— e«, there results 
_2^a sin(fl_a,) [e*v/ W - e3cos(9-te) + ae (1 + 

(1 + 1— e*))<ig = 0, 

hence we obtain the value of de given m the text , and in older to 
obtain the expression for ds we have 
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d7 __ a(l— — w) . 

c?0 (1 ^-e.cosfd — iu)y ^ dB^ ““ 

/I cos(^— a>)+ (sin2(d— w) + c.os\B—vj) 

^ ^ ^ (1 + « cos 0— w)^ ' 


• ds 


=•/ 


^rf0' 


= /y,(l-»n ^ l + 2eco3(e-to) + g* 
(1 + ecos(^ — a;)^ 


It appears from tlie value of la that the radius vector dimiiiishes 
while In the angulai velocity increases, and the vanations of the 
quantities e, w, s are only pei iodic , the variation of the absolute ve- 
locity becomes by substituting Z^anB for In^ and — for Ja, the 
expression in the text Likewise, as h = — 2jca®0, the sum of these 
continual diminutions from 0 = 0 to 6 =: 29r, is 

(y) From the equation 'i'^dB~cdt^\i appeals that when the areas 
ai e proportional to the times of then description, the angular velocity 
edt 

dBzz—^ varies inveisely as the square of the distance, and con- 


versely, when the angular velocity vanes inversely as the square of 
the distance, the aieas are piopoitional to the times, for then cdt 
—r'^d^ — a constant quantity, and generally, in different oibits the 
cdt 

angular velocity dB =:-^) varies as the synchronous area divided by 
the square of the distance 

^ = cdt ^ = (v sin and at the initial distance where 

dt ^ t 




0 =y, w© have \/ %jh sin a = 


{z) Multiplying both sides by dv and integrating, we obtain for 
the first equation •^= 

easy to obtain by the known rules the values of ic and y given in the 
text 


(a') When t is 



, the values of ^and y icmaiii 


the same as betorc, for in this case, the value of » is 7. cos 

((« + 2»-) V" I) 'OS (* + j) 
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— y ^cos • ■“ a sm ^ , the same ib true for 

the \alue of 3/. 

It appears fiom this, that when the foice is piopoitional to the 
distance the peiiodic time vanes as 

^ h 

(^0 squaiing both sides of these equations, and then adding 
them together, this result is obtained , if a = 90 and Icy ^ 2 gh, the 
tiajectoiy will be an ellipse, of which y will be the major semiaxis, 
but if Jcy > ^gh, y will be the minoi semiaxis 

When the force becomes repulsive, 1 e , when r is changed into 
E, the values of % and ?/ will not be expressed in periodic functions 
of hut will inci ease indefinitely. 

(d 1 \^ ^ 

(c') Equation ( 3 ) + 2 ^Rd 7 = ^, becomes, by 

substituting for and 5 , their lespective values, y® 2^7i*smV. 

(70) “*" 7 ®) ~ ~ “ji ~ 

-H j + V (1 - ■®®) = hence dividing by 2 gh siii^ «, and 

concinnating, we obtain the expiession - 4 - (l ^ — 

j c«9 ^ V i^Asin^aj 

substituting ± for 1 - 


and observing that — cot® a + 1, becomes the expression given 
in the text 

(c?') In ordei to integiate this diffeienlial in the case where the 
1 , , cot" a ■ 4 “ 71 ® 

supeiior signs aie employed, let = 1 % and then nd^ = 

—yj ' 1 which the integial is arc sm =r — — — 4. c, and 

v/coea4-»» 


when 9 = 0, = 1 c = — aic sin = — : . hence the va- 

V cot® a + ?i® 

lue of IS that given in the text 

In the second case, the integral is db 7^0 = log (± + 

V'cot*« — ji* + n« «“)-!- c, and when 9 = 0 , and «= 1 , we have 
c = - log (± w 4- cot <*), and therefoie, 
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± 710 = log 


zt cot^ a — 


^ - - -6 y ^ cot «) ; 

Fiom the fiist value of w0 we ohtain 

^ nz cota — 92l/ col-a + (I — 

sin n9 = — r~ " ’ 

cor^^ + 7r 

, + cot «*\/cot^ a + 

cos nd = — ; — , 

cot-^ a + w-'^ 

hence, multiplying the fiist of these equations by cot a, and the 
second by n, we shall have 

^ w^ycot® a — n coiu\/ cot® « 4- ( 1 — ; 2 f^) 

cot a sm w0 = — ; — » 

cot® x+ 

n^z + n cot a t/ cot® a + (1 — 

n cos w6 = —c. r-r > 

cot® + ’iV 

and by adding them we obtain 

. /cot®a + w®\ 

cot a sin + ticos nd = 7iz — - — ; — - = nz, 

\cot^a + ny 

(^/) 72 cot ec cos n9 — 91® sin 720, when z is a maximum 


we have = 0, and cot » cos 220 — fi sm 920=0, consequently, 

dQ 

cot ee = n tang n& It is easy to peiceivc, that this value of tang n& 
gives z a wa 2 29722/994, and, consequently, 7 a substituting 

this value of cotain the c^picssion for oiz, we obtain 

sin’ 2 ? 6 f sin® 4“ cos® 92^\ 


•sin’ 2?6 , A 

nzzz.n ■+n cosw.d = 7i. 

cos 920 


cos . 270 


22 l/ tang® 720 + 1 , and z = \/ — cot® « + 1 
At the point where r ib a mimmum, we liavc-^ = — ^ ^ 

C^2'’ 

therefore, at this point = 0, consequently, the curve has an apse 
at this point 

(/O When zzzO, ns x , the value of tang n& foi zzzO^ is 

— ^ = — 72 tang ee, consequently, if fiom the centic wo draw a line 
cot 

maWiig with tho initial distance y an angle i, such that tang «tf = 
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— w tang ctp the line diawn making this angle will meet the cuive at 
an infinite distance, and the cuive has an asymptote paiallel to this 
line, foi if jt) be a perpendicular let fall from centre on tangent, we 
1 

have in general — = — -J- in the case of an asymptote sf va- 
ciis 1 

rushes, and the value of — =: -• = — cot consequently, if 

a line be drawn from the cen tie at right angles to the diiection of 

the radius which makes with y an angle 6 such, that tang n& zz n 

tang a, and equal to p, and if thiough the extremity of jp a line be 
diawn parallel to the infinite radius, this line will be an asymptote 
(ifO ®f the logarithmic value ofriiw^, if we suppose 

to be affected with a negative sign, we will have 


— = log , 


nz + cot® et — 71® + 
— 71 + cot a 


and therefoie 

(— » + cot a) cot^ » — n^z^y 

but we have also 

(n + cot a) 6"^=: 4" cot-* . n®-|- 7 i-*j 2 ?®, 

hence we obtain, by taking the fiist equation from the second, 

(n + cot Si) + (91 — cot ») e“”'^—2n z = , 

consequently, by substituting foi their respective values, we 

shall have 


2nz = 


(n + coU)(^l + _ + _+__+8.c 
[(«— cot«)(^l — y+ Y 


T~n 


+ &c 


.)J 


and from the inspection of these it is evident that z continually 
increases 

rru 1 Z^+cotosN .fl /ti— cota\ — 

The value of -^ = j j e , ,f ,n ordei 

to determine the greatest value of z, we put this expiession equal to 

cipher, we will obtain e"®=z j l ” — ^ if 

Vn + cot as « ’ 

71 > cot « this value is real, and z is sl minitnum foi this value of 
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and beyond this viylue of ^ inci cases, and the cui\e which is 
tiaced has two \alues that arc syminetncal on each side of tins 

value of The cuive has an apse at this point, foj —zz-^ 

X in this case, but is the tangent of the angle undei the 

tangent and ladms vectoi, and therefoic at this point this angle is 
light If the motion comnicncod fiom this point, wc would have 

jxf « QO nv>/-l oi\«i «il lar/Milrl liA 


:90, and the equation of the spiial would be a = 


^ 4- e— M<i ’ 


fiom inspection of this equation it is evident, that the blanches at 
each side of the apse aie symmetiical, foi the cuivc remains the 
same when is changed into — the blanches mtcisect m an 
indefinite numbei of points, all of which cmsI on the line ihawn fioin 
the centie to the apse, the djstance of any one of these iiitoiscction<i 

such as the fiom the centie is dolermined by the equation 

g— wiir 

Fiom the geiieial expiession loi the lime it follows, that the 
time to the centie, when the uuiiibei of levolutionb is infinite, 

7 _ y 

If in the pieccding value of ^ — cot a, we suppose 

cot'*ct]>w^, then the value of ts; is impossible, and the cui\e doo« 
not admit of cilhci a ma\inium oi nmunuim loi Iiowcmm, the 
cuive has an asymptote, foi wo shall find that the value of 
1 / 

“I" when z — 0 oi ^ rr oc, is equal to (cot® a — n^) 

From the pieceding discussion it appeal-^*, that m the equation 




cot Oi) (— the cuivc wdncli it 


denotes is diflcicnt accoiding as is > oi zl than cot a, when ox J> 
cot a the cuivG has an apse, in the second case it has an infinite 
ladius and asymptote In both cases we have sui’aZ A/, hut 
as — ky zz ky 2 n^gh I m the hi&t case also wo have 

^gh Z ky^ and m the second 2gh'^ hy 

j L 



626 


NOTES. 


H in tlie equation 


,n + cota, 1+- + — + — 


'“-“t“ (i-r+n-ITa-SJ 

we suppose nzazOf i, e , 2^ A sin® a r: Ary, we shall have zzzzj — 

cot a andyzicot a 7 6, which is the equation of the rccipiocal or 
hypeibolic spiial In ordei to determine the time, if in the equation 

3 ^£^5 we substitute — ^^r^for 2 -®, wo obtain zi cdt ct 

cot®a 0^ cot^ 

— 1 

= between the limits 6, 0', we have 


cot^a\6 0'y 


If T denote the entiie time to the cenlie, we shall have, com- 
mencing with 0zz2«-, 

cr = ^ lr± + _L+±+&cl-2li^Jlil^ 

cot-a 2;rLl5i 23^34^ J’~ 

The asymptote to this cuive is detci mined by the equation 
1 „ . 

s + -^ = 10 this case -f cot^ot, when 0, oi rzz oo, 

we have p the peipendicular fiom the centie on the asymptote 
=z tang a 

If m the e\prcssion foi we suppose wzz cot a, i c , 2gh — ky^ 
the value of s becomes zz from which it is evident, that the 

cuive desciibed IS the logarithmic spiial, and if the base a = 
the equation of the cuive will be ? in oidei to determine the 

time, if m the equation cdt = rH^y we substitute foi 3 ®, and intc- 

grate between the limits S=0, fl = — 25r, we obtain ct=.(\ L\ 

\ a^ir J’ 

and in like manner between the Linits 9 = — Sw 9 = — 4sr, we find 
~ ^)’ successive revolutions, theicfoie, 

if T denote the time to the centre, it will be expressed by the seiics 
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rr by bubbtitutiiig lor t, and taking the bum oi thib boiiob 

cos ed' a 
y % 

{^h') 1 his value is evidently equal to 

M-. 


V^V- ^c'—ky+iiky'c^p—c'p’’ 
which by assuming yz=.c'p — kyS a“<l by concmnaling hetouics 

dy 


y/ky—^c^—f 


aiul the iiitegial of this is equal to 

a; + ai c cos = —r===: =: 0, 

/A,y-|3c" 

equal by bub&titiitiiig for 2 /, 

_Vzfl_-o. 


w + ai c cos = 


\/ Ay —/Sc-* 


riio value of a deduced fiorti tins equation is 

» = y====. ; 

ky^^y hY'-'d^ cos(0 — co) 

loiibcqueiitly, when 0 = w, ns a maximum, when fl =: co + ^ is a 

iiiiiniHum £0 -d" 'Ji' IS substituted for w to embiaco tlio case of the 
comets 

{d) I3y substituting for r and r cos (d — co), tlicii icspective 
values 111 equation (a), and squaring both sides of the losulting e\- 

piosbion, wo obtain 

l^iyi + y-!) =: c‘ + %'K (ky — c’/3) V ky — c’/3 

^A') II in geneial 4jo denotes the principal paiamctci of an 
ellipse, wo will have ac V" = a — p -f- ( 

( 1 — (?) the shortest distance =p+( )- — &c, consequently , 

when a is x, wo shall have o (1 — c) =p 

(I') Substituting for JO acid dividing by y, we obtain 

1 + cos w = 2 sin^a, i c , 2cos** .> = 2sin^ a, for 1 + cos oj = 2 cos^ t w 

(M') Since ’>y integiating, wo obtain 

^ j cos^y cos y 
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_Sln^J[/ Pbiii ^sin\p cosxpc/^ ^ 

jcos^\p cos’vf/ Jcos^f/ cos^v// V J tos‘\f/ J ”* 

drP , C j C dxL , , C e/il. 

— ^ \ — rr + \ “rr 9 and as \ — ^ rr tanff \L, we nave \ ^ 

J cos^J^ jeos^t^/’ J cos^xf, ^ J cos‘^ 

= tangd/ ( 1 + tang® 2 tang ^}/ — • 2 C , by integrating this 

jcos^xj/ 

hst quantity in the same way, we shall obtain a similar result multi- 
plied by 2 , and by continuing this paitial integiation, we will an ivc 
at the following sei les, 


tang^I,(l.f.tang®i{/)(l~ 2 -|- 4 - 8 -f-&c)-f- 2 tang 4 ,(l- 2 + 4 - 8 +&c ) 
+ 5 , but(l- 2 + 4 ~ 8 +&c) = (l-f 2 )-^=], 
hence then we shall have this mtegial, 


tang 4 ^ (1 + tang^ j;) + 2 tang 4 / 


3 




nt 


(n') It appeals from equation (^e), compaied with w 




p 


that the times, in which comets moving in diffeient paiabolic oibits, 
describe equal anomalies, \aiy in the sesquiphcate latio of the peii- 
helion distance. 

- 


Also by means of equation n 


p\/ p' i \/ 1 


the synclii o- 


nous areas desciibed by the eaith and comet may be compaicd, for 
the sector described by the comet at the penheliou distance p, 
IS to the synchionous sectoi, described by a body moving in a circle 
of which the radius =p with an angulai velocity equal to ah 
t /2 1 See Mechamque Celeste, Book II. Chap IV. 


CHAPTER VII 


(«) 'Vhen » 3 is neglected in consequence of its minuteness, we 


have p-»=r («» — 2 ar cos Ba,-*r 


sin A Jm'a fin' . < 

■— =^+ — 

fm'it-Jinr, to, a Hfm'reon 


COS A, consequently, 


cos A 


theiefoie, 
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(h) See Methanique Celeste^ Tom IV , and also the tiaublatioii 
of the System of the Woild, Vol I Book I Chap XV , and Vol II 
Chap XI 

(c) The foicG ^‘'lesolved in the direction cm is equal toq^cos^, 

foi A IS the angle between cm and ac, and as the diiection of the 

foice <}> IS peipendicular to ac, the angle which it makes with cm 

must be the complement of A, consequently this loico icsolved in 

the direction of cm =: <[> sin X, and if we substitute for (p'aiid <f> then 

^ , Mm cosA V sin X , . , , . 

icspective values ; / , and if wc obseive, that these 

0.3 a® 

components of <(»' and <[> act in opposite diiections along the radius 
CM, and consequently must be affected with opposite signs, the rc- 

suit of the two must be equal to (2cos^ X — sin^x) - — p, which, by 


substituting for m' is the expression 111 the text. These icsults 

may be applied to the distuibance pioduced in the lunar motions by 
the sun, and if wc suppose that? is equal to the ladms of the moon’s 
oibit, and a the mean distance of the sun fiom earth, it appeals 
h om this expi ession, that when x = 0, 1 e.in the syzygics, the foice <f> 

2 /w2? 

vanishes, and the foico is a maximum and equal to ^ , on the 
contiaiy, when X = 90, 3. e ui the quadratuios, the foice <{>' vanishes, 
and 4) = ben<e the gieatest value of 4' 's to the greatest 


value of 4 as 2 1 ; but vve should always keep 111 mind, that the 
foice <f> inci eases the giavily, while it is dimini&bod by the action of 
the foice <})'j as they act in opposite diiections, and as they icspcc- 
tively vanish, quadratuies and 4 in the sy/ygics, there must 

be some inteimediate position wlieic they aic equal; this is easily 
determined , for since 2 cos^ X — sin’X = 3cos’ X — 1, the value of 

the force 4' cos X — 4 X — 1 ) ~ ^ , consequently, when 

4 O 01 / 

3cos^X— 1= 0,1 e , when cos X = — 4'cosX= 4®^*^ 

y 3 

syzygies to an elongation = — 4 the additious foico pi c- 

V 3 

dominates o;er 4'cosX, or the ablations foice, and fioiii this point 
to the quadiatuics, the laltoi exceeds the foi mci , and thoicfoip, 
duiing an cntiie icvolution, the ablations foice piedominatos , it 
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v^oulcl bo QiXby to compute the actual diminution, foi by nmitiplyiiu» 
(3 cos® A — 1) by rlx, and then intcgiating, iho icsult ib 

(t‘^ 

(|A — A + -131112 a), — p, which IS the effect of the distuibing 
foices, while the angle A is desciibed, and for an eutuo ciicianfo- 
1 ence this becomes (because the peiiodical pait vanislicbj, 


and therefoie, the moan disturbing foice acting on the moon in tlic 

direction of the ladius vector is — , it is easy to show that tlii^^ 

quantity is equal to pait of the moon’s giavity to the oaiih? 
foi ifx'jT, denote the peuodic times of the moon and eaitli, wo 
have 


— F the central foice of the moon ~ -7; , = 1 

a® i- a’ I 

^ow— = -^ =z and coiiooqucntly.lho mean distuibiii'* 
179 1/9 


foi cc = 


F 

358 


The effect of this diminution of the mooii’^ giavily 


by a IS to iiicieasehoi distance from the eauh, and as (lio 

foi ce by hypothesis acts m the diiection of the lailiiis voctoi, iho 
meanaiea is not alteied, but the angulai velocity which ^alU‘s 111 
veisely as the square of the distance is diminished by a 1 p^nt, 
and the peimdic time is mci eased by the same quantity 

(cZ) Let c=:2^»'= ciicumfeiencc of the moon’s oibit, A the 
aic desciibed by the moon in a minute in hei 01 bit, v its voised sine, 
» ' the ladius of hei oibit, then as she is supposed to levoKe uni- 
foimly, we ha\e 


A C V'ZTZ, 





and by substituting for 7 ', we obtain the expiession in tc\1 , now if 
the same space v be desciibed at the suiface, and at the distaiuc of 
the moon, and if jT and t denote the foice and time of dosoeiit a1 tlio 
surface of the earth, and the coiiesponduig Vjuantiticb at iho 
moon, we ha\ 0 

t'Kf f, 

1 e, when/ f (60)® I, t f 1 60, 
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1 0 5 bodj at the caitli’sa biidacc would in ,i 'ccoud fall llno”<>b a 
space equal to what a body at the cli-ilaiue of dio moon would hill 
tluougli 111 a minute* d'lio coiiectioiH oi \*nious cnou instances^ the 
considciation of \\liich aio omitted in oidci to siniplily the demon- 
stiation, aie — Ut The distuibnig action ol the sun, which was ad- 
veilodto 111 ihepieccding note Solidly The ciiciimstanco oi the ic- 
\olutioii of the moon not being pcifoimed about the ccntic of the 
oaith, but about the common centio of giavily ol the cailli an I 
raoon. See No 243 , and Haite’s Tianslation Du Si/^teinc du Mtmde^ 
Vol IL page 381 

(e) If the figiiie of the oailli be suppoaocl to be that of an el- 
lipsoid I geneiated by a ro\ olution about its lessoi a\is, and if the 
equi capacious sphere bo supposed to hmo the same centic, tlie 
gicatest elevation of the sphere above tlies|lKMoid u half the de- 
piession beneath it, when tbo spheroid diiteis little from a sphere, 
foi if ? be the laclms of the sphcio, a and b the major and iiiiiioi 
semiaxes of the spheroid, then if a — a = p, r ■— = ^, we hate 
s =z 2 p (7 jt), for 


3 


+py 




when the squares and pioclucts of p and s aio neglected, consc 
quently, we must liave2p=5, wc can by means of this i elation 
obtain the value of ? in terms of a and b, for wc have evidently 

2a-— 2g=^ — o z=z ^ , * the elevation of this cqniiap.i 

3 

Clous spheie above the sphere inscribed in the ellipsoid, and vihoso 

0 a "b 

radius is thciefoic cciual to h, is z= — h := "^(n—b) ^ now m 

o 

figuie 60 lei ab be the mmoi axis, anil CD the inajoi axis ol tlio 
spheioid, ABBasection of the insciibed sphcic, let d be any point ol 
the sphcioid, efo, da. lines diawii to the ccniio and paiallel to oc, 
meeting the insciibeil sphcic m the points 7n, and n, we have by the 
natuie of the ellipsoid, 

cu (hi oc di tad cobdoc^fj ji 

and by similar tiiangles ^/^o, 7? d dm od di i <jdiu^ to co i ^/oi , 
RC . dm CO’ dt\\ o as square of ladiiib as to the squaie of tlio 
cosine of c?oc, oi of the latitude A q =. ifc — b, wc haic 
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4m:=z b) cosV , now the depiession of a point ot the oqm- 
capacious sphere below the spheioid, and existing in the radius 
IS evidently equal to the diflfeience between dm and or to the 

diffeience between dm and ^ (ji — h) which by substituting for dm its 
value (a — h) cos^X, is equal to (a -—6) (f — cos^ X), consequently, 
when f = cos'A, this depression vanishes, oi the equicapacious spheie 
inteisccts the spheroid, fiom the value of dm it is evident the in- 
ciease of the force of giavity in going fiom the equatoi to the poles, 
vanes as the square of the cosine of latitude, as was stated in No 193. 
T^he value^of the latitude lesulting from the above equation, namely, 
IS lemarkable also as being the distance fiom the quadiatuies 

at which the additions is equal to the ablatious foicc 

(y*) lines diawn fiom places on the opposite sides of the 
mountain to the same fixed stai, are supposed to he paiallel, and as 
the deviation on each side is supposed to be equal, the angulai dis- 
tance of the two stars must be double the deviation 

(^) substituting foi ^ and q then i espective values, \vc ob- 

lamp . Ih.n n p = 

..hav. ^ 

which by substituting loi m! its value, and dividing by jw, i^ tlio cv- 


pression m t le text , now m the equation 


evident that 


sin(y— pycr* 


I 't =: (sin y cos v — cos y sin ^) - 


1 = (smy cot % — cosy) — 


cot ^ hcoty, 

Sin y * 


when c is least and y — 90, cot .a? is least, and ^ the gieatc^t 
^ (fi) It IS necessary that the level should he accuialely 
otheiwise the eflfect of giavity would be complicated with that of the 
foice of toision 

(^) By substituting foi cos (y — 0) its value, we obtain 
a” -h c2 — 2ac cos cos d — 2ac sm y sin 9, 

= (if the squaie of 0 be neglected in the senes expi cssing sin 9, cos 0,) 



NOTES 


+ c’ — 2tu (OS y — 2ac sin y 9, = i-* — *2ac sin y 9, 
and theiefoiG, 

= (JP — 2acsu\y S)-'^ 3acsmy.$b~\ 


. A ^/1 . Q /MS cosy^J , Ofic^m-yS 

(sin y - cos y ^) ) (6' + 3nc sin y 9&-‘') = ^ 

now if the numeiatoi of — — bo multiplied by the \alue of b^, 

and if the dononiintitoi be multiplied by we obtain 

cosy 9 __ c**) cos y 0 — 2accos^'y 0 

_ - , 

hen CO then wo have 

sin(y— 0) silly ^ ^ ^ i ^ 

iz:— — [(«’ 4- c^) cosy — 2ac — ac sin®yj 

foi — Srtc (bin^y + cos’y) = — 2 etc 

(A) Soo iiolc (c) of this Chaptei, and No. 193 
(/) See the Minlianiqiie CeleUe^ Livi e 7 , also Hai te’s tianslatiou 
of the System ol the Woild, Yol JI Chap V , and notes 

(«0 When flM ( >s mtegialed with le^poct to s, it 


(«0 When a/fl-f' >s mtegialed witii le^pect to s, it 

becomes — ^■jrfs' ( — — + y\ the value of Y is tlotei niiiiod by 

J 

making c = 0, which gives Y z= c , and— -=4==^=-- intcgiated 

V~'‘+y 

With icipcct to tj, giie&y == — v/;:-' 4“^/^ + z, m which / is e\i- 

f' //cf <hf ( 7 z 

clcntly oqiial to //, hence then the value of — 2?^p'V ; be- 

((/**+ ^ y 

twcon the limits o and /i foi o and c for ?/, is the value of /' given 
in the tcvt 


A/3 

00 S -ff'(= neglecting y'-y and /i=) A - 


-y = 


V±-y 


Now as /r dilleis fioin by a small fiaction, if in the ti icUom 
''Vas siiiistituted foi A, the icsult would dillci tio. i by 

'i ^ 

the pioduct of- into the diflereiice between g* and Jc, whuh it is 
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a very small quantity, the pioduct is a very small quantity, and con- 
sequent! v, may be neglected 


(o) As if m this expiession we substitute foi /“its 

value deiived fiom assuming = y namely, the lesult, 

r> I ^ 

namely, k' = - will diffei fiom the actual value by a veiy small 
quantity of the second ordei, hence then if m the e\piession 
' we substitute 


, T V So'ho^ 

= ^’ve substitute foi Jc, and — ^ foi wc shall 

* 2pr 


obtain g" — 


/ T/» / ,1 ,1 t 


21} Sh\ 5h 





r>3j 


BOOK III 

CHAPTER I 

(a) It appeals fiom wlut has been just established, that u is the 
resultant ol the given foices p, p', p", &c , and of Q, cousequenLly 
these foicos may be loplacedbyR, and a foice equal and diiectly 
contiaiy to q 

(b) As each body fuinishcs si\ equations, namely, y, z, l, m, n, 
respectuely equal to ciphci, the entne nuinbei of equations which 
thus icsult, will be si\ times the numbei of bodies, but loi e^cry 
point of contact, the chmiiiation of Rand of the coiie'poiuling quan- 
tities of the othci bodies 1 educes tins luinibei by one, thcioloie, the 
enliie nuinbei ot distinct icsulting equations vnll be &iv times the 
numbei of bodies minus thennmbci of points of contact. 

(c) When L = 0 the icsullant of the foices pniallol to oij must 
coincide with it, and thcicloie be destioyed by the fivccl point. 

(ci) Q = psm y, ±L (?/ cos \ cos ^), thcicloie, uq = ± 

P (3/ bin y cos A — i sill y cos jw.) equal p (3/ cos o' — i cos p ) 

(fi) p cos ct = — 1^' cos a' , thciefoie subsliluUiig j foi cos a, and 

— cos 5 foi cos a', we obtain the 0 qoiession in the text. 

(y) Since the fiiction is by e\peunicni — I io the pic'biiie, it^ 
follows fioiii what has bc('n ]ust established, that the roofficieut /, 
and conscqiieiilly a, die iiKlcpeiident ol the picssiue, and thcicloie 
of the weight 


CHAPTER n 

(а) The e\piession loi L 111 No 261 is 

p(r cos |3 — 3/cosa) -|- P cosa' — 3/' cos / 3 ') + &c = i., 
now by substituting loi Q, (/, Lc, in the value of s, Psiny, p^'sin y', 
&c , we obtain the value lor l, lor cos jS = sin y cos^, cos cc = sui y 
cos X, &.C 

(б) If the squ lies of the tlnec quantities il cos n cos d', H cos 
bo taken, and if they be then added, tlioic icsiilts 

H- (cos’ $ + cos* + cob^* 6 ) = P-' 
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y being substituted foi its value given iii tlie text , tliexetoi e we liav^j 
vp cos ^ p ( *. cos p — y 

consequcnily, 

cos. 5 — “ f i cos P — 7/ COb a) 

(c) If 11 the equation *4 - bu bubstitute loi Vj uf^ 

the 1 values multiply by cos a, we obtain 

cos a. cos oc 

the equation a cos a ® P 4“ c cos y = 0 , now fi oni the equation 

/Acosa+c co%y\ 

Aar-^Bj'-l-crrzO. weobla-n j = -[ j . 

conseque itly, 

\ i cos |3 + C;:. cos ^z= xy cos O' •{- cp cos y, 
and theiefcie, 

cos B — y cos a\ 

C = A ^ , 

\y cosy — io cos p j 


in a Siui idi mannei wo may obtain the value of n 

(ff) By expanding the bmomnls in the value of we obtain 
cos^P 4“ cos^y 4-y- cos® a + ^‘’cos’ y + c**( os a + r~( os^p — 
2iy cos occo^ P — 2.^^cos a cosy — 2/;^ cos P cosy, now 7“((os-p4“ 
cos®y) = c** — cos® a, y (cos’ a + cob’y)ir://” — if' cos- p, c’fcos'a 
4“ cos'* p) = :sf' ^ ;Cf‘’cos‘* y, consequently as + j/** -j- ^ the 

value of /i® will become 


9®— 7®co!b'acob’> co> p cos’jtc — » ’cob‘y cos'*!' — 2>® t os a f OS/., < o» p 
C 0 S|t —2r® cos a cos A cosy cos i/— 2i ’cos P cos p cos y cos v 

Now it IS evident, that thepaits of tins c\|)iession wIik hconlaiii the 
cosines multiplied by ? ®, ai e the squai e of cos a cos A 4" p « os ^ 4" 
cos y cos V, and consequently it vanishes, tliciofoie the \aluo of 
j»®=z 9^, as was pioposed to be venfied 

(fi-) B\ making this substitution, the fonitli equation of No 261 
becomes 

p (^? c osp — 3 / CO- a) 4-p' ( 9?'cos p'~ y'cos — ( p cosp + os p' 4- 

p" cos p'' 4“ See ) 9 J + (p cos a 4- P' cos a' 4- i’" cos + Lc ) 

now the two first teims of this expiession aie equal oviileully to n, 
and the two last teims aie equal tox?/j— Yt,, hence the value of Lj is 
that given in the text 

(/) By taking the partial dififeience ol the v iliie of g with les- 
pect to \se obtain, whenOj is a.marimtfm^ 
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— 2 y (i + ^i) + 

consequently, 

(y^ + z 2 ) == \ (Y 3/1 + zz^) + YL — ZM, 

and by adding to each side of this equation, theie lesults 

v^(y+ \2^z’)(=AiK-J—\(v?^ + yy, + zc-O + zm 

The e^plesslons foi niay be obtained 111 a similai mannei 

(^) Fiomtwo of the pieceding equations we obtain 

R’ti -1- ZM — _ K-Vi + M — 7N 

_ _ - , 

1 ®> X 

r2 - *v iO + (V^ + y") L = Z (N\ + )y 
and by adding z®L to each iiiombei of this equation, theie lesultb 
('^ 3/1 — + (\- + y-* + z’) L = / (NK + MY + Lz), 

which, by dividing by r"', and obseiving that -f* y** 4“ z' = n**, be- 
comes the eypiession in text 


CHAPTER III 


(r;) It IS OMdent fiom llic constiuction, that if on and n be the 

angles, \^hicli any of the loiccs such as P, makes with the adjacent 

sides M mm', of the polygon, the tension along the side ma. is equal 

p sin w 1 p sin w? ft 

to r, and that along the side mm'z= — ; — I — , now il 

faul(/y^ + n)’ ^ sin(i/y+»0 

and n' be the coiicsponding quantities at the biiiiiinit ra' of the 

p'siii?/ 

polygon, we have the tension along m'm evidently equal to 


p' sin h' 


consequently, -^^. = -4'-^-, V l>enc. when the <h.oc- 

tions of the foices e, p', p", S.c , applied to the summits of the poly- 
gon bisect the angles contained between the sides of the polygon, 
the tension in each side is the same lliioughout the eiiliie polygon, 
and equal to any of the foKCS P, &.c , divided ly twice the 

cosine of the angle which it makes with the side ol the coid tO| 
which it is applied , when P, p', p'^ S<.c , aic all equal, the polygon iSi 
a legulai figiue, and convciscly, when the polygon is a legulai 
figui e, the forces P, P', p", &cc , must bo equal, and each of ilicin is^ 
to the tension as aside of the polygon to the ladius of the ciicinn- 
scrihed circle 
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(6) As a, a', Scl , and also y, y' y'', &c , aie in this case 
90*^, and See j aic ciphei, it follows that the fust equation 

(a) will be equal to 

H cos a + cos /? — Oj 

anJ the second will be 

H cos 6 + and H cos/*+ p + p/ + p//^ &c = 0, 
and all the tciins of the thud equation will ■vanish , now if both equa- 
tions (b) be squaied and added togethei, wc have 

11^ + k- + 2 hk (cos « cos + cos h cos/) = n ®5 
and the facloi oi 2nk is evidently equal to the cosine of the angle con- 
tained by the sides H and k, theiefoie, II is equal and contiary to the 
/lesultant of these foices, it follows fiom the equation ncos6 -j- KcosJ 
*4“ n zzi Oj that the diicctions of the c\tienie foiccs ii and k meet in 
the veitical diav^^n thiough the centie of giavity of p, p', p'', In 
this case it is evident that sin oi zz sin consequently if the equa- 


tion which we obtained above in note (a), namely, 


sill -f- w) 


P'Sinn' 

sin -J- ’ ■ «iultiphod by sin n and sinwi' lespectively, it 
becomes 


P sill SHIP ^ p' sinw?' sin 91.' 
sin (/p + //)“■ sin (m'ljl ;/') 

p p' p// 

cot m + cot n cot + cot n' cot in" + cot ' 


and it IS lemaikable, that in this case, namely, when all the foices die 
veitical, the hoii/ontal tensions on each side of the polygon will be 
lespectively equal to these fi actions, consequently, the boiizontal 
tension is constant thioughout the entiie polygon It this equal 
boiizontal tension bo denoted by a, and if the tensions along tlu' 
sides of the polygon be denoted by a, t', t", &c , we find T sin m = 
^ ^ — I'^sin &c , so ^liat the tension on each side vaiics 

iiiveisely as the sine ol the inclination of the side to the veitical 
(r?) Since the sum of the tensions of all the swings lesolved in 
the diieclion of the vertical is 


_ cosy + ^ C0S/+ —cos y" + SeC.J v , 


and since this is by hypothesis equal to p, the quantity bv whu li 
multiplied must be equal to 1 


P la 
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(e) By substituting then values for cos a, cosct', T, the 

first equation (a) becomes 


. d 


c ^ di 


ai , at, 6 iiv , 

-T-J^ + T-^+Trf^ + — cll=d[r 


dii db 


The second equation (b) may, by siimlai substitution'^, be deiuod 
fiom the equation ^a), and with inspect to the thud tlieie lesults by 
these sub’^titutions, 

which by obliteiating equal quantities affected with opposite signs, is 
eiidently equal to 

■'n'z 

(/) By adding togethci the v«ilucs of and e and obseiving 

that 1 + ^^“ r7i wo obtain the vahio of and if the value 

a J1 

of e”^ be taken fiom a'', and if ve then multiply by dv, wo obtain 
the value of dy 

(g) By adding and subtiactiiig the vahiei of I and h we obtain 

/ + 6 = 7/ p-r^). I -1 = 1, 

by substituting a foi /» +/‘'^ the o\picssion in the text , and since 
^(ja — g — — 2, and ^ *- 

there results 


/I _ js V^- — A = ^ = 

“4^A y 2a' 

(A) ,a=l+« + ^+^+&C, .«=!-; + 


{. t- — i (^>a _ f— u) — rt 

«■* 2a '' ' 


' = 6 (n - 1) 
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(») A + A' = a, A - = 2 / 3 A, A = ^ + ^h, A' = ^ - | 3 A, 

•m 2 

n a y a 

these values be substituted foi 

A y 

in the value of &, the lesult will be equation (e) 

(Jc) The integial of the value of dy' is clog( i'+6)+ 

+ c, when =z 0 , y =: 0 , c = — c log (c + c — c'’), y = 
the expiession m the text 

CO 7 = c + V^c'— c^’, Y^=z c — \/ c’— 77'= c'" = /i’, fot 

t e 

e^Xe^^ = l 

(w«) By substituting for T its \ alue ji; 7 i ^ tl eie results jf>/VZ 
= pdinf, 1 e , A (7 ~ = fZr, A — = ^, 2 Ay = a®, hence as T = ^ 

= ph\^ 1 -f ^5 \ve obtain by substituting ^foi thcvaliieof i 
given 111 the text 

(a) 1/ = \ — .thointegialof 

taken between the limits k, — A', is 

A"(log /A^” + A) - log (A® + A''* - A') = A» log 

v/A^4. A'-J— A' 


in like inannei as 


J Tr?? - ‘ + H-r-J - » i7^ ' 

r A 

by subjjtituting ^or \ — - — r its value, and multiplying by 2 

A' 1/ 

we obtain the expression for 2 Jil in the text, now if both nuineiatoi 
and denominaloi of the logaiithmic function be multiplied by 
A" + A, there will lesult, when k z= A', 

Ul=l^ log 

from whence we can easily deauce the value of hi given in the text 
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(o) II foi value ni a senes 

obtain 

Ar^-V^/PIjrp A'4-^*4-2j— J 

log ^ =log 


1 

fl b //O' 


be substituted, we shall 




now as in 


geiieial log (1 + ~ "9 + -v — Sit- » have 


logQ + + 2 P ^-\j + '■! h- 2A- 2 2 A> ■*■ SA’P J 


- J- 


hence, b) substituting this value in the evpiession foi hi, tlicie icsulls 

‘'='“G-i5]+“+£' 

and if we multiply by A, 


JiH =z 2h% 4- \ k *) h^ = 7 


3(iJ-:2A) 3. (/-«)’ 


hv substituting foi A its value - 


(P) substituting this value of r we obtain 


({i=:d£c’-i-ojV(lP+wp 


dP, a;= wP^'+ 


fyOjpVi' tvpi^' 


(^) By peifoiming this inultiplication, theie lesults by adding 
, /'di^ , did , ds\ , _ fd> , di, , dll , di/ dxi d^\ 


which fioin what IS staled 111 text is evidently equal to equation (3) 
(?) If the fust of equations (1) multiplied by be taken horn 

the second multiplied by ^ we shall liaio, as 

', 77 ='''*+' ‘‘ 

\ rAs d\ ds /hi' \ ds db di ) V di> J 


di) ds db ds 


db ds db di 


consequently, asds is the mdcpondciit vauablc, wo can obtain from 
this expie:>siun the lust equation (4) 

4 N 



G42 


NOTES 


CoL 

(a) As fixzr n cos ah: (by substituting its ^dlue foi cos A) NV , 

W V 

by peiforming the same opeiation foi gT, gz, then multiplying by 
dtj dss iespecti\ely, and finally adding tbem together, we obtain 

£(xdp + Ydy-^r id») = NV = Nvdi = 0 

(0 substituting their values foi x, y, z, in the second mem 
beis of equations (4), they will become 

N (cos \dy— cos fx,d^) n (cos ydt — cos Xds^) 

ds^ 

N (cos — cos vdy) — , 

and if these be multiplied by cosy, cos |u,, cos A lespectively, and then 
added togethei, the result is evidently cipher, hence the expiession 

p (cos V cos v' + cos^ cos cos A cos a 0> 
to which the preceding is equal must be ciphei 

The coefficient of n in the expiession foi becomes by ex 
panding ^ 

^ (cos" A + cos" y) + (cos^f, + COS"y) + ^ (cos" ^ + COS" - 

dy dv dA dz dv dz 

^ds'ls ‘='>s^cosf4-2— ^cosA cosx-2_ — cos^cosv, 

vfhich, as cos" A + cos" fc + cos'* v = 1, bee oraes 

t?/ dz^ tdif dst," dsfl dv d% 

dd’ ^ + cos»v+2— — . 

cosA cos^ + 2^ J cosAcosv + 2^ ^ cos^ cos 

Now the espiession between the biackets ib equal to cipliei, and the 
othei expiession is equal to unity, hence N zz 

P 

(v) If these equations be multiplied by and y lespectively, 
there results by adding them togetHer, 

T^+ = 

and as + = c% this equation coincides with the fiist equation 
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(6), and it tlicbe equations be respectively multipliod by tlieie 
lesults fiom then addition the second equation (6), foi idi + 


(jb) The fiist equation (6) is evidently equal to 


I dz du ^ , djc ^ ^ dy 

hoiiceas ^^ + ^^ = 0, %.d ^ d 


ds>^ this equation 


d6^^ ds^^^ ds^^^ d6 

IS 1 educed to t = CN, in like mannei the second equation (6) is 
equal to, by substituting cds foi %dy — ydi^ 

consequently we have c?t = fx>d$> 


Notes to Pmag'taph III 


(a) ff' = 0 - + — , by substituting foi o-', cr, then lespectivo values. 

P 

we obtain y (1 + ?') = 7 (I + ^) + “ , dividing by y, and 

neglecting — we obtain, by oinittiiig a common quaiilify on both 

P 

sides of the equation, S'— 5 4 — j and, when the length of the mean 

P 

filament is not changed, 5 = 0 and 5'zr:-, i e the lengthening and 

fontiacting of the filaments, is piopoitional to u then distance from 
llio mean filament 

(h) Substituting foi V in the value of i, it becomes 

f* e r* E udu 

1 = aA \ 5 du + A \ , 

J-s ^ J-e p 

and peifoiming the iiitegiaiion between the limits g, — e, the lii^t 

11 II 1 

loim becomes 2aA6e, and the second becomes— r ^ , in<l 

Ip a£p 

111 the same mannei, substituting loi 5' in the value of it hecoines 

u'^du 


n g r s uhlu 

fA ZZ QlldU’‘\-(X,^ J — g ’ 
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uitcgiating tliobe quantities between s, — e, the fiist tci m vanishes, 
as in the preceding case, and the second becomes 3 — ^ 

p 

Flora the value of r it appeals, that in the case oi the same 
plate, it IS piopoitional to 8 the extension of the raean lilaracnt, and 
when $ — 0, i e when the length of the hlaincnt is not changed, 
r = 0, and the foices which in this case act on k must ho paiallol 
foices ledticible to two, hut not diiectly opposed 

(c) The angle of contact is always equal to the clement of the 
cuive divided bj the ladius of cuivatme, and when the elomont is 
given, this angle oi the cuivatuie vanes iiiveisely as the ladius ot 
cuivature, consequently /t vanes m this case as the angle of contact 

(tZ) Making ^ = equation (2) will become 


- — adi — 


(1+C-“)V 

and infegiating so that we may hate z=0 when » = 0, we ohtam 
2 c’;s 

; 2a^ — i’, 


consequently, 


v^r+" 


and, = + 

(4c‘- (2aa. - t‘)«) Cica _ 
hence by substituting foi « its value, we obtain 


^ C2cg — a;’) 

V 46*-(2ni_a^)i’ 

di’ = J. _ 4c¥ts 

46*- (2a* - A^y T - = (when c is 

very great, in which case 2aa - *• may bo neglected . datively to c-,) 
dA\ hence m this case we must have 26%=(2cia - *»)a'r,and 
6dy=3a*«-A’ 

(e) be'^y =3«t*- *3, when a = « and y = I, becomes 

3 &l—a\ and fi om the equation Sea® _ 

and aaia’J = a’, , by substituting for its value we will have 
-ss% = a’ft and h 

" S^IU * 

therefoie, as ai = A we shall obtain 
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ir being by bypothcjsib a woighl eq^iuvaleiit to the foice wliic.li thaws 
llie plate in the diiection ot its length, if we suppose it equal to q, 

w^c will have h =: — , coubequontly b h a' g-* 

(J) When A. == 0, y lb alica^6 equal to ciphei, theicfoie the 

spiing cannot bo bent , when h does not vanish, y and will have 

tmito values, theicfoic the spiing will bend, at the point B, ^ = t?, 

Tit 

y = 0 =Abin— , tlieiofoie a =^c, ^ being a whole nuuibei 
(ji) [f the fouith powei of — bo neglected, we shall have 




1 4 cos — = 1 +i — - cos — 

( c ^ t- 0 

= cos^ — == ,V i- T, cos 

C " ** 6 

^ + "T r+ I » 

4c ' ^ c- c 


if this Viiluo bo substituted lutho e3k.piession 




COS® — duj 

c 


and then mtcgiatod, there will icsult 

TT n 

I z= a + a, 

4c 

which, by bubstituUug loi (t its value zc, becomes the expiession la 
the text 

(A) In the equation yzz: ja sin ?/ = 0, when ^ = 0, and i r: c/, 

tlieiefoie, the curve will not cut the vcitual between the two points 

fifth 

A and B III the equation ij “ J'^cihwx , ?/ = 0, when a = 0, ^ = 

it 

and a = a, theieloic the cuive will cut thcveitical in the middle 

*2 

point between a and b In the equation yzz sin — ,^=0 when 
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I — 0, ^ ^ ^ hence it appeals, that the ciino 

will cut the veitical ab, in the number e + 1 points 

When k=z 0 , 21 — 0 , theiefoic the figuie is lectihneal, but the 
least inciease of A; above this gives a finite value foi j/, in which case 
the figure is not lectihneal, but when I is ^ c, Ic is impossible, 
theiefoie?/ cannot have a possible value, consequently, the figuie must 
be 'lectihneal 

(^) In general wo have P = now it appears fiom No 312 , 

that as long as lis ^ c, the spiiiig cannot be bent, but when the 
quantity c is so diminished that I may surpass 6, then the spiing may 
be bent by the weight, consequently, / = c the limit aftei which 
the spring is bent, hence, the value of p detei mined by the equation 

gives the gieatest weight which the spiing can suppoif 

without bending 

(k) a-'=:<r+~,= (by substituting foi a- its value y ( 1 + 5), aud 


neglecting — j , y (1 + ,n l,ke manner y/(l + 

^by substitutmg/itsvdluey + ^and neglecting y+ 
hence we obtain, by dividing by y and oblitciating common tci ins 
in the equation y (1 +■ 3 ) + ^ =z y + S 54. « i j 

( l ) Substituting foi its value given above, we obtain 

the integral of the second tei m vanishes, and that of the fii st = 0Lcui\ 
in like manner by a similai substitution m the \dlue of jw, we obtain 

(7 -7)* 

in this case, the integial of the fiist teim vanibhes, and that of the 
second is equal to 

(m) In the fiist case, as the distances of the centie of gravity 
from the veitex and base of the tiiangle aie respectively |c, ^c, we 
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liave in this case A = J c, A' = ^c, now any line parallel to the base 
such as V, which is distant fiom the centre of giavity by a[| quantity 
zz: u, which may be eithei positive or negative, is to the base a ^ c + 
a 

li c, r zz - (-® c + m), and consequently 


5 vu^du = 



1 1 , , 2 
when w = g this quantity becomes equal to^ 


f and when 

4 


2c 


2a 2*6’’ . a 2‘c^ 


M =r — , It IS equal to — + - 


8‘ 


, hence when the quantity 


tm'^du IS integrated between these limits \ c, -f c, which aie those 
of — A:' in the picsent case, it becomes equal to 

In the case when the form of the base is concave, 




V 




5«M=<-fe=— + 


c4 


which becomes, when wzzi^c, which conespond to A; and A' m 
tins case, 


2'’a6^ 

in>+ 


2'aO 

T7¥’ 


ac^ 


+ 


ac’ 

4 3*’ 


hence we obtain, 


7r”a 

T' 



viddu = 


(l + 20^c^ 

9 3^ 


+ 


(2‘ — l)ac'* 
4 d‘ 




When the noimal section is a squaic, as the centio of giavity is at 
the iiitei section of the diagonals, the limits between which the 

integial should be taken aie respectively equal to 4^, and, as all 


lines at an^ distance u fiom the centie of giavity, diawn parallel 
to a side of the squaie aio equal to the side, we have 





m-du=:-j 


12’ 


p = 


7rW‘ 

12/' 


In the case of a ciicle, v the line drawn at the distance t^liom the 
centie of giavity which is that of the ciicle, is evidently equal to 
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2 u , and L' u'dv =r by multi- 

pl>nig and duiding by i/a7Z1?, 

A k^u^du h 


, f A k 

'J-A' v/rz:^2““^3-/ 


idclii 


-k y/ 

now if we make u^Li, these expiessions become lespectuely 

the integral ofthefoimei ib 
and that of the latter 


+ |^4i /l _ I . 

Now when this integial is taken between the pi esciibed limilsA, —k', 
all the olhei teims will \anuh but the teun f — — — , which is ovi- 

A‘ 4VCT’ 

cleiitly equal to hence the value of p becomes that in the text 

(w) If the aiea of the noimal section in the case of the squaiu 
and ciicleweie equal, thon/^=^A“, consequent! j, by subsntutuiq 
this value of /’ in the expiession foi p m the case of the squaic, if 

V 

DGcomes =z which is to the value of p in the case of the ciiclo 

n^ak^ 

(o) By making this substitution we obtain 


TJ^Cl 

= ^,(s'‘+s^)(s'^-s ') , 

now if w(g'^— the aieaof the noimal section, be supposed equal 
to 5rA=, then g'’ = A* +g«, consequently if A’ be substituted m place 

of and A’ H-g’ m place ofg", we shall obtain the expression 

in the te^.t 


(/O As ds IS supitosed to be the uulepenclcnt 'laiiable, (fizz^ds 
, db 

7 1 o 

&C, consequently \da + iidi/ ^ zdz — 
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dt . . d,j dz 

\ 4- y-7^^A + ^ 

fA «s (U 


{(j) Siiitti in tins casG u.U the quantiticb in equation (b) vanish but 

LObu^jCOb /, cosi>j cos/i, p', ti', iiA an I T, — , ^ , and as these thuM‘ 

" di di> da 

last quantities aic equal to cosa', cos/3A cosy^, it is evident that 

the values of i cos a', i cos/3', rcosy' aio those given in the text 

(j) Fioin equation (1) we obtain 


d^i/ 2 3 4 


^7? = 


24 




now since by hypothes's B ■^= ^ when i = fr, iIkml 

1 esults ^gyuj(d + 6c« + 2 c' = 0, gyuja + 2 3 c =: — * q 

Fiom the second of these equations we obtain, b^ substituting q 
foi gyojflt, ^ ^ (Q + </)> aud by putting this value of c in the fiist 

equation, and substituting foi gycoci its value tlieic i esults 
\qa - (Q -b q)a + 2c' = 0, c' =z ^ (a + \q)a, 
consoquoiitly il these values of c and c' aio substituted in equation 
(1), iheio 1 esults the value of Bq given lu the text, foi it was shown 
by the conditions of the question that c"= 0 When Q = 0, this 
equation becomes 


/3'y 




and when t =z /y, in whidi case ?/ = A, thine i esults 

/3?> = -lq» + ] ^ » 


and when = 0, this equation becomes 

I3^= 

which, when x n «, and // == h, becomes 



and wlion o = q, the piecodnig values of ^ aie evidently in the latio 
of 3 8 


4 c) 
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(s) Since in tliiss ca'bOji/= 0 when t eqnalion ( 1 ) becomeb? 

(1 Q 

because gyuo = ^ ^ + ca34“ hence if it be multiplied 

by A, and then taken fiom equation ( 1 ), we obtain the e\piession in 
the te\t 

when ^ = 0 , this expiession becomes 

= 0’ ^ - - (4 + ’ 

when ^ = a, this expression becomes 

^s=£’+^“-+-=‘’- ='=-(!+==>. 

hence acompaiison of these two values of c' gives c = — tt| 7 ? and 
consequently c' = hy substituting these values of c and c', 

equation ( 2 ) become'^ 

~ ^ + -ijCigi (i — f0» 

which may be made to assume the form 


/3i/ = + ap + «=)— 2«(^ + + «■*] = 






24a 


24a 


In the second case 3 2c^ c' + 9 - 7 ^ + 4c/ + 

24a * 24a 

c'rzrO, when ^ = 0 , hence it follows that c' = 0 , and when r ^ a, 
Gc = — and c = — - 7 - 7 ^? consequently, by substituting loi 
c, equation ( 2 ) becomes 

(^-a“) = ^ (^ - «) C»° + + ®'- 

2 a +«)] (JT— o) [jif®— which by changing the 

a 40 i 

signs of the two factois of which this product is composed, becomes 

a 

the value of |Sy given m the text, and when ^ the value of 

A 

which 111 this case is /J becomes =z ^ ^ See note 

24a 2 2 4 24 16 

a. No 324 
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[n thib (.ase also we have 

dUj 23</i 29^1 

which, when fc =0, becomes = be = —i*/, and when 

= l + + + = { 

In the thud case, as ^ = 0 foi i = 0, we have 
di 

pj=_g_c.'-o'« = 0. 

^ d% 24 

and as in this same case s4-^ = 0 when ^ = a, we have 
4“ d ccfc 4“ ^ ~ 

consequently, compaiing the two values of c' denvedtiom these two 
equations, we obtain 

[^ + c]«=[| + 3c]«, c = -||,and c'=-^4-^« 

rr — ; and, if these \alues bo subsiiluted in equation (2), we obtain 
1 6 


= — «) [2? ’ 4“ 4“ Sa-® — (r 4" «) H~ 3^*’] 


:=: [2^ — 3at] = (by changing the signs of the factois) 

-(c 5 — [3/1— 2^] The value of (= ^ when t = Oj, is in 


48rt' 




this case /S^ = 6c = and /3^(= — Q when i zz rt) is in 


this case ^4"^+6c, i o q ^ z=: ^ 


di^ 
bq '‘6q 

'T'^'h 




(w) By peifoiming llic integiation with lespect to sin — , wlmli 

IS the vaiidble of the second mcmbci of this equation, ue find 

S DTTi , a UTtt , —ftC ?/9r? , —a- n;r,^ 

sin r/izz fos , and — \ < os ft} = — ; — sin — 

a utt ft HTt J (I )i w a ■* 
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hence it this opeiation be continued foui times, the last iiitogiatioii 
gives 

utti 

-- sin , 

a 

fiom winch, and by a suitable deteimination of the aibitiaiy con- 
stants intioduced by the integiation, fiom the considciation that 
?/ = 0 foi ? = 0, and foi ^ z= we obtain equation (b) 

(v) vv hon t =->,8111 = sin — and as ' 3 : « the 

^ 2a 2’ JO^ 

Ca 7111 ,, , . nir 

e\pies3ion sin— - in this case = asm — 

( 4 ) III this case as w =z 2^ — 1, and sin (2^ — 1)^ = — (— • 1)', 
we have the fiist tcim of the second inembei of equation (b) equal to 

(- 1 ) 

(2«— 1)‘ a 

'T \ 

[if) It in tins equation we substitute foi w its value — , uc shall 

a 


obtain 


f-iy (2i-l) 

i — Rin i 1 Tf I = , 

a 24 62 a 


' (2 t^iy 

which, by reducing to a common denominatoi , becomes the expics- 
faion in the text 

(^) By diffeientiating we obtain 

4=4 


which, when i — — , 1 e at the middle point of the cuivc, is equal to 

ciphei, theiefoie at this point the tangent is hoii/ontal, and the 
sagitta then becomes equal to 


/3 48 V 2 8 j ~ jOs 

^ ^^H="’hen * =0,t.ing u)=.^, 

and asf | tang a lad /» = | tang a , but / = =“ t.u.g 

^ 4o p o 

f j 3 2, and in the second case of No 322, as 
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xly _ q (a-%){a'+(n-i^)-g>'{a‘+at-i')+gi(a—t){a-2i) ^ 

^dv 24 a 




equal when i zz 0 , "" "" To”^ ^ 

quently it is to the value ot j" in that No 8 5 

(h^') By multiplying the inhnito senes given at the commence- 
ment of this numbci by the dcnominatoi, theie lesults 
1 + cob fi + 2 /i^ cos 2 d -h 27 i 3 cosSS - 1 - &c 
I — 2 h co5$ + h^ 




CO use - 


= 1 + J/icosO + 2h'tcs26 + 2/a'’cos3^ + &c 

- 2 h COS 0 - 4 /i'co&'d - 4 /aVos 2 ^ cos^ - 4 /i‘‘cos 30 cos^ 

4 - JiP- + 2 h^ cos 9 + 2 /i‘ cos 20 + 21 r cos 30 + &c 

Now since 2 cos ^0 = COS 20 - 1 - 1 , 2 co 920 cos 0 = cos 30 + cos 0 , 
2 cos 3 0 cos 0 = cos 4 0 -h cos 2 0 , by substituting these values in place 
of cos- 0 , 2 cos 20 cos 0 , 2 cos 30 cos 0 , and adding these lines togethei 
then sum will be equal to 1 + 

This theoiem is pioved, « m the Theoiie de let Chalem, 
pay Poi 6 s 07 i, No 93 

When the values ot u aie infinitely small, 4 sin ^-^(0 - ai) = 
and if in the evpiession , , ^ ^ ~ 77 l — Tx? substitute foi / 0 , f/ 0 , 

and 4 &in --^(0 — a) wo will obtain the expiession in the text , and a*- 
the integial of this function between the liimits x and 0 , is — , and 
between the limits 0 and — x is also between the limits x and 


— X the intcgial is it 

When a = 71 *, then cos w cosaQ, (z=ascosw7r 

l)» )(-.)« cos 7i9 

Since 0 = — , and as the limitb lelative to 0 aie w and 0, the 
a 

liinilb leldtivc to ^'niust be a (when 0 = w) and when 0 = ct, it miibl 
1)0 cipliei 

/ . 1 /\ tiTT h iiiip t 7i7r y , 

Sn,ce cos «.( =cos-— cos-- + s.n mu , when 

the fiist equation ( 5 ) is taken fiom the second, wo obtain the expics- 
sion m the text 

(c') Whcn/« = C, this Innitioii becomes 
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, jiS d , hq 

I rz bill 4 - cos — , 

tb u 


which taken between the limits or and 0, is 


nor — 1 


conseqiientljj since when n is an even numbei of the form 2i, cos ti 7 r= 
l, and when n is au odd numbei, of the form 2i — l,cos»i 5 r = — 1, in 

the formei case cos — — — r: 0, in thelattci it is equal to — ^ * * [ ) * ’ 

hence the given equation becomes as and fa. = a, 

,^cos(2i-l)a _cos('2i-l)« v . 

now 111 the expression = |(,r-g)«, when a=| 4- w, 

ascos(2i-l)|=0, sin(2i-l)|=(^l)., (^_y) « = 

we have evidently, by changing all the signs, £(-l)‘ sin^^^~^^“’ 

= g(a; —^ 5 ?^), fiom oj = — -^tT to o; = foi these limits 00 = 

1 ^ 

— -jr, w = -, con espoiid to a zz: 0, a = tt 
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